Almost sharp descriptions of traces of Sobolev I/Vp1 (R™)-spaces to
arbitrary compact subsets of R". The case p € (1,n].
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Let S C R™ be an arbitrary nonempty compact set such that the d-Hausdorff content H2 (S) > 0
for some d € (0,n]. For each p € (max{l,n — d},n], an almost sharp intrinsic description of the
trace space W) (R™)|s of the Sobolev space W} (R™) to the set S is obtained. Furthermore, for each
p € (max{1l,n —d},n] and € € (0, min{p — (n —d),p — 1}), new bounded linear extension operators
from the trace space W, (R™)|g into the space W, __(R") are constructed.
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1 Introduction

The trace problem, i.e., the problem of the sharp intrinsic description of traces of the first-order
Sobolev space Wpl (R™), p € [1, 0], to different subsets S C R" is a classical long-standing problem
in the function space theory. There is an extensive literature devoted to the subject. However,
without any additional regularity assumptions on S the problem becomes extremely complicated
and remains open in the case p € [1,n]. The purpose of the present paper is to pose correctly and
solve a weakened version of this trace problem. Namely, we obtain almost sharp descriptions of the
traces to compact sets S C R" of functions in the first-order Sobolev spaces Wp1 (R™) in the case
p € (1,n] without any additional reqularity assumptions on S. The case p = 1 is special and will
not be considered in this paper. To precisely pose the above problems we recall some terminology
concerning Sobolev spaces.

As usual, for each p € [1, 0], we let WI} (R™) denote the corresponding Sobolev space of all
equivalence classes of real valued functions F' € L,(R™) whose distributional partial derivatives
DYF on R" of order |y| =1 belong to L,(R™). This space is normed by

IE[Wy (R = | FILy(R™)|| + Y |ID7F|Ly(R™)].
lyl=1
We assume that the reader is familiar with the (Bessel) C p-capacities (see e.g., Section 2.2 in
[1]), the d-Hausdorff measures H¢ and the d-Hausdorff contents H% (see e.g., [1], Section 5.1).
Recall (see e.g., [1], Section 6.2) that given p € (1,n], for every element F € WI} (R™) there is a
representative I of F such that F has Lebesgue points C} ,-quasi everywhere, i.e., everywhere on

R™ except a set Er with C,(Er) = 0. Furthermore, according to the Sobolev imbedding theorem
(see e.g., Theorem 1.2.4 in [1]), if p > n, then for every F € VVp1 (R™) there is a unique representative

F of F which is locally (1 — %)—Hélder continuous. In the sequel, given a parameter p € (1, 00), for

each element F' € Wpl(]R") we will call F an (1,p)-good representative of F.
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Clearly, if p € (1,n], then, for each element F' € W, (R"), there are infinitely many (1, p)-
good representatives F' of F. However, any two (1,p)-good representatives F1, F of F coincide
everywhere except a set of p-capacity zero. As a result, given p € (1,n] and a set S C R™ with
C1,(S) > 0, we define the p-sharp trace F'|g of each element F € I/Vpl (R™) as the equivalence class
(modulo coincidence everywhere on S except a set of p-capacity zero) of the pointwise restriction
of any (1,p)-good representative F' of F' to the set S. Since Cy,(S) > 0, the p-sharp trace F|s of
F is well defined in this case. If p > n and S is an arbitrary nonempty set in R™ we define the
p-sharp trace F|g of each element F' € I/Vp1 (R™) as the pointwise restriction of a unique continuous
representative F of F' to the set S. Given p € (1,00) and a set S C R", we define the p-sharp trace
space by letting

WZ}(]R”)|S ={Fls: F e W;(R")}

and equip this space with the usual quotient-space norm. By Tr|s we denote the corresponding
p-sharp trace operator which takes F € W) (R") and returns F|g.

Now the problem of the sharp intrinsic description of traces of first-order Sobolev WI} (R™)-spaces
can be formulated as the following three intimately related questions.

Problem A. Let p € (1,00] and let S C R™ be a closed nonempty set with Cy ,(S) > 0.

(Q1) Given a Borel function f : S — R, find necessary and sufficient conditions for the existence
of a Sobolev extension F of f, i.e., F € Wpl(]R") and F|g = f.

(Q2) Using only geometry of the set S and values of the function f, compute the trace norm
1 fIW(R™)|s]| up to some universal constants.

(Q3) Does there exist a bounded linear operator Extg, : W, (R")|s — W, (R") such that
Tr|s o Extgy, = Id on Wy (R™)|g?

Typically, if one can answer some of the above questions, then one has a key to the other
questions. Informally speaking, the essence of questions (Q1)—(Q3) can be formulated as follows:
find an equivalent intrinsically defined norm in the sharp trace space W, (R")|g and find a linear
procedure of an almost optimal extension. As we have already mentioned, if S is not assumed to
have any additional regularity properties, Problem A is very difficult and still unsolved in the range
p € (1,n]. Below we present a brief historical overview of the results related to Problem A.

(HO) In the case p = oo, the Sobolev space WL (R™) can be identified with the space LIP(R")
of Lipschitz functions on R™. Moreover, it is known (see the McShane-Whitney extension lemma
in Section 4.1 of [15]) that for any closed set S C R™ the restriction LIP(R")|g coincides with the
space LIP(S) of Lipschitz functions on S and that, furthermore, the classical Whitney extension
operator linearly and continuously maps the space LIP(S) into the space LIP(R"™) (see e.g., [26],
Chapter 6).

(H1) In the case p € (1,00) the pioneering investigations go back to Gagliardo [11], where for
each p € (1,00), the trace problem was solved when S is a graph of a Lipschitz function. Note that
this work extended the earlier results by Aronszajn |2] and Slobodetskii and Babich 5] concerning
the case p = 2. It should be mentioned that the case S = R? with d € [I,n — 1] NN was covered
by Besov in the fundamental paper [6]. Furthermore, the trace problems for higher-order Sobolev
spaces were firstly considered in [6].

(H2) Recall [17] (see Chapter 2 therein) that, given a parameter d € (0,n], a closed set S C R™
is said to be d-set if there are constants cg 1,cg2 > 0 such that

csal? < HUQi(z) N S) < csal? forall z€S andall [e(0,1], (1.1)

where Q(x) =[] [zi— %, x;+ é] is a closed cube centered in x = (z1, ..., ©,) with side length [. In
the literature d-sets are also known as Ahlfors-David d-regular sets (see, e.g., |16]); condition (1.1)
is often called the Ahlfors—David d-reqularity condition. The problems of characterization of traces



of the Besov spaces By  (R") [16, 17, 24], the Bessel potential spaces L;(R") [17], and the Lizorkin—
Triebel spaces Fy (R"™) [16, 24] on d-sets were considered. The detailed analysis of these results
is beyond the scope of our paper. Recall that L})(R") = FplyQ(R") = W, (R™) for any p € (1,00).
Hence, given a closed d-set S C R™ with d € (0,n] and p € (max{1,n —d}, c0), the results obtained
in [16, 17, 24| give sharp descriptions of the traces to the set S of functions F' € VVp1 (R™).

(H3) In the case p € (n,00), Shvartsman [25] completely solved Problem A. More precisely, for
each p € (n,00) he found several equivalent intrinsic descriptions of the sharp trace space Wp1 (R™)|s
to arbitrary closed sets S C R”™. It is interesting to note that in that case the classical Whitney
extension operator gives an almost optimal Sobolev extension. Furthermore, the criteria presented
in Theorems 1.2 and 1.4 in [25] do not use (explicitly) any geometrical properties of S.

(H4) Recall [21] that given a parameter d € [0,n], a set S C R™ is said to be d-thick if there is
a constant cg3 > 0 such that

csald <HL(Qi(z)NS) forall z€S andall [<(0,1].

Recently some interesting geometric properties of d-thick sets were studied in the papers [3], [4],
where they were called d-lower content regqular sets. It should be noted that the class of all d-sets
is strictly contained in the class of all d-thick sets, but the latter is much wider. One can find
several interesting examples [29] demonstrating the huge difference between the concepts of d-sets
and d-thick sets, respectively. For example, one can show [29] that every path-connected set in R”
containing more than one point is 1-thick. Recently [29], given a number d € [0,7n] and a closed
d-thick set S C R™, Problem A was solved for each p € (max{l,n — d},o0). Furthermore, a new
linear extension operator was constructed. Very recently |30| the criterion obtained in [29] was
essentially simplified and clarified for the case when S = I' ¢ R? is a planar rectifiable curve of
positive length and without self-intersections. It should be noted that V. Rychkov considered in [21]
trace problems for the Besov By  (R")-spaces and the Lizorkin—Triebel Fj (R")-spaces on d-thick
sets. However, some extra restrictions on parameters n,d, s, p,q were imposed. In particular, for
s € N it was assumed additionally that d € (n — 1,n|. Hence, even the results described in [30] do
not fall into the scope of [21]. Note that using the same technics as in [29] one can obtain solutions
to similar problems for the case of weighted Sobolev spaces with Muckenhoupt weights [28].

(H5) We should mention recent investigations concerned with problems of exact descriptions of
traces of Sobolev W} (X)-spaces to closed subsets S of general metric measure spaces X [7, 18, 22].
However, some extra regularity constraints on S were imposed.

As a result, Problem A was completely solved in the case p € (n,00] only. The case p € (1,n]
is much more difficult, the elegant machinery developed in [25] does not work. Indeed, in this case
the geometry of a given closed set S C R” plays a crucial role and has an influence not only on the
corresponding trace criterion but also to the constructions of the corresponding extension operators.
In particular, the classical extension method of H. Whitney does not work. As far as we know, in
the case p € (1, n] the most general results available so far were obtained in [29].

In the present paper we make a next relatively big step towards the solution of Problem A
by solving a weakened version of this problem. First of all, we introduce a little bit more rough
definition of the trace of a given Sobolev function. For this purpose, we recall that if p € (1,n] and
d € (n — p,n] then for any given set S C R" the condition Cy ,(S) = 0 implies H%(S) = 0. On
the other hand, given p € (1,n] and S C R", the condition H" P(S) < +oo implies C ,(S) = 0.
As a result, if p € (1,n], d € (n — p,n] and S C R™ is an arbitrary set with H% (S) > 0 we define
the d-trace of any element F € Wpl(R") to the set S as the class of all Borel functions f : S — R
that coincide H%a.e. on S with the pointwise restriction to S of any (1, p)-good representative F
of F'; we denote it by F|dS By Wp1 (R")\g we denote the corresponding d-trace space, i.e., the linear



space congisting of d-traces F \‘é of all elements F' € Wpl (R™) equipped with the usual quotient-space
norm. Finally, Tr |4 : Wy (R™) = W, (R")|4 denotes the corresponding d-trace operator.

In the present paper we obtain a solution to the following problem of an almost sharp intrinsic
description of traces of I/Vp1 (R™)-spaces to arbitrary compact sets. In analogy with Problem A, we
formulate it as the following three closely related questions.

Problem B. Let p € (1,n], d* € (n —p,n] and e* := min{p — (n — d*),p — 1}. Let S C R" be
an arbitrary compact set with HL (S) > 0.

(ql) Given e € (0,&%), find a Banach space X.(S) = X(S,p,d*,e) of Borel functions f:S — R
equipped with an intrinsically defined norm such that

Wy RIS € X(S) € W, (RS (1.2)

and for some constant C = C(p,n,d*,e) > 0, the following inequalities

1 n * n *
SV ®MIE | < IF1X(S)I] < ClLFW, (R[S (1.3)
hold for all f € WI}(R") 4.
(q2) Given € € (0,e*), does there exist a bounded linear operator
Ext = Ext(9,d*, ) : X.(S) = W,_.(R") (1.4)

such that Tr|% o Ext = Id on X.(S)?

We should make several important remarks concerning the statement of the problem.

(R0) Using methods introduced in this paper one could attack an analog of Problem B posed for
arbitrary unbounded closed sets S C R™. It would be ideologically similar but much more technical;

(R1) By an intrinsically defined norm in the space X.(S) we mean a norm whose expression
contains a computationally explicit procedure exploiting only values of a given function f: S — R"
and geometric properties of the set S,

(R2) Since the set S is compact it is easy to show that W} (R™)|4 € W _(R™)|4". Hence, (ql)
makes sense;

(R3) Since 0 < & < &* < p we get p—e > n — d*. Hence, the operator Tr ]‘é is well defined on
the space W[}_E(R”) and the composition Tr |4 o Ext(S, d*,e) makes sense;

(R4) By (1.2) and (1.3) the trace space W, (R™)|% is continuously imbedded in the space
X.(S). Hence, any bounded linear operator Ext(S,d*,¢) : X.(S) — W,__(R") maps W, R4 to
W,_.(R") linearly and continuously.

Note that the term “almost sharp” in the title of our paper can be informally justified as follows.
There exists an arbitrary small e-gap between the d*-trace space W, (R")|4" and the space X.(S5).
If we could formally put € = 0 in Problem B, then we would obtain in fact Problem A up to a
slightly rougher definition of the trace.

To the best of our knowledge, the results of the present paper are the first to have been obtained
for the range p € (1,n] in such a high generality. In [13]| a similar problem was considered under
the additional assumption that the set S C R™ is Ahlfors-David d*-regular.

In this paper we introduce several methods and techniques which were never used before. Despite
the fact that our machinery does not allow to solve Problem A, we strongly believe that our new
ideas and tools will provide a fundament for further investigations. Moreover, they could be useful
in solving similar extension problems in the context of other spaces of smooth functions.

Structure of the paper. The paper is organized as follows.

Section 2 contains the necessary preliminaries concerning Hasudorff measures, Sobolev spaces,
and Frostman-type measures.




In Section 3 we recall basic results of our recent paper [31]. In particular, for any given set S
with HZ (S) > 0, those results allow one to built a specially ordered sequence of families of dyadic
cubes. Every such a family consists of “thick with respect to S” noneoverlapping dyadic cubes and
covers the set S up to a set of H% -zero content. The sequence of families of cubes will play a
role of a skeleton for an extension operator constructed in Section 5. Furthermore, in Section 3
we introduce several new combinatorial concepts that can be of independent interest. Namely, we
introduce (d, A, ¢)-covering cubes, (d, \, ¢)-shadows, and (d, A, ¢)-icebergs. Furthermore, we introduce
hollow cubes which will be natural substitutions for porous cubes. Those concepts will be keystone
tools in proving a direct trace theorem in Section 7.

In Section 4 we introduce far-reaching generalizations of the Calderén-type maximal functions
and establish some elementary properties of them. They will be keystone tools in derivation of
estimates for the gradients of extensions of functions from S to R™. Furthermore, we introduce
some function spaces needed in solving Problem B.

In Section 5 we built a new extension operator. We think that our construction is the most
interesting part of the present paper. It provides a far-reaching generalization of the classical
extension operator introduced by H. Whitney. Roughly speaking, in contrast to the previously used
extension methods, the new operator exploits only those values of the trace function which are
concentrated on the “thick with respect to S” dyadic cubes. Namely, the cubes from the families
constructed in Section 3 do the job.

Section 6 contains the so-called reverse trace theorem. The proof depends heavily on estimates
of Section 5 and the reflexivity of the classical Sobolev spaces W, (R™) for p € (1, 00).

Section 7 is devoted to the so-called direct trace theorem with a detailed proof. The proof
is based on the tools introduced in Section 3. Furthermore, the section contains some lemmas of
independent interest.

Finally, in Section 8 we present a complete solution to Problem B.

2 Preliminaries

Throughout the paper, C, Cy, Co, ... will be generic positive constants. These constants can change
even in a single string of estimates. The dependence of a constant on certain parameters is expressed,
for example, by the notation C' = C(n,p, k). We write A =~ B if there is a constant C' > 1 such
that A/C < B < CA. For any ¢ € R we denote by [c] the integer part of ¢, i.e.,

[c] . =max{k € Z:k <c}.

We use notation Ng := NU{0}. By R™ we denote the linear space of all strings * = (z1, ..., x,) of
real numbers equipped with the uniform norm ||-|| := ||+ ||co, i-€., ||2]| := ||Z|l0o 1= max{|z1], ..., |Tn]|}
Given a set £ C R", we denote by cl E/, int £ and E° the closure, the interior, and the complement
(in R™) of E, respectively. Given a set E C R"™, we denote by xg the characteristic function of F
and by #FE we denote the cardinality of E.

Given a family G of subsets of R, by M(G) we denote its covering multiplicity, i.e., the minimal
M’ € Ny such that every point € R™ belongs to at most M’ sets from G. Let G = {G4}aez be a
family of subsets of R™ and let U C R"™ be a set. We define the restriction of the family G to the
set U by letting

Glv ={GeG:GcCU} (2.1)

We say that a family G of subsets of R™ is nonoverlapping if different sets in G have disjoint interiors.
In what follows, by a measure we will mean only a nonnegative Borel regular (outer) measure
on R”. By L™ we denote the classical n-dimensional Lebesgue measure in R”. We say that a set



E C R™ is measurable if it is L™-measurable. Given a measurable set E C R™, by Lo(E) we denote
the linear space of all equivalence classes of measurable functions f : F — [—o00,+00]. Given a
Borel set E C R™, by B(FE) we denote the set of all Borel functions f : E — [—o0,+o0]. If m is
a measure and f € B(suppm), then by the symbol [f]m we will denote the m-equivalence class of
f. Given a measure m and a nonempty Borel set S C R", the restriction of m to S is the measure
defined by

m|g(G) :=m(GNS) for any Borel set G C R".

Given a measure m and p € [1,00), there is a natural isomorphism between the spaces L,(R", m)
and Ly(suppm, m) respectively. Keeping in mind this fact we will use the symbol L,(m) to denote
any of that spaces. Similarly, we identify LéOC(R”, m) and Lé"c(m).

Given f € L!°°(m) and a Borel set G C R" with m(G) < 400, we put

ey [ J(@)dm@) it w(G) >0,
0 if m(G)=0.

fom = ][f(x) dm(x) = (2.2)
G

Let {my} := {my }ren, be a sequence of Borel measures. We say that {my} is an admissible sequence
of measures if for each k € Ny the measure my, is absolutely continuous with respect to m; for any
j € Ny. Given p € [1,00) and an admissible sequence of measures {my}, we put

Ly({mg}) := ) Lp(my). (2.3)
k=0

Furthermore, given a set S O N2 supp my, by B(S)N Ly, ({m;}) we mean a linear subspace of B(5)
composed of all Borel functions whose mp-equivalence classes belong to Ly({my}). As a result, given
/€ B(S) N Ly({my}), we have [fln, € Ly({me}).

Throughout this paper, the word “cube” will always mean a closed cube in R™ whose sides are
parallel to the coordinate axes. We let Q;(z) denote the cube in R™ centered at z with side length
L ie., Quz) = [Tz — %, T; + %] Given ¢ > 0 and a cube @, we let ¢ denote the dilation of Q
with respect to its center by a factor of ¢, i.e., cQ(x) := Qg (x). Given a cube @ we will denote by
[(Q) the diameter of @ computed in the || - [|[-norm, i.e., its side length.

By a dyadic cube we mean an arbitrary closed cube Qpm = [[;—;[57, mé,jl] with k € Z and
m = (mi,...,my) € Z". For each k € Z, by Dy we denote the family of all closed dyadic cubes of
side lengths 27%. We set

D:=|JDr, Dy:= ] D
kEZ keNp

For each ¢ > 1 and k € Z, we set
Dy, = {cQpm : m € Z"}.
Given k € Z and m € Z", we define the set of k-neighboring indices for m by letting
ng(m) := {m’' € Z" : Q. C 3Qk,m}-
Furthermore, given a cube @) € Dy, the family of all neighboring cubes for @ is defined as
n(Q) :={Q" € Di|Q' N Q # 0}.

We will also need the following simple facts. We omit the elementary proofs.



Proposition 2.1. Let ¢ > 1 and k € Z. Let cubes Q, Q" € Dy, be such that cQ N Q" # 0. Then
QN Q #£0.

Proposition 2.2. Let ¢ > 1 and k € Z. Then M (cDy) < ([c] +2)".

Given parameters o € [1,00), s € [0,n] and a scale R € (0, +oc], for any function f € L¢(R")
we define the restricted fractional Hardy—Littlewood maximal function of f by the formula

MEIfw) = s (1 f 1 0)" vew 2.4)

le(0,R
Qi(z)

In the case s = 0 we write MZ[f] instead of M%,[f]. Furthermore, we put My[f] := MF>°[f]. We
recall the classical fact, which is an immediate consequence of Theorem 1 from Chapter 1 in [26].

Proposition 2.3. Let 1 <o < p < co. Then there is a constant C = C(n,o,p) > 0 such that,
for any R € (0,400],

/(Mf[f](x))pdx < c/ F@)Pdz forall fe Ly®RY. (2.5)
Rn Rn

Sometimes it will be convenient to use maximal functions to estimate from above the average
values of functions.
Proposition 2.4. Let p,o € [1,00). Let Q = Q(x) be a cube with I > 0 and Q C Q be a Borel
set. Then

L”(Q)(fu(x)ffdx) gg’;”/<Mg[f]($))pdx for all f € L°¢(R™). (2.6)
Q

Proof. Note that Q C Q(y) for every y € Q. This and (2.4) gives

(f 1@ a)” <23 f 1@ a)” <22 MelflG) forall yeo
Q Qa1(y)

Hence, using this observation we obtain the required estimate

alg

yeQ

@) (F 151 ) <2220 inf (M) < 2% [ (Mol de
Q Q

O]

In proving the main results of this paper we will use a quite delicate fact, which in turn is a
particular case of a remarkable result by Sawyer [23].

Theorem A. Let d € [0,n], s € [0,n), R € (0,400] and q € (1,00). Let m be a Radon measure
on R™ such that, for some (universal) positive constant C(m, R) > 0,

m(Q;(x)) < Cm)l? for all x€R" 1€ (0,R).

If gs > n — d, then the operator Mﬁs is bounded from Lq(R™) into Ly(R"™,m). Furthermore, the
operator norm depends only on n,d,q,s and C(m, R).
The following fact is elementary. We omit the proof.



Proposition 2.5. Let m be a measure on R™ and f € Li(m). Let {Ey}acz be an at most
countable family of subsets of R™ such that M ({Eq}aecz) < +00. Then

S / J(@) dm(z) < M({Ea}acz) / [ () dm(a), 2.7)
E

O‘EIEa

where we set F := UyerFqy .

2.1 Coverings
In what follows, we will use the following notation. Given a family of cubes {Qq }aez in R™, we put
lo :=diam Qy = 1(Qn), «a €.

Given two nonoverlapping families Q := {Qq}acr and Q' := {Qu }aer of dyadic cubes (with
I,7 CZ x Z") we write Q = Q' provided that for every o/ € 7’ there exists a unique o € Z such
that Q. D Q.. If, in addition, I, > I, for all such a and o/, we write @ = Q. We say that
two families of dyadic nonoverlapping cubes Q := {Qq}acz and Q' := {Qu }orer are comparable
provided that

either @>=Q or Q > Q.

Otherwise we call the corresponding families incomparable.

Given a set E C R", by a covering of E we mean any family {Ug}gcs of subsets of R" such
that & C UgesUg. Any nonoverlapping family Q@ C D that covers E will be called a dyadic
nonoverlapping covering of E.

2.2 Hausdorff contents and Hausdorff measures

In this paper instead of the classical Hausdorff measures and Hausdorff contents, it will be convenient
to work with their corresponding dyadic analogs.
Given a nonempty set E C R™ and d € [0, n], we set, for any ¢ € (0, o0],

HF(E) :=inf Y (la)?, (2.8)

acl

where the infimum is taken over all dyadic nonoverlapping coverings {Qq }aecz of the set E such
that I, < 6 for all & € Z. The value H% (E) is called the d-Hausdorff content of the set E. We
define the d-Hausdorff measure of E by the formula H4(E) := lims_,o H4(E).

Remark 2.1. It is easy to show that the d-Hausdorff contents and the d-Hausdorff measures
defined above coincide, up to some universal constants, with their classical predecessors.

Combining this observation with Lemma 4.6 in [19] we get HY(E) = 0 <= H4(E) = 0 for every
d € (0, +o0].

In the sequel, we will deal not only with coverings but also with some families which, for a given
set F/, cover E with some small error. More precisely, we introduce the following concept.

Definition 2.1. Let £ C R” be an arbitrary set. Given d € [0,n], we say that a family {Ug}ge s
is a d-almost covering of E if there exists a set B/ C E with HL (E") = 0 such that {Ug}ges is a
covering of E \ E'.

Recall a simple fact (for an elementary proof see [10], Section 2.4.3).

Proposition 2.6. Let d € [0,n) and F € L'°*(R™). Then there exists a set Ep with H*(Er) =0
such that

1
lim — / |F(y)|dy =0, for every x€R"\ Ep.
1=0 14

Qi(x)



Given p € (1,00), recall the notion of Ci ,-capacity (see e.g., [1], Section 2.1). In what follows,
we say that some property holds (1, p)-quasieverywhere ((1,p)-q.e. for short) if it holds everywhere
except a set £ C R"™ with Cy,(E) = 0. The following proposition summarizes some connections
between the Cp j,-capacities and the d-Hausdorff measures (see Theorems 5.1.9, 5.1.13 of [1] for
details).

Proposition 2.7. Let p € (1,n] and let E C R™. If H" P(E) < 400 then C1,(E) = 0. If
C1p(E) =0, then HY(E) =0 for every d >n — p.

2.3 Thick sets and Frostman-type measures

As we briefly mentioned in the introduction, cubes whose intersections with a given closed set
S C R™ are “massive” enough will be important for the construction of our extension operator in
Section 5. We formalize this as follows.

Given a nonempty set £ C R™ and numbers d € (0,n], A € (0,1], we say that a cube Q with
1(Q) € (0,1] is (d, A)-thick with respect to the set E if

HEL(QNE) > A1UQ))". (2.9)
We say that a cube Q with 1(Q) € (0,1] is (d, \)-thin with respect to the set E if

Ho(QNE) < MUQ))"™ (2.10)
We also define the family

Fr(d,\) :={Q : Q is (d, \)-thick w.r.t. E}. (2.11)

For the construction of the extension operator we will need a very special sequence of measures.
Definition 2.2. Let d € (0,n] and let S C R™ be a closed set with H% (S) > 0. We say that a
sequence of measures {my} = {my }ren, is d-Frostman on S if the following conditions hold:
(M1) for every k € Ny,
suppmyg = S, (2.12)

(M2) there exists a constant C7 > 0 such that, for each k € Ny,
my(Qy(x)) < C11¢ for every z € R™ and every [ (0,27; (2.13)

(M3) there exists a constant C > 0 such that, for each k € Ny,
M (Qkm N S) > CoHL(Qrm NS) for every m € Z™ (2.14)

(M4) my, = wymg with wy, € Loo(mg) for every k € Ny and there exists a constant C3 > 0 such
that, for all £ € Ng and j € N,
1 .
532<d*">1wk+j(x) < wi(z) < Cawgsj(z) for mg—ae z€S. (2.15)
The class of sequences of measures, which are d-Frostman on S will be denoted by 9¢(S).
Remark 2.2. It is easy to see that there exist smallest constants C; > 0 and C3 > 0 for which
(2.13) and (2.15) hold. We denote them by Cyp, 3,1 and Cypy,} 3, respectively. Similarly, there exists
largest constant Cy > 0 for which (2.14) holds, we denote it by Cyy,},2- O



n| and let S C R™ be a closed Ahlfors—David d*-regular set. It is

Example 2.1. Let d* € (0,
0,d*), letting my, := ok(d"—d)qd* |s, k € Ny we obtain a sequence of

easy to see that, given d € (
measures {mg} € IMM(S).

The following obvious observation will be currently used in the sequel.

Remark 2.3. Let S C R" be a closed set with HZ (S) > 0 for some d € (0,n]. Let {m;} €
M(S). By (2.15) it is easy to see that, given p € [1,00), f € Ly(mg,) for some fixed ko € Ny if and
only if f € Ly(my) for all k € Ng. Hence, L,({my}) = L,(my,) for each ky € Np.

It S C R™is a compact set, then an application Hélder’s inequality gives for any 1 < ¢ < p < 00,

I F1Lg(mo) | < (mo(S))

p—

| Ly(mo)|| for all f € Ly({mi}). (2.16)

Now we recall a variant of the classical Frostman-type theorem formulated in the form adapted
for our purposes (compare with Theorem 5.1.12 in [1]). We will often use it in the sequel. One can
find the detailed proof in Section 3.4 of [29].

Theorem B. Let d € (0,n] and let S C R" be a closed set with H (S) > 0. Then IMM(S) # 0.

2.4 Sobolev spaces

Recall that, given parameters p € [1,00], n € N and an open set G C R", the Sobolev space
W3 (G) is the linear space of all (equivalence classes of) real-valued functions F € L,(G) whose
distributional partial derivatives D7F, |y| =1 on G belong to L,(G). This space is equipped with
the norm
IFIW (@) == [ FIL(G)Il + D IDYFILy (G- (2.17)
lyl=1

Given p € [1,00], by Wp'°°(G) we denote the linear space of all (equivalence classes of ) real-valued
functions F' € L;OC(G) whose distributional partial derivatives DVF, |y| = 1 on G belong to L}?C(G).

We will use the following notation. Given an element F € W, (G), we will denote by VF its
distributional gradient on G and we put

IVE@)]| = IVEF (@) = ﬁﬁi’fﬂmF(m)‘}’ zeG.

Definition 2.3. Let p € (1,n]. Given F' € LI°°(R"), we say that a Borel function F is a (1, p)-
good representative of F if the function F has Lebesgue points everywhere except a set Ep C R”
with Cl,p(EF> =0.

The following property is a very particular case of Theorem 6.2.1 of [1].

Proposition 2.8. Given p € (1,n], for each F € WI}(R”) there exists a (1, p)-good representa-
tive F of F.

As we have already mentioned in the present paper, we consider almost sharp intrinsic descrip-
tions of traces of Wp1 (R™)-spaces. This motivates us to introduce the following concept.

Definition 2.4. Let p € (1,n], d € (n — p,n] and let S C R™ be a Borel set with H4 (S) > 0.
Given F € W) (R"), we define the d-trace F|% of the element F to the set S as the equivalence class
[F4 of the pointwise restriction to S of any (1, p)-good representative F of F' modulo coincideness
He-a.e., ie., N N

F|%:={f € B(S): f(x) = F(z) for H%a.e. z € S}.

We define the d-trace space WI}(R”)@ as the linear space of d-traces f = F|% of all elements
Fe I/Vp1 (R™) to the set S equipped with the quotient-space norm, i.e., for each f € W;(R”)\g,

1FIW, (R™)[S]] = inf{| F|W,; (R")|| : F € W,,(R") and f = F|$}. (2.18)
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We also define the corresponding d-trace operator Tr|% Wy (R™) = W, (R™)|4 by letting

Tr|4[F]) := F|% for every F € W, (R™). (2.19)

Remark 2.4. Note that Definition 2.4 is correct. Indeed, by Proposition 2.7 if p € (1,n],
d € (n—p,n] and HL (S) > 0, then C1,(S) > 0. Hence, given a Sobolev element F € W} (R™),
the restriction F|g of any (1, p)-good representative of F' to the set S is well defined. Furthermore,
it follows from Proposition 2.7 that the d-trace F|ds does not depend on the choice of a (1, p)-good
representative F of F.

Clearly, the d-trace operator Tr |4 is a linear and bounded mapping from I/Vp1 (R™) to WZ}(R”) 1.

Remark 2.5. By the Hélder’s inequality W, '°(R™) ¢ W'°(R™) for all 1 < ¢ < p < oo.
Hence, given parameters p € (1,n], d € (n — p,n], and a compact set S C R" with HZL (S) > 0, it
is easy to show using smooth cut-off functions that, for each € € (0, min{p — (n — d),p — 1}),

Wy (R[S € W, (R™)[§

and the operator Tr |¢ is well defined on W]}_E(R”).

Remarks 2.4, 2.5 justify the following definition.

Definition 2.5. Let p € (1,n], d € (n —p,n|, and € € [0,min{p — (n —d),p — 1}). Let S C R"
be a compact set with He (S) > 0. By &(S,p,d,c) we denote the linear space of all mappings
Ext : W} (R")[¢ — WL (R") such that:

(€¢1) Ext is linear and bounded;

(€2) Ext is the right inverse of the d-trace operator, i.e., Tr|% o Ext = Id on w, (R)|4.

Now we make a simple but nontrivial observation.

Proposition 2.9. Let p € (1,n], d € (n —p,n]. Let S C R™ be a compact set with He (S) > 0.
Then the space W, (R™)|4 is a Banach space.

Proof. 1t is sufficient to show that the space W[} (R”)‘é is complete. Due to the standard facts
from the Banach-space theory it is sufficient to show that N := {F ¢ Wy (R") : F|4 =0} is a
closed linear subspace of W (R"). Indeed, we fix F € W}(R") and a sequence {Fj,} C N? such
that ||F — Fy,|[W, (R™)|| = 0, k — co. Combing Proposition 7.3.1 and Theorem 7.4.5 from [15] we
conclude that there is a (1, p)-good representative F of F' and there exist (1, p)-good representatives
Fy of Fy, k € N such that for some strictly increasing sequence {ks} C N, for some set E; with
C1p(E1) = 0 we have Fy_ (z) — F(x), s — oo for each z € S\ E1. On the other hand, there is a set
E5 C S such that H%(Ey) = 0 and F(x) = 0 for each 2 € S\ F5 for all k € N. As a result, taking
into account Proposition 2.7 we deduce that H(E; U E3) = 0 and F(x) = lims_s00 F, (z) = 0 for
all z € S\ (E1 U Ey). This gives ' € N%. The proof is complete. O

The following proposition is a minor modification of the classical Poincaré-type inequality.
Proposition 2.10. For every ¢, > 1 there exists a constant C = C(n,c,c') > 0 such that, for
any cubes Q1 := Qi(x1), Q2 := Qu(x2) with 1 >0 and ||x1 — x2|| < 1,

][][ |F(y) — F(2)|dzdy < CI ][ INE()| dy for all F e W (R™). (2.20)
Q1 Q2 (2¢'+0)Q1
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Proof. Fix cubes Q1, Q2 satisfying the assumptions of the lemma. Recall the classical Poincaré-type
inequality (see (7.45) in [12]). More precisely, there exists a constant C' = C’(n) > 0 such that, for
any cube @, the following inequality

FlFw - f Pe)de] dy < i f 19 PG dy 2.21)
Q Q Q

holds for all F € W, °¢(R™).

Now we fix an arbitrary F' € I/V1 1OC(R”) Since ||z1 —x2|| < ¢l we clearly have (2¢ +¢)Q1 D Qo.
Hence by (2.21),

f][w 2)|dydz

Q1 Q2
(2¢ + ¢)? ][ ][ ][ F(z)dx + ][ F(z)dx — F(z)|dydz
(2¢'+¢)Q1 (2¢4+0)Q1 (2¢'+c)@Q1 (2¢4+c)@Q1
< 2(2¢ + ¢) ][ F(y) — ][ F(z) dx’ dy
(2¢/+0)Q1 (2¢/+¢)Q1
<20 (n)(2¢ + ¢)*™ ][ IVF(y)|| dy. (2.22)
(2¢4+0)Q1

This gives (2.20) with C(n) = 2C'(n)(2¢ + ¢)*". O

Now we recall the key analytical feature of Frostman-type measures. Namely, given a parameter
d € (0, n], for each cube @ and any F € Wa ’IOC(R”)7 for any large enough o we can control effectively
how close are the average value of F' over @) calculated with respect to a d-Frostman measure m
and the average value of F' over () calculated with respect to the classical Lebesgue measures £".
More precisely, the following result was established in [29]. Given [ > 0 we set k(I) := [logy(7)]-

Theorem C. Let d € (0,n], A € (0,1], 0 € (max{1,n —d},n]. Let S C R™ be a closed set with
HZ(S) > 0 and {my} € MU(S). Then there exists a constant C > 0 depending only on Cyy,1 ;.
i =1,2,3 and parameters n, d, \, o (but independent of a construction of the sequence {my}) such
that the following inequality

][ (F|ds(y) —][ (2) dz| dmg (y) < cz ][Z \DVE(t) |"dt> (2.23)

Qns Q lv|=1

holds for each cube Q = Q;(z) € Fs(d,\) with | € (0,1] and any F € W2 '*(R™).
Remark 2.6. We should note that Theorem C is in fact an easy consequence of the correspond-
ing beautiful trace theorem for the Riesz potentials [9]. O
Proposition 2.11. Let d € (0,n] and p € (max{1,n — d},c0). Let S C Qoo be a compact set
with HE(S) > 0 and {m;} € MY(S). If F € W'°(R") then f = F|% € Ly({mg}). Furthermore,
there exists a constant C' > 0 depending only on n,d,p and Cy, ;, © = 1,2,3 such that the following
inequality

£ Lp(mo)[| < CIIFIW, (3Q00)| (2.24)
holds for all F € Wy "°“(R™) with f = F|.
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Proof. We fix a parameter p € (max{1l,n — d},c0) and an element F € W, (R"). By Remark
2.4, the d-trace f := F]ds is well defined. Furthermore, the measure mg is absolutely continuous
with respect to H?|s. Hence, using classical estimates (see, for example, Section 2 in [14]) and
telescoping arguments it is easy to see that, for each ¢ € (0,1), there is C' > 0 (independent on F)
such that

1@~ f Fwa|<c [ mdMCM{I_&[me(m) for mp—ac z€S.
Qo,o0

Qo0

Now we fix § € (0,1) so small that p(1 — ) > n — d and recall that S C Q. An application of
Theorem A with m = mg and s = 1 — § in combination with Hélder’s inequality gives

[1s@Pram@ < [|#@) - § F@ | o)+ | f Fo ]
S S Qo,0 Q0,0

SC(/ (Mh_a[\VF!](w))pdmo(x))’l’+ (/ |F(y)pdy)’1’ < C|FIW! (3Qo0)] < +oo.
@o.0 Qo,0

The proposition is proved. O

3 Combinatorial and measure-theoretic tools

In this section we built combinatorial and geometric measure theory foundations needed for our
purposes. Based on the machinery developed in this section we introduce new Calderén-type max-
imal functions in Section 4 and present a new construction of the extension operator in Section 5.
Throughout the whole section, we fiz d* € (0,n] and a closed set S C Qoo with HL (S) > 0.

3.1 Admissible sequences of coverings

Most of the definitions and results of this subsection are borrowed from our recent paper [31], where
the reader can find all necessary details.

In the construction of the extension operator we will need to work with the family of all (d, A)-
dyadically thick dyadic cubes. Such family gives a “skeleton” for the construction. This motivates
us to introduce the following concept (recall notation Fg(d, A) given in (2.11)).

Definition 3.1. Let A\ € (0,1] and let d € (0,n] be such that H% (S) > 0. We define the
(d, X)-keystone (for S) family by letting

DF(d,\) := DFg(d,\) := Dy (| Fs(d, \). (3.1)

The corresponding index set A(d, \) := Ag(d,\) C Ng x Z" is called the (d, \)-keystone (for S)
index set, i.e.,

DF(d,\) = {Qa}acA@dn)-

Clearly, it is difficult to work with the whole family DF(d,\). Given d € (0,n] and X € (0, 1],
we need a natural decomposition of the (d, A)-keystone family DF(d, A) in analogy with a natural
decomposition of the family D, into subfamilies Dy, k € Ny. Based on Netrusov’s ideas [20] such a
decomposition was recently obtained in [31] and is given by the following theorem.
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Theorem 3.1. Let A € (0,1) and d € (0,n] be such that He (S) > 0. Then there exists a unique
sequence of families {Q7(d, \)}jen, called the canonical decomposition of DF(d,N), satisfying the
following conditions:

(F1) D‘F(d7 A) = UjENQj(da A);

(F2) for each j € N, the family Q’(d,\) is a dyadic nonoverlapping d-almost covering of S;

(F3) QI(d,\) = QFL(d,\) for every j € N.

Remark 3.1. It follows immediately from conditions (F1)-(F3) that if, for some cubes Q €
Qi(d, \) and @ € Q7F1(d, \), there is a dyadic cube @ € Dy such that

QCcQcQ and Q) (I(Q),1(Q)),

then Q ¢ DF(d, \). O

The following result reflects the fundamental combinatorial property of the families Q7(d, \),
j € N. Informally speaking, each family Q7(d, \) satisfies a some sort of Carleson packing condition.
We recall notation (2.1).

Theorem 3.2. Let A\, A2 € (0,1) and let d € (0,n] be such that HL(S) > 0. Let {Q7(d, M)} jen
and {Q7(d, X2)}jen be the canonical decompositions of DF (d, \1) and DF(d, \2), respectively. Given
a cube Q € Dy, let

Jo :=j(Q) :=min{j € No : {Q} > Q’(d, )|}

Then the following inequality

o=l c DF(d, 1),

" . )
Y fuen:e GC}S{ U ¢ DF(d1),

(3.2)

holds for any family C C DF(d, \2) such that:

(1) int Q" Nint Q" = 0 for any Q',Q" € C with Q' # Q";

(2) {Q) = C = 9 (d. A)lo.

Sometimes it will be convenient to work with projections of (d, A)-keystone families to kth
“dyadic levels”. Hence, we introduce the following concept.

Definition 3.2. Let A € (0,1] and let d € (0,n] be such that HZ (S) > 0. For each k € Ny we
define the families

DFp(d,A) := DFs1(d, \) := DF(d, ) N Dy;
DF(d,\) := DFs1(d, \) := {Q € Dy : there is Q' € n(Q) N DFy(d, \)}. (3.3)

The corresponding index sets will be denoted by Ag(d, X) :== Agx(d, A) and Ap(d,\) = js,k(d, A),
respectively, i.e.,

DF(d, \) = {Qumlm € Ar(d,N)}, DFp(d,\) == {Quml € A(d, \)}.

Definition 3.3. Let A € (0,1) and let d € (0,n] be such that HL (S) > 0. Let {Q7(d,\)}jen
be the canonical decomposition of the family DF(d, X). We define the (d, \)-essential part of S by

S(d,A) = [ HQ: Qe Q(d N} (3.4)

jEN
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Sometimes it will be important to collect all dyadic cubes which are (d, \)-thick with respect to
a given set S C R™ and whose dilations contain a given cube ). From the intuitive point of view,
such a family looks like a “tower” of cubes.

Definition 3.4. Let d € (0,n] be such that HZ (S) > 0. Let A € (0,1] and ¢ > 1. Given a cube
Q C R™, we define the (d, \, ¢)-tower of Q by

Tire(Q) :={Q" : Q" € DF(d,\) and Q C cQ'}.

In the case ¢ = 1, we write Ty \(Q) instead of Ty x 1(Q), and we call the family T, »(Q) simply the
(d, \)-tower of Q.

Remark 3.2. Note that Definition 3.4 admits the case when a cube @ has side length [(Q) = 0,
i.e., @ = {z} for some z € R™. Hence, one can consider the (d, A, ¢)-tower of z, which will be denoted
by Ty ().

Proposition 3.1. Let d € (0,n] be such that He,(S) > 0. Let A € (0,1) and ¢ > 1. Then the
following properties hold true:

(1) S(d,A) C S;

(2) HL(S\ S(d,\) = 0;

(3) #Tyxc(x) =400 for any x € S(d, N).

Proof. To prove (1), we note that the following inclusion (given § > 0, by Us(S) we denote the
d-neighborhood of 5)

LJ{Q:Q € 9(d, )} C Uy-j1(S5)

holds for any j € N and take into account that the set S is closed.

To prove (2) we combine the assertion (F2) of Theorem 3.1 with (3.4).

By (3.4) for each x € S(d,\) for every j € N there is a cube Q7 € Qg(d, A) containing x.
Combining this with assertion (F3) of Theorem 3.1 we get (3). O

3.2 Covering cubes

As far as we know, the concepts introduced in this section have been never explicitly used in the
literature. Recall that the set S was fixed at the beginning of the section. Recall Definition 3.1 and
the notation DF(d, \).

Definition 3.5. Let d € (0,n] be such that H9 (S) > 0. Let A € (0,1], ¢ > 1. Given a cube
Q € D, we say that a cube Q € Dy is a (d, \, c)-covering for Q if the following conditions hold:

(CL) (@) > UQ) and Q C cQ;

(C2) Q € DF(d, \);

(C3)if Q' €Dy, Q CQ and I(Q') € (1(Q),1(Q)) then Q' ¢ DF(d, \).

Given a cube Q € D, we denote by ICg » .(Q) the family (perhaps empty) of all (d, A, ¢)-covering
for () cubes. By K4 ) . we also mean a set-valued mapping which with each cube ) € D, associates
the set (perhaps empty) Ky (Q)-

We will also need some special selections of set-valued mappings KCg » ..

Definition 3.6. Let d € (0,n] be such that He (S) > 0. Let A € (0,1], ¢ > 1. A selection of
i with a domain ® C Dy is a mapping kg x.: © — DF(d, \) such that:

(Sell) g (Q) # 0 for all Q € D;

(Se12) Iid,)\7C(Q) € ]Cd)\’C(Q) for all Q € ©.

Definition 3.7. Let d € (0,n] be such that A = H% (S) > 0. Let A € (0,1], ¢ > 1. Given a
dyadic cube @ C Qo with {(Q) < 1, we say that K(Q) € D4 is a strongly (d, \)-covering cube for
Q if it is (d, A, 1)-covering and [(K(Q)) > [(Q).
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Remark 3.3. Note that in the sequel Definition 3.7 will be used in the range A € (0, \] because
in this case we have Qo € DF(d, \) and hence, g x 1(Q) # 0 for any Q) € D such that Q C Qo.
The requirement [(Q) < 1 allows one to find a unique cube K(Q) € ICg x 1(Q) with [(K(Q)) > (Q).
O

Remark 3.4. Let d, A\, ¢ be the same as in Definition 3.5. Given a cube Q € D4, it is clear that
there can exist several (d, \, ¢)-covering dyadic cubes for ). However, it is easy to see that there is
a constant C' = C(n,c) > 0 such that

#Kaxc(Q)NDy < C for every k€ Np.

0
Definition 3.8. Let d € (0,n] be such that HZ (S) > 0. Let A € (0,1] and ¢ > 1. Given a cube
Q € DF(d, ), we define the (d, \, ¢)-shadow family of Q by letting

SHipe(Q) :={Q € DF(d,\) : I(Q) < (Q) and Q € Ka(Q)}-

The following proposition collects elementary properties of (d, A, ¢)-shadow families of cubes.
We recall notation (2.1).

Proposition 3.2. Let d € (0,n] be such that HL (S) > 0. Let A € (0,1) and ¢ > 1. Then, for
each cube Q € DF(d,\), the following properties hold:

(1) SHap (@) #0;
(2) the family SHyx(Q) is nonoverlapping.

Proof. To prove the first claim we fix a cube Q € DF(d,\). Note that there is a number j € Ny
such that @ € @(d,\). Since HL (Q) > A(1(Q))¢ > 0 and the family Q7F!(d,\) is a dyadic
nonoverlapping d-almost covering of the set S, we deduce that Q7+1(d, Mg # (). By property (F3)
of Theorem 3.1 we have Q/*1(d, Mg < Q. Combining these observations with Definitions 3.5, 3.8
and Remark 3.1 we obtain Q/%!(d, Nlg € SHa(Q) which proves (1).

To prove the second claim we fix a cube @ € DF(d,\) and two different cubes Q,:Q, €

SHax C(Q) Since the cubes Q and Q are dyadic, there are only two possible cases. In the first
case, the cubes have disjoint mterlors in the second case one of them is contained in the other
one. We claim that the second case is never realised. Indeed, assume the contrary. Without loss of
generality we may assume that @, C @,. Since @, # @, we have UQ,) < %Z(QQ) Furthermore, by

Definition 3.8 it follows that {(Q,) < 1Z(Q) Hence, Z(Q ) € (UQ,), 1(Q)). According to condition
(3) of Definition 3.5 this implies that Q, ¢ DF(d, ). On the other hand, by Definition 3.8 the
cubes @, Q, € DF(d, ). This contradlctlon proves the claim. The proof is complete. O

Given a cube Q € Dy, with k € Ny, we set

Q) == {Q' € Dy Q' NeQ £ 0}, (3.5)

Remark 3.5. By Proposition 2.1, if Q" € T'.(Q), then [c]Q N Q" # 0. Hence, Q" C ([¢] + 2)Q.
Since different cubes in I'.(Q) have disjoint interiors and equal side lengths, we get

£(([d +2)Q)

A= )

< ([e] +2)"™.

O
The following concept will be extremely useful in proving the direct trace theorem in Section 7.
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Definition 3.9. Let d € (0,n] be such that H% (S) > 0. Let A € (0,1) and ¢ > 1. Given a cube
Q@ € DF(d,)), we define the (d, \, ¢)-iceberg ICg»..(Q) of the cube @ as the family of all dyadic
cubes Q' € Dy satistying the following conditions:

(I) Q" ¢ SHap(Q);

(12) 1Q) < 1(Q): -
(I3) there exists Q' € SHg,(Q) such that Q' C Q'

Remark 3.6. It follows immediately from Definition 3.9 that if Q € ZCy (Q) and Q' D Q is

such that 1(Q") < I(Q), then Q' € ZCy.(Q). Roughly speaking, in order to imagine ZCg .(Q),

given Q € SHg (@), one should built a tower composed of nested cubes whose side lengths grow

up to the length 1(Q). The term “iceberg” was chosen due to the following reasons. On the one
hand, we will see below that the “top of a given iceberg” ZCy » (@), i.e., the cube @, contains useful
information about the behavior of a given function f : S — R. On the other hand, cubes from

the “invisible part” of ZCy x (@), i.e., all cubes from ZCg ) .(Q)) whose side lengths are smaller than
1(Q) do not contain some useful information for the extension of a given function. O
The following proposition reflects basic geometric properties of (d, A, ¢)-icebergs.
Proposition 3.3. Let d € (0,n] be such that HL (S) > 0. Let A € (0,1) and ¢ > 1. Given a

cube Q € DF(d, ), the following properties hold:

(1) if Q € ICyx(Q) and Z(QL< 1(Q), then Q §é7D]-"(d, A); B B
(2) if Q" € Dy and 1(Q") = U(Q), then Q" € To(@)NICopc(@) if and only if SHa o(@)lgn # 0.

Proof. To prove the first claim, note that by conditions (I1), (I3) of Definition 3.9, given a cube

Q € ICy(Q), there is a cube Q € SHy ) (Q) such that @ C Q and I(Q) < I(Q). On the other
hand, by Definition 3.8 we have @ € K4 (Q). Hence, condition (C3) of Definition 3.5 gives the
claim.

If Q" € Dy, I(Q") =1(Q) and Q" € T'e(Q) NZCy»(Q), then SHax(Q)|gr # 0 by condition
(I3) in Definition 3.9. Conversely, suppose that SHax.(Q)|g» # 0 for some Q" € D4 such that
1(Q") = 1(Q). Clearly, conditions (I2) and (I3) of Definition 3.9 are hold true with @’ replaced
by @”. On the other hand, by Definition 3.8, [(Q") < I(Q") for all Q" € SHy.(Q)|g~ and hence
condition (I1) holds true with @’ replaced by Q”. This shows that Q" € IC4 ) .(Q). Finally, by
(C1) of Definition 3.5 and Definition 3.8,the condition SHy ) (Q)|g~ # 0 implies the existence of

a cube Q € DF(d,\) such that @ C Q" and Q C ¢Q, Hence, by (3.5) it follows that Q" € T'.(Q).
This proves the second claim. O

Now we show that any (d, A, ¢)-shadow family satisfies a certain Carleson packing condition.
This will be a key tool in proving the main results of Section 7.

Proposition 3.4. Let d € (0,n] be such that HL (S) > 0. Let A € (0,1) and ¢ > 1. Then, for
each Q € DF(d,\) and any Q € ZCy.(Q),

on—d - -
X Q)T for all d € [d,n). (3.6)

SH{UQN: Q' € SHap (@)} <

Furthermore,

on—d -~ ~
(L@ for all d e [d,n). (3.7)

S{UQN: Q' € SHap (@)} < ([ +2)"
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Proof. We fix arbitrary cubes Q € DF(d,\) and @ € ZCy (@), and define
jo :=min{j € No : {Q} = Q7(d, \)|o}-

By Remark 3.6, the first assertion of Proposition 3.3, and (C3) of Definition 3.5, if Q" € SHa..(Q)lo
and Q' € Kg1(Q'), then @ D Q, and, furthermore, [(Q') > I(Q). Hence, by Definition 3.8 we
conclude that Q' € ©@70(d, \)|g. As a result, an application of Theorem 3.2 with A\; = \g = \ gives

S{UQ@NIQ € SHap(@)lo)

2n—d

< S TUUQYTUQ) IR € @0 Mg} < T (U@

This proves the first claim.
Now we prove (3.7). In view of the second assertion of Proposition 3.3 it is sufficient to sum

estimate (3.6) over all cubes @ € T'.(Q) NZCy ) (Q). Taking into account Remark 3.5 we get, for
any d € [d,n], the required inequality

S HUQN: Q' € SHapo(Q)} = 3 S {UQN: Q' € SHap([@)lo)
QET(Q)NICy,x,c(Q)

271—5 . ~ 271—(? o ~
(@) < ([ + 2" =@

3.3 Whitney-type cavities and hollow cubes

Due to the great importance of this subsection in our further analysis, we would like to describe
informally the main ideas underlying in the core of the concepts introduced below. Recall that the
set S was fixed at the beginning of the section. In addition, we fix in this subsection a number
d € (0,n) such that H9 (S) > 0 and a parameter A € (0, 1].

Recall that, given 7 € (0,1], a cube Q;(x) is said to be (S, 7)-porous if there is a point y(z) €
Q(z) such that

Qri(y(x)) C Qu(x) \ S.

Recall also [26], Ch.6 that (since S is closed, nonempty and S # R™) there is a nonempty
nonoverlapping family Wg C D (called the Whitney decomposition, or, sometimes Whitney covering)
such that R™\ S = U{Q : Q € Ws} and

dist(Q, S) < 1(Q) < 4dist(Q, 5).

Cubes @ from the family Wg are called Whitney cubes.

It should be noted that (.S, 7)-porous cubes and Whitney cubes are indispensable tools in differ-
ent topics dealing with extensions of functions [16, 25, 27, 29]. These two concepts are intimately
related to each other. Indeed, given a cube @ = Q;(z) € Ws one can find a cube @ = Q;(7) whose
center 7 is the metric projection of x to S such that @ C c@ for some universal constant ¢ > 1.
This proves that the cube c@Q is (S, %)—porous. Conversely, given an (S, 7)-porous cube @, one can
find a Whitney cube @ such that Q C E@ for some universal constant ¢ > 1 and I(Q) ~ l(@)

Let us informally describe why the notions of Whitney cubes and porous cubes are so useful.
If either p € (1,n] and S is regular enough or p > n and S is arbitrary, one can effectively absorb
the information about the behavior of a given function f : .S — R from any porous with respect to
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S cube @ and then, in some sense, transfer this information to the corresponding Whitney cube Q
with comparable side length. This gives the rough idea of the classical Whitney extension operator.
Unfortunately, in the case 1 < p < n and without any additional regularity assumptions on the set
S, only few cubes Q with Q NS # () can be effectively used for gathering information about a given
function f : S — R. One cannot hope that these cubes are porous in general. Instead of Whitney
cubes and (S, 7)-porous cubes, we introduce the special cavities.

Definition 3.10. Let ¢ > 1 and » € N. Given a cube @ € D, we define the special cavity

Qe (Q) == Qe (Q) i =cQ\ U{CQ’ :Q € DF(d,)\) and [(Q") < 27”1(Q)}. (3.8)

Recall that at the beginning of this subsection we fixed S, d € (0,n) and A € (0,1). The
following result was established in [31] (see Theorem 4.2 therein).

Theorem D. For each ¢ > 1, there exist constants T = T7(n,d) > 0 and »x = x(n,d,\,c) € N
such that

L(Qe(Q)) = 7(U(Q))" (3.9)

for each cube Q € Dy \ DF(d,\) and any » > .
The first nice property of special cavities is that they do not intersect “too much”.
Proposition 3.5. Let ¢ > 1 and » € N. Then there is a constant C = C(n,c, ) > 0 such that

M{Qe.(Q): Q € DF(d,N)}) < C. (3.10)

Proof. Fix dyadic cubes Q1 = Qk,.m, € DFk, (d, \) and Q2 = Qkymy € DFk,(d, X) with kq, ko € No.
By (3.8) we have

Qc,%(Qk,m) - CQk,m- (311)
Hence,
Qc,%(le,ml) m QC,%(QkQ,mz) 7& (Z) 1mphes Cle,ml m CQk27m2 7& @

By (3.8) this gives |k1 — ko| < s provided that Q¢ .(Qk, my) N Qe,se(Qhymy) # 0. Hence, if for some
point x € R" there are k(z) € Ng and m(x) € Z" such that € Q¢ (Qp(z)m(z)), then we get

{7 € Np : there is m € Z" s.t. Q¢ (Qjm) 2 x} C [k(z) — 2, k(z) + 2] N No. (3.12)

We use (3.11), (3.12), and apply Proposition 2.2. This gives

Z X0o.(@) (@) < Z Z XeQum (@) < 22¢([c] +2)"  for all z € R"

QeDy k=k(z)— 3 meZ"
The proof is complete. ]
Fix ¢ > 1 and let » be the same as in Theorem D. Consider the family
P(c) :=Ps(d, A, c)

= {Q € DF(d,\) : cQ D Q' for some Q' € Dy \ DF(d, \) with [(Q') > @} (3.13)

We will see below that in the case of essentially irregular sets S C R"™ the role of the family of cubes
P(c) for the extension of functions is essentially the same as that of the family of all (S5, 7)-porous
cubes in the case of sufficiently regular sets S C R”.
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4 Calderén-type maximal functions and new function spaces

In this section we introduce a far-reaching generalization of the Calderén-type maximal function
introduced in [29]. The latter generalizes the classical Calderén maximal function [8].

Let {my} be an admissible sequence of measures on R" and f € Li({my}). Given dyadic cubes
Q1 € Dy, Q2 € Dy, with ki, ko € Ng, we recall (2.2) and put

‘I’f{mk}(leQ2) = O 1,1 (Q2,Q1)
= GO f f F(@) — £()| dmg, () g (). ()

By (2.2) and (4.1) it is easy to see that

][’f ][f ) dmy, (z )‘dmkl( ) < min{l(Q1), 1(Q2) } P (m,} (@1, Q2). (4.2)

Proposition 4.1. Let {my} be an admissible sequence of measures on R™ and f € Li({my}).
Then, the following inequality

min{l(Q1), [(Q3)} P fm,} (Q1, Q3)
< min{l(Q1), U(Q2)} P {3 (Q1, Q2) + min{l(Q2), [(Q3)} L f (1} (Q2, Q3) (4.3)

holds for any cubes Q; € D4 with my, (Q;) #0, i =1,2,3.

Proof. Let Q; € Dy,, i =1,2,3 with k1, k2, k3 € No. Hence, by (4.1) and (4.2) we have

min{l(Q1),(Q3)} Py, {mk}(Q17Q3

:][ ][(f ]l F(2) dmg, (2 ][ 1(2) ding (2) = £(y)| dw, (y) i, ()

Q1 Q2
< fls@ ][f 2) i (2)| gz f 70 = £) iy (2)] i (0
Q1 Q2
< min{l(Ql), (Q2)}‘I’f,{mk}(Q1, Q2) + mln{l(Q2), H@3)} P (my} (@2, @) (4.4)
The proof is complete. ]

Now we define the dyadic generalized Calderén-type maximal function. It will be an indispens-
able tool in our further analysis. We recall Definitions 2.2 and 3.5.

Definition 4.1. Let d € (0,n] and let S C Qoo be a compact set with HZ (S) > 0. Let
A€ (0,1] and ¢ > 1. Let {m} € M4(S) and f € Li({my}). Given a point » € R", we define

Fyne(@) = sup @ .00,3(Q. Q), (4.5)

where the supremum is taken over all pairs of cubes Q, Q satisfying the following conditions:
(f1) z € cQ and Q,Q € DFs(d, \);
(f2) 0<U(Q) <UQ) < 1
(f3) Q € Kgxc(Q).
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If there are no pairs Q,@ satisfying conditions (f1)—(f3), we put ffmk} 3 o(®) := 0. The mapping

T — ffmk}7A7c(x) is called the dyadic generalized Calderdn-type mazimal function.
The dyadic generalized Calderén-type maximal functions have some straightforward monotonic-
ity properties, which follow immediately from Definition 4.1. We omit an elementary proof.
Proposition 4.2. Let d € (0,n] and let S C Qoo be a compact set with HL (S) > 0. Let
{my} € MUS) and f € Liy({mi}). Then, given a parameter X € (0,1] and a point x € R,

f{umk}’)w1 (x) < ffmk}7A7c2(x) forany 1<¢ <ecp <oo.

Definition 4.2. Let d € (0,n] and let S C Qg be a compact set with H9 (S) > 0. Given
f€B(S)N LY*({my}), we say that z € S is a d-reqular point of f and write z € Sy(d) if, for each
sequence {my} € M4(S),

lim max ][|f(x) — f(y)| dmg(y) =0 for any ¢ > 1 and any A € (0,1). (4.6)
k—00 QETy x (x)NDy,
Q
If, for some k € Ny, the set Ty (z) N Dy = 0, the corresponding maximum is defined to be zero.
By S¢(d) we denote the set of all d-regular points of f.

Now we are ready to introduce the function spaces, which will play the role of intermediate

spaces between trace spaces of Sobolev spaces.

Definition 4.3. Let d* € (0,n] and let S C Qoo be a compact set with \* := HZL (S) > 0.
Let A € (0,1] and ¢ > 1 be some fixed constants. Let d € (0,d*] and let {m;} € 9MM?(S). Given

p € (1,00), we say that f € Li({my}) belongs to )AiZTd){mk}(S) if the following conditions are satisfied:
(1) HE(S\ Sy(d') = 0 for all &’ € [d,d*];
(2) Np {mp},c(f) < 400, where we put

Ny tmitnelD) = 1y DB Nyagm o) = 1AL ()| + Ny gy rel ). (A7)

We define the space X%

od {mk}(S) as the quotient space, i.e.,

* ~d* Nd* -~
Xi,d,{mk}(s) 1= Xy gme} () /A € Xy g1 () + Ny fmpyre(f) = 0.

We equip the space ngd&mk}(S) with the norm given by the functional ./T/'p,{mk})\,c, i.e., given a class
of equivalent functions [f] € Xg*d {mk}(S), we put

1N X g0 (= N gy 2. (F)- (4.8)

Remark 4.1. In what follows, we will identify the class of equivalent functions [f] € XZTd’ )
with its arbitrary representative f. It should be remarked that the structure of the class [f] is not
so straightforward.

Indeed, let S = S; US2 and S; NSy = 0. Assume that d € (0,d*), S; is a closed Ahlfors—David
d-regular set, and Sy is a closed Ahlfors—David d*-regular set. Then, keeping in mind Example 2.1,
it is easy to see that changing a given f: S — R on an H? -null set we can violate condition (2) of
Definition 4.3.

On the other hand, keeping in mind Example 2.1, it is easy to see that if S is an Ahlfors—David
n-regular set and d* € (0,n), then changing a given f : S — R on an mg-null set we can violate
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condition (1) of the definition (because in this case my coincides, up to some constant, with the
measure L"|g).
In fact, the above definition of the space XZTd, {mk}(S) depends on the choice of parameters A,
c. Typically, these parameters are always fixed and hence, we omit them from the corresponding
notation. [
Remark 4.2. Let us verify that Definition 4.3 is correct, i.e., that ngd7{mk}(5) is a normed
linear space. First of all, we note that, for each d' € [d, d*],

Sf1+f2 (d,) ) Sf1 (d/) N Sf2 (d/)
Hence, it remains to verify the triangle inequality. To this end, it suffices to verify that

Np,{mk},)\,c(fl + f2> < Np,{mk},A,c(fl) +Np,{mk},)\,c(f2)' (4'9)

holds for any f1, fo € L1({mg}). Indeed, by (4.1) and the triangle inequality, it is easy to see that,
for any cubes Q1,Qs € Dy and any fi, f> € Ly ({my}),

Dt ot pofmp} (Q1,Q2) < Ppy 11 (Q1,Q2) + Py (1,1 (Q1, Q2).

Using this inequality we get by Definition 4.1

(Fr 4 )l e @ < (F) iy ae(® + ()] ac(@), @ €R™ (4.10)

Combining (4.10) with the triangle inequalities for the L,(R™)-norm and for the L,(mg)-norm,
respectively, we obtain (4.9) and complete the proof.
Remark 4.3. We prove in Section 8 that the spaces Xz*d {mk}(S) are complete provided that

p€(l,00),d >n—p,dec (n—p,d]and {my} € MI(S).

5 Extension operators

The extension operator which will be constructed in this section is the most challenging part of the
present paper. In all previously known studies concerned with extension problems for the first-order
Sobolev-spaces W (R™) [24], [25], [29] the authors basically used the classical Whitney extension
operator with minor modifications. Surprisingly, it perfectly worked. However, in our case we
should introduce completely new extension operators.

Throughout the section we fix the following data:

(D.5.1) a parameter d € (0,n] and a compact set S C Qoo with X := HZL (S) > 0;

(D.5.2) an arbitrary parameter A € (0, ) ;

(D.5.3) an arbitrary sequence of measures {my;} € MM?(S).

Since the parameters d, A and the set S are fixed, we will use the following simplified notation.
We set DF := DFgs(d, \), and for each k € Ny, we set DFy, := DFgi(d,\), DFy := DFg(d,\),
A = Asi(d, N), Ap, = jg,k(d, A). Furthermore, we recall Definition 3.3 and set S := S(d, \) for
brevity. Note that in accordance with our notation if a function g : R®™ — R is differentiable at
some point y € R", then

Vo)l = Vg 2= max{| 220 .| 72 0}
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5.1

Construction of the extension operator

First of all, we present a formal construction of the new extension operator and then informally
describe the driving ideas of our construction.

We

Let a function 9y € C§°(R) be such that:
(1) xp2,29() <¢o() < X1 11)() and ¢p(-) > 0 on the interval (~1/10,11/10);

1010/
(1) > Yo(-—m)=1onR.
mEZL
We set B
‘_ do
Cg, = max | ()]

define a function ¢y € C§°(R") by

Yo(x) = szo(:v,) for every = = (x1,...,2,) € R"
i=1

and set Vg (+) := 1o(2%(- —m)) for every (k,m) € Ny x Z". Clearly, the following properties hold:

(i) for each k € Ny and any m € Z",

.6
X4Qun () < Ybm() S Xegq,,, () and Prm() >0 on int(FQpm); (5.1)
(ii) for each k € Ny,
> Ykm()=1 on R" (5.2)
mez™
(iii) for each k € Ny,
D IVEm@)ll < C(n)Cy 2% forall yeR™ (5.3)

mezZ"

Recall notation ng(m) (see Section 2) and define
Chym i= #(nk(m) N Ak), (k,m) € Ng x Z™. (5.4)

Remark 5.1. By Definition 3.2 and (5.4), it readily follows that ¢ 5 # 0, for all m € Ay
Given f € Li({mg}), we set

o8 2 £ f@)dmg(x),  ckm #0;

fk,m = o m’Enk(m)ﬂ.Aka’m/ (55)
0, Ckom = 0.

Now we are going to define inductively the special sequence of functions which play the role of

an approximating sequence for the extension. Note that since S C Qo and HZ (S) > 0 we have

Thi

foo = ][ f(z)dmo(z).
Qo,0

s observation justifies the following definition.
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Definition 5.1. Given f € Li({my}), we define the special approximating sequence {fr} :=
{fe}({my}) for f inductively. At the zero step we set (note that by (D.5.1) we have fo.,, = foo
for any cube Qom C 3Q0,0)

fo(z) = Z Yom () foo, x€R"™

Qo,m C3Q0,0

Assume that, for some k € N, we have already constructed functions fo, ..., fr_1. We set

f( ) _fk 1 Z wkm fkm fk—l(x))’ r € R™ (56)

mG.Ak

Remark 5.2. Clearly, the sequence { fi} := {fix}({my}) is well defined, i.e., does not depend on
the choice of representatives f of f. Hence, in what follows, if f € B(S) is such that the equivalence
class f of f belongs to Li({my}), then by the special approximating sequence for f we always mean
the special approximating sequence { fi} := { fx }({my}) for f.

Definition 5.2. For each y € R", we define the lower and the upper supporting index sets,
respectively, by letting

14
K(y) := K,;,(y) := {k € Ng : there exists m € A; such that y € ng,m};
K(y) = Fd)\(y) :={k € Ny : there exists m € jk such that 7 (y) # 0}.

Remark 5.3. By Proposition 3.1 we have
#K(y) = #K(y) =400 forall yeSs. (5.7)

Furthermore, by (5.1) and Definition 5.2 we clearly have

14 — 16
Ky =0 +— ygéng,o and K(y)=0 < ygéginth’g.

The following proposition collects the basic properties of the lower and the upper supporting
index sets.
Proposition 5.1. The lower and the upper supporting index sets have the following properties:
(1) 0 € K(y) for cach y € 2Qno \ S;
(2) 0 € K(y) for each y € Qo \ S;
(3) K(y) C K(y) for each y € R";
(4) #K(y) < #K(y) < +oo for eachy € £ Qoo \ S.

Proof. Note that Qoo € DFy because S C Qoo and HgO(S) = X > \ according to our assumptions.
Hence, by (5.1) and Definition 5.2 we get properties (1) and (2).

Property (3) follows directly from (5.1) and Definitions 3.2, 5.2.

To prove property (4) it is sufficient to show that # K (y) < +oo for every y € %Qop \ S because
the inequality #K (y) < #K (y) follows directly from property (3) just proved. By (3.4) it follows
that, for each y € %Qo,o \ S, there exists j(y) € N such that

y¢ | HQ:Q e @W(d N}
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Combining this fact with property (F3) of Theorem 3.1 we deduce that in fact

ve | JQ:Qe (N}
7>3(y)

This gives the required claim. O

Proposition 5.1 justifies the following concept. B
Definition 5.3. We define the lower supporting index k(y) and the upper supporting index k(y),
respectively, by letting

14
k(y) :=max{k : k€ K(y)} foreach yc¢€ EQO’O \ S;
_ — 16
k(y) :=max{k: k € K(y)} foreach y¢€ EQO’O \ S. (5.8)
Proposition 5.2. Lel f € Li(mg) and let {fi} be the special approzimating sequence for f.

Then, for each point y € %Qop \ S, the following properties hold true:
(1) for every k € K(y),

em 70 if Y€ Qrmg (5.9)
(2) for every k € K(y),
> rmly) =1 (5.10)
777,6./2(}@
(3) k(y) < k(y) < +oo and
Fe) = frpy ) for any k> k(y). (5.11)

Proof. By Definition 5.2 if k € K(y), then y € %Qk’m for some m € Ag. Hence, if in addition
Y € Qkm, then m € AN ng(m). Consequently, Definition 3.2 and (5.4) implies that ¢ 7 # 0.

To prove (5.10) it is sufficient to combine Definitions 3.2, 5.2 with (5.1) and (5.2).

The inequality k(y) < k(y) is an immediate consequence of property (3) of Proposition 5.1. The
inequality k(y) < +oc follows from property (4) of Proposition 5.1. Finally, by Definition 5.3 we
have 1y 7 (y) = 0 for each k > k(y) and any m € Aj,. Now property (3) follows from (5.6). O

Now having at our disposal Proposition 5.2 and property (1) of Proposition 3.1 we can built the
desirable extension operator.

Definition 5.4. Given f € B(S) N Li({my}), let {fx} be the special approximating for f. We
define

Exts gy a(/)@) = Ext()(a) i= {7 “ €5 (5.12)
XS, {mg},A z) = Ext(f)(z) == klggofk(zv)’ z R\ S. :

The following obvious observation is an immediate consequence of Definition 5.4.

Proposition 5.3. The operator Ext defined by (5.12) is a linear mapping from B(S)N Ly ({mg})
into B(R™).

Since the construction of our extension operator is quite tricky, we would like to describe the
driving ideas informally.
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The first idea consists in using only cubes from the family DF to extract some useful information
about the behavior of a given function f € Li({my}). Informally speaking, the family DF gives
some sort of a skeleton for the extension operator. Indeed, Theorem C allows us to hope that
averaging over these cubes with respect to measures my, k£ € Ny is necessary in constructions of
almost optimal Sobolev extensions.

The second idea looks a little bit technical. Nevertheless, it is quite important. Recall (see
Subsection 3.3) that by Ws we denote the Whitney decomposition of R™\ S. In the majority of the
available investigations the family Wg plays a crucial role in constructions of extension operators.
It allowed one in some sense to transfer the information about a given function f : S — R from S
into R™ \ S. In contrast, our approach uses the family Ugen,DFj \ DF . In the case when either S
is regular enough or p > n, then this innovation gives nothing new in comparison with the classical
approach of H. Whitney. If S is highly irregular and p € (1,n], the modification becomes essential.
It helps to avoid the study of the complicated combinatorial structure of the family Wg. Informally
speaking, it is difficult to built a “nice tree” associated with the family Wg.

The third idea involves an additional averaging over neighboring cubes in (5.5). This simple
trick together with the use of families DFy, k € Ny helps one to avoid large derivatives. Roughly
speaking, given f € Lj({m}), pointwise estimates of Ext(f) from above will contain only terms
like

| rwdm) - f s )]
Qk,m Q!

where Q€ KCgxc(Qkm) for some ¢ > 1. This is crucial in proving the optimality of the extension.

We should note that the roots of the above ideas go back to the paper of V. Rychkov [21].
However, in this paper only d-thick sets were considered. In the case when S is d-thick, the analysis
of the pointwise behavior of special approximating sequences is much more simple and transparent.

5.2 Fine properties of the special approximating sequence

In this subsection, given f € Li({my}), we investigate a pointwise behavior of Extg g x(f).
We start with a technical observation, which will be commonly used. B
Proposition 5.4. Let f € L1({my}) and c € R. Then, for each k € Ng and any m* € Ay,

e —el <, _max 1) = clim (o) (5.13)

k,mk

Furthermore, for each k,j € Ny and any mF € .,Zk, ml e ij,

e~ Dyl <max £ 17(0) = £0) iy (g)iim(z) (5.14)
Qk:,'mk Qj,mj
where the mazimum is taken over all m* € ng(Mm*) N Ay and all m7 € nj(m’) N A;.

Proof. To prove (5.13) we fix k € Ny and mF € Ay By Remark 5.1, we have ¢, zr > 0. Hence,

- > 1. (5.15)

mk €ng (ﬁlk)mAk

ck,mk
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Using this observation and (5.5), we deduce the required estimate

1
- ¥ ][ f@dmga) -~ —— Y
k. mkEnk(Terk)ﬁAka ok km mkEny (MP)N Ay
< Ydmy(x) — ’ ][ — c|dm . 5.16
- rrﬂcenrknf;f]i ﬁ.Ak ][ f k = mkenrkr?ﬁ};)ﬁf‘k ‘f(x) c’ k(x) ( )

k,mk

Now we fix arbitrary k,j € Ng and mF € Ay, m’ € .Zj. We firstly apply (5.13) with ¢ = f; 5
and then, for mg-a.e. y € S, we apply (5.13) with ¢ = f(y). This gives

feme — fiul < max f|f<y>fj,ﬁj\dmk<y>

mFeny (mk)NAy

k,mk
< - dm,(z)) d
S e a, ][ (m@rjr(i%)m " ][ [f(y) — f(2)] m;(ﬂ«")) my(y)
k7n j,mj
< max ][ ][ )| dm; () dm (), (5.17)
Qk,ml€ QJmJ

where the maximum is taken over all m* € ng(m*) N Ag and all m/ € n;(m?) N A;.
The proof is complete. ]

Now we introduce the keystone tool of this section. More precisely, given f € Lq({mg}), the
inductive definition of the sequence {fi}ren,, as given in (5.6), is not so useful for practical com-
putations. In view of this, we present an explicit formula for functions fi, k& € Ny.

Lemma 5.1. Let f € Li(my) and let {fi.} be the special approzimating sequence for f. Then,
for every i,k € Ng with k > 1,

k
fu@) = file)+ Y @), weR, (5.18)

j=i+1
where, for each j € {i+1,....,k} and every x € R", we set

k

) > %mj(:r)( I1 ( > wnﬁﬂ(l’)))(fj’fnj — fiz), jef{i+1, .. k—1};
Szjk(a:) = { MIEA; r=j+1 “mrezn\ A,
> Urar (@) (frmr — fil)), J=k

mkeAy

(5.19)

The corresponding product in (5.19) disappears for k < i+ 2.

Proof. Given a fixed i € Ny, we prove (5.18) by induction.

The base. For k =1+ 1, the statement is obvious in view of our construction.

The induction step. Suppose that (5.18) is proved for some k =1 € N, [ > i. We show that
(5.18) holds true with k =1+ 1.
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Indeed, first of all, we note that by (5.19), for each j =i+ 1,...,1, we have
(1= Y @)@
77Ll+l€jl+1

= Y pam@S@) =8, (), zeR™ (5.20)

mlit+1 €Z7L\_,’4Vl+1
On the other hand, by (5.19)
Sﬁh(m) = Z wl+17ml+1(x)<fl+17ml+1 - fz(x)), r €R™ (5.21)
77LZ+16.;4V1+1

Now we plug (5.18) with k = [ into (5.6) and use (5.20), (5.21). This gives the required identity

z z
fim@) = filw)+ Y S@)+ Y () (fz+1ﬁ~bl+1 — filw) = ) S%j,z(w)>

j=it+1 At e Ay, j=i+1
l
= filz)+ > (1 -y ¢l+17mz+1(:v)>55’l(:n)+
j=i+1 A e A
1
+ Z Vi (2) (frpmen — file)) = filz) + Z Slia(@), zeR™
e A, =il (5.22)
The lemma is proved.
O
Remark 5.4. By Lemma 5.1 applied with ¢ = 0 and (5.10) we have
14
fe) =Y trm(y)fem foreach ye —=Qoo forevery ke K(y). (5.23)

meAg

This nice reproducing formula will simplify some intermediate computations in the proof of the
forthcoming assertions. O

By Proposition 5.1, we can pass to the limit in fi(z) for every z € R™ \ S. This is not the case
for an arbitrary z € S. However, if a given function f : .S — R is sufficiently regular we can extract
convergent subsequences { fi, (x)} for appropriate points x € R™.

Lemma 5.2. Given f € B(S) N Li({my}), for every point x € SN S¢(d), there exists an
increasing sequence {ks} = {ks(x)}sen, C No such that

Jim i, (1) = f(x).

Proof. Fix a point € SN S¢(d). By Remark 5.3, the set K(x) is infinite and can be written as a
strictly increasing sequence {ks} = {ks(x)}sen, C No. Hence, by (5.5), (5.23) and (4.6), we get

@) - fu@l < S frfo:)—f(y)rdmks(y)

<(C max ][ |f(z) — f(y)|dmy, (y) = 0, s— o0. (5.24)

mGAkS
Te %ka,kamm



The lemma is proved. O

The following technical assertion will be important in proving the main results of this section.
Proposition 5.5. Let s € N and {k;};_; C No be such that ky < .... < ks. Then

s—1 s
1-> > by, ki () H( > %r,mkr(?@))— > Uk (@)

I=1 it e Ay, r=j+1 ke ezn\ Ay, mks € Ay,

_ H( S Yk @)) for all z € R, (5.25)

=1 3k €Z\ Ay,
where the first sum in the left-hand side of (5.25) is zero in the case s = 1.

Proof. We prove (5.25) by induction.

The base. For s = 1, this is obvious because the second term in the left-hand side of (5.25) is
zero by definition.

The induction step. Suppose that we have proved (5.25) for some sy € N and arbitrary nonneg-
ative integer numbers £} < ... < ki (in place of {k;};_;). To make the induction step, we take an
arbitrary ki < ... < kgy41 and apply (5.25) with &k} = ki1, ¢ = 1, ..., so. This gives

S0 so+1
1Y Y @ (X vemw@) - X b e ®

=l ke Ay, r=itl ez Ay, mrotied,

so+1 so+1
(Y @) Y @I Y @)

I=2 mhiezm\Ay, ke Ay, =2 mtienm\Ay,

so+1 sp+1
(1= Y @) I Y @) =TI X 4 an@). (20
ke Ay, j=2 m’fjezn\jkj J=1 mkjezn\ﬁkj

O

Remark 5.5. By (5.1) and Proposition 5.5, for each s € NN [2,400), we have

s—1 s
0<>, > Uy, ks (2) 11 ( > %,,,mkr(:v)) <1 (5.27)

J=1 fﬁkj E-’Zlvkj r=j+1 mkr GZ"\./Z]@T

for any {k;}7_; C No with k1 < ... < ks. O
Now we formulate the main result of this section. This result contains an important computation,
which will be an indispensable tool in proving some pointwise estimates in Section 6. We recall
Definition 5.2.
Theorem 5.1. There exists a constant C > 0 depending only on C’qzo and n such that, for each

f e Li({my}), for every y € 5 Qoo \ S and k* € K(y),

V)| £ CMy(y) forall k>k* andall ceR, (5.28)
where
My c(y) == 2% max ][ |f(z) — | dm;(x), (5.29)
Q]’,m

the mazimum in (5.29) is taken over all j € {k*,...,k} and all m € A; with X%Qjm(y) # 0.
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Proof. We fix arbitrary k£ > k* and ¢ € R. An application of Lemma 5.1 with i = k* gives (below
we assume that the corresponding sum is zero if k = k*)

Viey) = Ve (y Z VS o (w)- (5.30)

Jj=k*+1

Without loss of generality we will assume that & > £* because the case k = k£* is much simpler. We

split the proof into several steps.
Step 1. Since k* € K(y) by (5.10) and Remark 5.4 we have

VieW) = Y. Vra®fom= Y, Vi mn®) (fim— o) (5.31)

mGAk* mEAk*
Hence, by (5.1)-(5.3) we get
V@I <2 S Xegu. W)l —cl. (5.32)
MEA
Consequently, by (5.13) and (5.32) we obtain
Vi@ <02 Y xsqe o) max o |f@) el

= mengx (M)NAg«
MEA Qk*,m

< ('Y Xequ . (1) Mie(y) < CMyo(y). (5.33)

mezn

Step 2. By (5.19) we get, for each j € {k* +1,...,k — 1} (the corresponding product disappears
when k < k* +2),

> V(v ) 1 (> v ®)) i —ct e few)

mieA, r=j+1 mrezn\ A,
S Wi () H (Y @) Vi)
mied; r=j+1 mrezn\ A, (5.34)
We also have
VSE k@) = D Vi) femr —cte— @) — > Upar)V i 1)
ke Ay, mke Ay, (5.35)

Step 3. For each j € {k* +1,...,k — 1} we use the Leibniz rule. Using (5.1) — (5.3), we obtain
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(the corresponding product in the last string disappears if k < k* + 2)

= 5 [ T v

mIeA, r=j+1 mrezn\ A,
< Y 9wl 11 (Y vw®)
mieA, r=j+1 mrezn\ A,
¢ 3 0T T oww))
mieA; r=j+1 m’“eZ”\Ar
<P+ (Y ) > e ] (Y vww)) (5.36)
mieA; r'=j+1 r;i;i;l mrezm\ A,

We use, for each ' € {k* +2,...,k}, Remark 5.5 with s = k — k* — 1 and with
ki =k +1,.  ky_jeq:=7"—1 and kp_p:=7"+1,... ks :=k.

This gives (we assume that k > k* + 2) the crucial estimate

r'—1

> (X i) 1?[ (> vww)

Jj=k*+1 ,,iﬁjejj r= —0—,1 ’I?LTEZH\./ZT
TFET

kZi ( > %‘,ma'(y)) ﬁ ( > %,mr(y)) <1

J=k"+1 micA; r=j+1 mrezn\ A,
j#r! r#r’

Hence, using (5.36) and changing the order of summing, we get (the corresponding product below
disappears if k = k* + 2)

j=k*+1
r'—1 k
<c(2h+ DS (> wmw) IT( X twww)) et (637
r'=k*+2 =kl micA; 7”;1:51 mrezZn\ A,
Furthermore, by (5.3) we have
Sh) = D IV ()l < C2%. (5.38)

fﬁkej}c

Step 4. Now we plug (5.31), (5.34), (5.35) into (5.30). This gives

IV fi(y (5.39)

||M\1



In the right-hand side of (5.39) we put

Riy) = Vi@, Biw) = D bea®IVie@)l

ﬁLkG.Zk
k—1 k
Riy) = > > viaw [] ( > wr,mr(y)> IV fre= (),
J=k 1 i A r=j+1 mrezn\ A,
k=1
Riy):= Y. SlWle—fir@l, R = D IVéa@lle— fie )],
j=k*+1 mkejk
-1
Ri(w) = Y B X xeq . fim—c. B = Y V¥l fir — el
j=k*+1 i e Ai ke,
(5.40)
Step 5. By (5.2) and (5.33) we have
R{(y) < Ri(y) < CMp.(y)- (5.41)
Step 6. By Remark 5.5 and (5.33) we obtain
Ri(y) < IV fir (9)ll = Ri(y) < CMye(y). (5.42)
Step 7. By (5.37) and (5.38) we clearly get
Ri(y) < C2%e— fie(y)l,  Ri(y) < C2%[e — fi=(y)].
Hence, using arguments similar to those used in step 1, we deduce
Ri(y) + Ri(y) < CMp(y). (5.43)

Step 8. Finally, we use Proposition 5.4 and take into account (5.29), (5.37), (5.38). This leads
us to the estimates

Ri(y) < CMye(y), RA(y) < CMye(y). (5.44)

Step 9. Collecting (5.39)—(5.44), we deduce (5.28) and complete the proof.

6 The reverse trace theorem

In this section we prove the so-called reverse trace theorem. More precisely, given a nonempty
compact set S C Qo0 and a function f € B(5), we find conditions sufficient for the existence of a
Sobolev extension F' of f.

Throughout the section we fix the following data:

(D.6.1) parameters d* € (0,n], d € (0,d*] and a compact set S C Qoo with X := HZL (S) > 0;

(D.6.2) an arbitrary parameter A € (0, ) ;

(D.6.3) an arbitrary sequence of measures {m;} € M?(S9).
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As a result, we simplify our notation. More precisely, we set DF := DFg(d,\), S := S(d, \),
S = S¢(d). For each k € Ny we set DF}, := DFgy(d, \) and @.VF;C = ﬁs,k(d, A). Given ¢ > 1,
we put T,.(Q) :=Tyxc(Q), Ke(Q) := Kgc(Q). We recall Definition 5.2 and, for any given y € R”,
we put K(y) := K, ,(y) and K(y) := Kgx(y). We also use the symbol Ext instead of Extg fm,},x
to denote the corresponding extension operator constructed in Section 5.1. Finally, throughout the
section we put fg = f«?mk},)\,c'

The following elementary combinatorial fact will be a keystone in proving the main results of
this section. We recall Remark 5.3.

Lemma 6.1. Let y € %Qo,o- Let k1, ks € Ng and j1,52 € K(y) be such that:

(1) k1 < g1 < jo2 < Koy

(2) (k1, ko) N K(y) = 0.

Then Qi my € K7(Qjyms) for any Qj, m, € DFj,, i = 1,2 satisfying y € %Qh,ml N %Qﬁﬂm,

Proof. Let Qj;m; € DFj,, i = 1,2 be such that y € %thml N %sz,mz-
Fix a dyadic cube Q D Qj, m, with {(Q) € (2772,2771). We claim that Q ¢ DF. Indeed, assume
the contrary. On the one hand, by the construction

—logzl(Q) € (jl,jg) - (k‘l,k'g). (61)

On the other hand, since @ € D4 we have [(Q) > 2(Qj,,m,). Hence, taking into account that
y € 22Qj, m, it is easy to see that y € £ Q. This implies that

—log, [(Q) € K(y). (6.2)

By (6.1) and (6.2) we have (k1,k2) N K(y) # 0, which contradicts the assumptions of the lemma.
This proves the claim.

Since y € %thl N %ijm we clearly have dist(Qj,m,, @jsms) < %2*71. Since the cubes
are dyadic by Proposition 2.1 we get dist(Qj, my, Qjpms) < 22791, Hence, Qjy.my C 7Qjy.my -

The proof is complete. ]

Having at our disposal Lemma 6.1 we can establish an important estimate.
Lemma 6.2. For each f € Li({my}), for every y € %Qo,o, the following holds. If ki, ko € Ny
and j1,j2 € K(y) satisfy the assumptions of Lemma 6.1, then

’fjhﬁH - szﬁb2| <2 maX{jth}fg(y) (6.3)
for any Qj, m, € Z/)\j—jw 1= 1,2 satisfying y € g v N ngQﬁQ,

Proof. Given f € Li({my}) and y € %Qo,o, we fix ki,ks € Ng and j1,52 € K(y) satisfy-
ing the assumptions of Lemma 6.1. Furthermore, we fix Q;; m», € DFj,, i = 1,2 such that
yE ngLﬁll N ng%ﬁu. It is clear that, for any m; € nj,(m;), i = 1,2, we have

16 16
RS gQﬁ,ﬂu N ngg,mz (64)
We use Proposition 5.4, take into account (6.4), and apply Lemma 6.1. This gives
‘fjlfnl - fj27ﬁ12|

< max ][ [f(2) = £ (y)] dmj, (@)dmyy (y) < 2702 Ey).(6.5)
mi€n;, (Mi)NA;,Q;, ,m1 Qjy,ma

The proof is complete. O
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We recall Definitions 5.1 and 5.2. Given f € Lq({my}), we establish a useful pointwise estimate
of the functions fy — f; for any k,I € N. This is crucial to deduce convergence properties of the
special approximating sequence { fx}.

Theorem 6.1. Let f € Li({my}) andy € ¥ Qo 0. Let { fi} be the special approzimating sequence
for f. Then, for any k,s € Ng with s > k,

fily) = foy)l < 27 EORH3 y), (6.6)
where k(y, k) = max{k' € K(y) : ¥’ < k}.

Proof. We fix k,s € Ng with s > k and split the proof into several steps.

Step 1. By Remark 5.3, we have K (y) # (). We write the set K(y) in an increasing order, i.e.,
K(y) = {k} where {k;} = {k}},, N € NU +o0 is an increasing sequence or a finite family of
numbers taken in an increasing order. We put

l:=max{l:k <k} and [:=max{l:k <s}. (6.7)

We clearly have (the second sum disappears in the case [ =)

|f1(y) = Fs )| < | Fr(y) = fr(y |+Z|fkl — Fro @)+ 1 £5 (W) = Fi,(W)I- (6.8)

Step 2. Since {k;} C K(y), by Remark 5.4 we get

fr,(y Z U, ikt (Y) i re for each 1 (6.9)

mklL E-Akl

y (6.9), for each I € {I, ..., — 1}, we obtain

‘fkl (y) - fk:[Jrl (y” < Z Z %l,mkz (y)wkl+l7mkl+1 (y)|fklﬁlkl - flirl’ﬁrLlirl ‘ (6~10)

mkle A, mPFl+1ec A
m E-Aklm GAMH

The crucial observation is that, given [ € {l, ..., — 1}, we have (k;, k1) N K (y) = 0. Hence, an
application of Lemma 6.2 with k1 = 51 = k; and ko = jo = ki41 gives

|sz,77lkl - fkl+17ﬁkl+1| < 2_kl+1f$(y) (6.11)

for every I € {I,...,1 — 1} and any indexes m* € Zk“ mhi e Avlirl satisfying ¢y = (y) # 0 and

wkl+1’mkl+1 (y) 7é 0.
As a result, we plug (6.11) into (6.10) and take into account (5.2). We obtain

|fkl mkt = fk’l+1 ki1 |

<2 Ry Y Y Uran W)V, ki (¥) < 2R (). (6.12)

m lE.Akl mri+1 G‘Akl+1

Step 3. We assume that k > k; because otherwise fx(y) — fx,(y) = 0. An application of Lemma
5.1 with i = k; gives

k
1) = @< D Sha®): (6.13)

T:kiﬁ-l
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If kK — ki > 2, then by (5.10), (5.19) and (6.9), for each r € {k; +1,...,k — 1} (the corresponding
product below disappears for k = kj, + 2),

Shk@) < Y b (y (ﬁ( S G ®)) D U @ e — Sl

m’“eAr r'=r+1 5/ EZ”\AT/ ~kL€~Akl
(6.14)
Similarly,
Skr®) < D Yo @) Y U W femr — £y ol (6.15)
mkejk ~kL€Akl (2

The crucial observation is that by (6.7) we have (k;, k)NK (y) = 0. Hence, givenr € {k;+1, ..., k},
applying Lemma 6.2 with k1 = ji = k; and ky = k, jo = r we obtain

friir = Fy ] <277 S5 () (6.16)

for any indices m" € gr, mkt € JZ(kL satisfying 1, zr(y) # 0 and % 77leé(y) # 0.
As a result, collecting (6.13)-(6.16) and taking into account Remark 5.5 we obtain

0 I < EW 3 7Y ) (ﬁ( > b))

r=k;+1 mreA, r’'=r+1 T’ﬁr’eZn\AT/
+ 27 fi(y) < 27 F(y). (6.17)
Step 4. Repeating the arguments of the previous step, we get
Aily) = fisw)] < 275 (). (6.18)

It remains to combine (6.8), (6.12), (6.17), (6.18) and take into account that 275 < 27kWk) for
all 1 € {l,...,1}. As a result, we deduce (6.6) and complete the proof.
]

Corollary 6.1. Let p € (1,00) and f € B(S) be such that Np,{mk},A,c(f) < +o0. Let {fr} be
the special approzimating sequence for f. Then the equivalence class [Ext(f)] of Ext(f) belongs to
L,(R™) and the sequence {f} converges to [Ext(f)] in L,(R™)-sense.

Proof. Given y € %Qo,o and k € No, we put k(y, k) := max{k’ : k¥’ € K(y) and ¥’ < k}. By Lemma
5.1, it is easy to see that, for any k,s € Ny with s > k,

supp(fx — fs) C U U{4Qj’m :m e Aj} C Uﬁ(S).

>k
Hence, by Theorem 6.1 we have, for such k, s,

/ i) — foly)Pdy < / 2B EWRDP( £ ()P dy.

U4 (9)

ok
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As a result, by absolute continuity of the Lebesgue integral we obtain

T / ilw) — ()P dy < Tim / QKRR (£ () dy. (6.19)

To prove that {fi} is a Cauchy sequence, it is sufficient to show that the right-hand side of
(6.19) is zero. To show this, we proceed as follows. First of all, by (5.7), Proposition 3.1, and the
absolute continuity of the Lebesgue measure £™ with respect to the Hausdorff measure H¢, we have

lim k(y, k) = +oo for L"—ae yeSs.
k—o0

Since 2B-kWRIP(fi(y))P < (8f%(y))P for all y € R™, an application of the Lebesgue dominated
convergence theorem proves the claim.

Since { f} is a Cauchy sequence in the Banach space L,(R"), we get the existence of g € L,(R")
such that ||g — fi|L,(R™)|| = 0, kK — oo. Hence, there is a subsequence { fi,} converging L"-a.e. to
g. Combining this fact with Definition 5.4, Lemma 5.2 and Proposition 3.1, we have g(x) = f(z) =
Ext(f)(x) for L™-a.e. x € S. This completes the proof.

O

The following fact is a folklore. Nevertheless, we present the proof for the completeness.
Proposition 6.1. Given p € (1,00) and ¢ > 0, there exists a constant C > 0 such that if
F € LP(R™) is such that supp F' C ¢Qo and the distributional gradient VF € L,(R",R"), then

/\F P dz < C / IVE()|? dy. (6.20)
cQo,0

Proof. 1t is well known [14] that there is a constant C' > 0 such that, for any given F € L{°(R")
with |VF|| € LY¢(R"), there is a set Ep with £L*(R™\ Er) = 0 such that

[F(2) = F(y)| < Clla =y (MIEIVFY) @) + MEIVE)@) forall 2,y € R\ By

If, an addition, supp F' C cQo, then an application of Hélder’s inequality gives, for any point
z € cQop \ EF,

FP<( f P -Feld)’ <c f  |Fa-FoPd
2cQ\cQ 2¢Q0,0\cQo,0

C(MEIFIN@) +e f  (MEIPFINW)
2¢Q0,0\cQo,0

As a result, applying Proposition 2.3 with ¢ = 1 and R = 5¢, we have

P
[ rwra<ce [ (Mroveiw) w<e [ IvFopa. 62
¢Qo,0 2¢Qo,0 cQo,0
The proof is complete. ]
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The following assertion is a keystone result of this section. _
Theorem 6.2. There exists a constant C' > 0 depending only on n, CJ, Cimyy,2 and X such
that, for each f € Li({my}), for every k € Ny,

IV @)l < C((F@) +If1Limo)ll)  for £'-ae. z €R™ (6.22)

Proof. We fix an element f € Li({my}) and a number k € Ny. Consider an open set (recall that
all the cubes are assumed to be closed)

k
ao=r\ (U U (L:Q\int 1—5662)). (6.23)

Jj=0QeD;

We fix a point y € %Q0,0 N G}, and split the proof into several steps.
Step 1. By (D.6.1), (D.6.2) and Proposition 5.1, we have 0 € K (y) N K (y). We put

E =max{k € K(y): kK <k}, k :=max{k e K(y):k <k}. (6.24)
Hence, by Definition 5.2, (6.24) and (5.1), there exists a cube

1
Q € DF3+ such that y € int ;Q. (6.25)

Step 2. Now we make a key observation. By (6.23), it is easy to see that, for any j € [k, k] NN
and any @’ € Dj, we have (recall that all cubes are closed)

16 16
either y € int ?Ql or yeR"\ EQ,' (6.26)

Hence, there exists a small § = d(y, k) > 0 such that k& = max{k’ € K(y') : k¥ < k}. This implies
that fx(y') = fe+(y) for all ' € Qs(y). As a result,
Vii(y) = Vi) (6.27)

Step 8. Assume that k" > k* because the case k' = k* is based on the same idea, but technically
simpler. Let j € [k*,&'] NNy and Qj,, € DF; be such that

16

By (6.25), (6.28) we have dist(Q, Q;m) < 2277, Since j <k~ and Q,Qj,m € D4 by Proposition
2.1 we get
Q C7Qjm- (6.29)
Let Q' € Dy be such that Q' D Q and I(Q') € (I(Q),277) (recall that 277 > 1(Q)). Since
1(Q") > 21(Q) by (6.25) we have
14 / / —J —k*
?Q >y and [(Q) <277/ <27%.

This implies that Q' ¢ DF because otherwise we would immediately get a contradiction with the
maximality of £*. As a result, by (6.29) and Definition 3.5 we have

Qjm € K7(Q). (6.30)
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Step 4. We apply Theorem 5.1 with k* = k*, with k replaced by k", and with ¢ = fQ f(t) dug=(1).
Then we use (6.27) and get

IVAWI = [V @] < €2 max| £ £(0)dmy(0) ~ f £0)dm- 1),
Qj,m Q

where the maximum is taken over all j € {k*, ,E*} and all m € A; such that y € %Qim. Hence,
by (6.25), (6.30) and Definition 4.1 we obtain

IV £ ()]l < CF(y). (6.31)

Step 5. Given z € R™\ %Qw, by Definition 5.1 we have fx(z) = fo(z) for all k € N. As a
result, taking into account that mo(Qo) = mo(S) > A Cyy,},2 We obtain

IVfe(2)] = [V fo(2)]| < C f ()] dmo(z)
Qo0
<C / |f(z)|dmg(z) for all =zeR™\ %Qo,o and all k€ Ny. (6.32)
Qo,0

Note that all the constants C' > 0 in Steps 1-5 depend only on n, CJ? Clmy},2 and . Further-
more, it is obvious that £"(R™ \ Gi) = 0. Hence, combining (6.31), (6.32) and taking into account
that y € %QQO N Gy, was chosen arbitrarily we obtain (6.22) and complete the proof.

O

Now we are ready to present the main result of this section. B

Theorem 6.3. Let p € (1,00), ¢ > 7 and f € B(S) be such that N}, fm 3 1c(f) < +00. Then the
L™-equivalence class [Ext(f)] of the function Ext(f) belongs to W, (R"). Furthermore, the special
approzimating sequence { fi} contains a subsequence { fi,} such that the sequence of L™-equivalence
classes {[fr,]} converges weakly in I/Vp1 (R™) to [Ext(f)] and there exists a constant C > 0 depending
only on the paramelers p,d,n, A, c and the constants Cyn,y 4, @ = 1,2,3 such that

NESEDIWERY | < CN gy nelf) for every  f € Li({my}). (6.33)

Proof. It is clear that fi, € C°°(R") and supp fr C 4Qo for all £ € N. Hence, the class [fj] belongs
to L1(R™) for all & € N. Applying Proposition 6.1, Theorem 6.2 and using (2.13), (2.16), (4.7), we
deduce that [f;] € W, (R") for all k € N and, furthermore,

L)W (R™)[| < CNp fmgy ne(F)s (6.34)

where the constant C' > 0 does not depend on f and k. Hence, the sequence {[fx]} is bounded in
W (R™). By reflexivity of W) (R™), this gives the existence of a subsequence {[fy,]} that converges
weakly in W, (R") to some element G € W, (R™). On the other hand, by Corollary 6.1, we clearly
have G = Ext(f). Furthermore, using the standard arguments from the theory of weakly convergent
sequences in combination with (6.34) we get the required estimate

BNV R < B [F)lW) (B < OV gl (6.35)
O]
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7 The direct trace theorem

Throughout the section we fiz the following data:

(D.7.1) a parameter d € (0,n) and a compact set S C Qoo with X = HL (S) > 0;

(D.7.2) an arbitrary parameter A € (0, \);

(D.7.3) a sequence of measures {m;} € M4(S).

The aim of this section is the proof of the so-called direct trace theorem. In other words, we
establish that the trace functional N (1 1. is bounded on the d-trace space Wz} (R")|4 for each
p € (max{1l,n —d},o0) and any ¢ € (1,n — d).

For the reader’s convenience we recall again some notation introduced in the present paper
earlier. Given a cube @ C R", we set kg := [—log, I(Q)]. Recall Definitions 3.8 and 3.9. Since the
set S and the parameters d, \ are fixed during the section, we set F := Fg(d, \), DF := DFs(d, \),
A = Ag(d,\). Furthermore, given a cube @ € DF and a parameter ¢ > 1, we set K.(Q) :=
Kaxe(Q), SHAQ) == SHare(Q), ZCo(Q) 1= ZCix(Q) and T,(Q) := Ty (Q) for brevity. We
recall (3.13) and put P(c) := Ps(d, A\,c). Since the sequence {my} was also fixed we will write
<IJf(Q1,Q2) instead of @y (1, 1(Q1,Q2) for each f € Li({my}) and any Q1,Q2 € D,. Finally, we

put f& = fu
We formulate the following useful technical estimate.
Lemma 7.1. Let 0 € (max{l,n —d},n], ¢ € (1,00), ¢ > 1 and € > 0. Then there exists a
constant C = C(n,d, \,0,q,¢) > 0 such that
% Z(Q2) :
) < F(z)||7 d F(2)||” dz)°
@/(Q1.Q2) < O fnv N7 dr)” + L ( f VP ds)
3cQ2
C al N
- 1\\q+qe q
+ @y o U@ (f I9F@az)) (1)
- o

for any F € WI(R”) with f = Tr|4[F] and any cubes Q1,Q2 € DF such that Q2 € K.(Q1). In
(7.1) the family {Q'}N , is uniquely determined by the following conditions:

(1) {QZ}NO CDy;

(2) Q":=Q1C..cQY;

(3) (QZH) = 21(@1) for every i € {0,.... N — 1} and 1(Q™) = 1(Q2).

Proof. Clearly Q1 € DFy, and Q2 € DFy, for some ki,ks € Nog with k2 < k;. Using the triangle
inequality several times, we obtain

Q)P p(Q1,Q2) < ][‘f ][ dﬂ?‘ dmy, (2) + ’][ z)dx — fF(w) dw‘

QN

+‘][F(w)dw—][ dy‘ ][‘f ][F dy‘dka ZlQl
ON

Since f = F\g, o € (max{l,n — d},n] and Q1,Q2 € DF by Theorem C

5 < c(j IVF@)ds)”, < r (f IVF(@)|F dz)°. (73

39



Note that Q1 C ¢Q2 by (C1) of Definition 3.5. Hence, Using Proposition 2.10 with ¢ = ¢ and then
applying Holder’s inequality, we get

[(Q2) (Q2) Y
%gclwi) ][ IVF(z)| dz < O 22 (][ IVE(z)] d:v) . (7.4)

3cQ2 3cQ2

To estimate ®o, we apply Proposition 2.10 and then use Hoélder’s inequality for sums. This gives

Q1<I>2<Z)][ dx—][F dy‘<02f][\F y)| dz dy

Q1+1 QL QL
i N l z) a+1
< C;m )Z[meym - (; e ][yw ar)?
C N , a1
- 1 —+qe q
S ICD)E (;(Z(Q )it (gi[IIVF(xﬂdx) ). (7.5)
Combining estimates (7.2)-(7.5) we obtain (7.1) and complete the proof. O

Given a function f € Li({my}) and a constant ¢ > 0, we define for each t > 0, the superlevel set
of f2 by letting

Uer(f) == {z eR": fi(z) > t}. 6)

Definition 7.1. Let f € Li({my}) and ¢ > 1. For each t > 0 we define the good part (f)

(7.
Uz (f
of the set Uet(f) as the set of all points 2 € R™ for each of which there exist cubes Q(z), Q(z)
satisfying the followmg conditions:
(1) Q(z) € Te(x) and Q(z) € DF;
(2) Qz) € Ke(Q(2));
(3) 24(Q(x),Q(x)) > t;
(4) UQ(x)) = 271(Q(=)).
We define the bad part Z/{gt(f) of the set U .(f) by letting Z/{gt(f) = Uet(f) \UL,(f). Finally,
we put UZ (f) := UpsoldZ (), UL(F) = Ut>0L{gt(f).
Remark 7.1. Given f € Ly({m;,}) and ¢ > 1, it is clear that {z : fi(2) > 0} = UZ(f)uUs(f).
The following characteristic property is an immediate consequence of Definition 7.1.
Proposition 7.1. Let f € Li({my}) and ¢ > 1. For each t > 0, a point x € ngt(f) if and only
if x € Uet(f) and

Q) < J1@()
for any pair of cubes Q(z),Q(z) satisfying the following conditions:
(1) g(ac) € T.(z) and Q(z) € DF;
() Qa) € Kel(Q(a));
(3) @5(Q(x),Q(x)) > 1.

Given a parameter o € [1,00) and an element F' € W1(R"), we define, for each t > 0,

Voir(F) :={x € R" : M,[||VF|](x) > t}.
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Lemma 7.2. Let o € (max{1,n —d},00) and ¢ > 1. Let F € WX(R") and f := Tv|4F. Then
there exists a constant C = C(n,d, \,0,¢) > 0 such that

u,(f) c VU%(F) for every t> 0. (7.7)

In particular, for each p € (0,00), there exists a constant C' = C'(n,d, \,p,0,¢) > 0 such that

[ (@) aw<c [19r@)ra. (7.9)
UL (f) R

Proof. We fix a number ¢t > 0. To prove the first claim we recall Definition 7.1 and find cubes

Q(z) € T.(z), Q(z) € DF such that Q(z) € K.(Q(2)), 1(Q) > 31(Q(z)) and

Pp(Q(x), Q) > t. (7.9)

By Lemma 7.1 and (2.4) it is easy to see that

24(Q(@), Q@) < ¢ f IVF@)7 dy)” < CM[IVF])(). (7.10)
3¢Q(x)

Combining (7.9) and (7.10) we get (7.7).
To prove (7.8) we use (7.7) and then apply Proposition 2.3. We have

[e.e] o

[ (F@) = [ i@y <p [ oo, (0
Ul (f) 0 0
<C’/ tPLLY (Vo u(F)) dt = C/ IIVE]( ))pdxg C/\VF(x)dem. (7.11)
The proof is complete. O

We introduce some notation which will be useful below. Recall Proposition 3.2. Given a param-
eter ¢ > 1 and a cube QQ € DF, we set

1(Q)
pe(Q)

Given a parameter ¢ > 1 and a cube @ € DF, for each j € NgN[0,N.(Q)) we define the jth layer
of the iceberg IC.(Q) by

1:(Q) == nf{I(Q) : Q' € SHAQ)}, No(Q) := log2< ) € No U {+o0}.

LIQ) == {Q € IC(Q) : Q) = 277U(Q)}.

Furthermore, it will be convenient to put formally L LY@ (Q) = 0. A
Remark 7.2. It is easy to verify that the followmg properties of the sets L2(Q):

(1) LAQ) NLI(Q) = 0 for j # 5;
(2) ZC(Q) = U P Li(Q).

The following assertion is a technical heart of this section. We recall Remark 3.6.
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Lemma 7.3. Suppose we are given a number ¢ > 1 and o selection k. of K. with a domain
® C DF such that:

(1) Ke(Q)NP(c) #0  forall QeD;

(2) ke(Q) € Ple) and l(ke(Q)) > U(Q) for all Q € D.

Then, for each p > max{l,n—d}, ¢ € (1,n—d) and 7 € (1, ”T_d), there exists a constant C' > 0

depending only on n,d, \,p,q, T, c such that the following inequality

Roaelgl = S 0@ 3 @@y (fowar) <o Pyd)’  (112)

QGQ Q/ DQ / Rn
QeIC(re(@)) ©

holds for any nonnegative function g € L,(R™).

Proof. We fix parameters p, g, 7 satisfying the assumptions of the lemma. We also fix a parameter
o € (¢,p) and an arbitrary nonnegative g € L,(R™). We split the proof into several steps.

Step 1. Since I(ke(Q)) > 1(Q) for all Q@ € © C DF by the assumption (2) of the lemma it follows
from Definitions 3.8, 3.9 that if Q@ € ©, Q' € ZC:(k.(Q)) and Q" D Q then Q € SH(k(Q))|g-
Hence, we change the order of summation in the definition of R, 4 -[g], use Remark 7.2, and take
into account that x.(Q) € P(c) for all Q € © by the assumption (2) of the lemma. This gives

Ne(Q)

Rudd < Y Y 3 t0(@)(fgla)de)” (7.13)

QG'P(c) 3=0 Q/GLJ Q) Q'

where, for each Q € P(c), every number j € Ng N[0, N.(Q)) and any cube Q' € L1(Q), we put

@) =@)T( > we), (7.14)

Q"ESHAQ) gy

and in the case N.(Q) < +oo we formally put to(Q') = 0 for all Q' € LCNC(Q)(Q) (recall that

LY@(Q) = 0 in this case).
_ Step 2. Note that n — g7 > d by the assumptions of the lemma. Hence, using (3.6) with
d=n—qr we get

te(@) < CU@))™ (7.15)
Furthermore, using (3.7) with d = n—q7 we obtain, for each Q € P(c) and every j € NoN[0, No(Q)),

> ot@)= > w@)( Y @)

Q'ELL(Q) Q'eLL(Q) Q"eSH(Q)lgr

SUCED SR SN0y
QeLi(Q) Q"ESH(Q)l gy

(5" > wer=e(F) @y < ga@y )

27 2J — 9JqT
Q"ESH(Q)

Step 3. An application of Hélder’s inequality for sums with exponents % and (%)/ = ULﬂ] gives,
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for each cube @ € P(c) and every j € NogN[0,N.(Q)),

q q

> (m(Q’))”H”)/(][ g(x) dr)”

QELL(Q) Q'

<o ¥ w@) (X w@(fowa))

Q'eLi(Q) Q'ELL(Q) Q (7.17)

Qe

Step 4. Using (7.15) and applying Proposition 2.4 with Q = Q = @', we have

> @) (fowdr) <c 3 @) (f o) dn)”

QELL(Q) Q' Q'ELL(Q) Q'
<c ¥ / (Mlg)(a))” d. (7.18)
QELL(Q)Q

Step 5. We set 6 := q77=% > 0. Now we plug (7.18) and (7.16) into (7.17). This gives us, for
each @) € P(c) and any j € NgN[0,N.(Q)),

aq
o

> 0@)(f stwyar) < 55 0@ (f (Mighw) ar) (7.19)

Q'eLL(Q) Q' cQ

Let s = x(n,d, A\, c¢) be the same as in Theorem D. We put s := 3 + 3. We recall (3.13) and
apply Theorem D. This gives

L"(2,(Q)) > CU(Q))"  for each cube Q@ € P(c). (7.20)

Finally, for each @ € P(c) and every j € Ny N [0,N.(Q)) we combine (7.19), (7.20) and apply
Proposition 2.4 with Q = Q. ,.(Q), @ = Q. We obtain

> t0@)(f stwyde) < 5@ Q) (F (Misl@) da)
Q'ELL(Q) Q' Q
¢ <./\/lg[./\/l [gﬂ(a:))qu for each cube @ € P(c) and every j € Nygn[0,N.(Q)).

< 240
Qc,(Q)

9
o

(7.21)
Step 6. We plug (7.21) into (7.13) and take into account that 6 > 0. This gives

Rpqrlg] <C ; ZO 2J0 / m))qd:zr

#(Q)
Z / x))q dzx.
QEP(c) Qe

It is clear that Q.,.(Q) C cQop for all @ € P(c). Furthermore, by Proposition 3.5 we have
M({Q:..(Q) : Q € P(c)}) < C with a constant C' > 0 depending only on n,d, \,c. Using these
observations and applying Proposition 2.5 we continue the previous estimate and get

Roarls) <C [ (MelMIg)@)" do (7.22)
cQo,0
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Step 7. Finally, we use Holder’s inequality for integrals with exponents g, ﬁ. Then we apply
Proposition 2.3 twice. This allows us to continue (7.22) and deduce

Roarla) < O [ (MoMlgl))” dr)?
cQo,0

< C’( / (M[g](:):))pd:r>% < C(/gp(x) dac>% (7.23)

cQo,0 NG
The lemma is proved. O

Now we formulate the key lemma, which will be the cornerstone in proving the main result of
this section.

Lemma 7.4. Let p € (max{1,n—d},n], ¢ € (1,n—d) and ¢ > 1. Let a selection k. of K. with
a domain © C DF be such that:

(1) Ke(Q)NP(c) 0 forall QeD;

(2) ke(Q) € P(c) and l(ke(Q)) > U(Q) for all Q € D.

Then there exists a constant C > 0 depending only on p,q,n,d, X\, ¢ such that

S @) (25Q @) < (X IDFIL, @) (7.24)

QeD lv[=1
Jor any F € W)(R™) with f = Tr|4[F].

Proof. We fix an arbitrary element F' € WPI(R”) and set f = Tr|4[F]. Furthermore, we fix a
parameter o € (max{1l,n — d},p). By the assumptions of the lemma and Definitions 3.6, 3.8, it is
clear that

ko1 (Q) € SH(Q) for each Q € P(e). (7.25)

We split the proof into several steps.

Step 1. By Remark 3.6, we see that if Q@ € ©, Q@ C @ and I[(Q') € (I(Q),l(k.(Q))], then
Q' € IC.(k.(Q)). Hence, an application of Lemma 7.1 gives, for any sufficiently small € > 0 to be
specified later,

Qe

> Q) (@ k(@) < € 3 (4Q))" ( IVF @7 de)
Q

QeD Qed

+e Y 0@ tm@y( f IVFGIP )
QeD 3cke(Q)

e @y Y Q) (][ IVF()ldz)" = R + B2+ 5. (7.26)
QeD Q'OQ Q'

Q'€IC.(ke(Q))

Step 2. Let 2 = x(n,d, \, c) be the same as in Theorem D. We put s := s+ 3. An application
of Theorem D gives

L"(Q,(Q)) > C(I(Q))" for each cube Q € P(c). (7.27)
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On the other hand, given a cube Q € P(c) with k. 1(Q) # 0, we use (7.25), apply Proposition 3.2
and then apply Theorem D. This gives

dYoow@)r < D> UQ)™ < (UeQ)" < CLM Qe (@) (7.28)
Qerz (@) QESH(Q)
Step 8. Now we use Holder’s inequality for sums with exponents 2 and 7. Then we take into

account (7.25), (7.27) and (7.28). We obtain (we also use the obv1ous 1nC1uSlon Qc.(Q) C Q)

fHVF 7)< Y <Z<Q>>"<13>(/ |VE ()| dr)*
Qem Qer ' (@)

gc(mm%,c@ ([ IvE@Ir ) < o f|VF )7 de)
cQ

q
o

(7.29)

Step 4. To estimate Ry from above, we use (7.29) and apply Proposition 2.4 with Q = Q..(Q).
This gives

< Y % ¢ (][ IVF(x )H"d:c)g

QEP(c) Qer: (@)
q
g q
<C Y L ][HVF odz)” <o 3 (MoAIVFI) )" da.
QeP(o) QP Q) (7.30)

To continue (7.30), we combine Proposition 2.5 with Proposition 3.5, apply Holder’s inequality for
integrals with exponents %, p%q, and finally use Proposition 2.3. We get

(myE <o [ (MAvei@) )’

¢Q0,0

(MAIVFIN)) < / |V F ()P d. (7.31)
cQo,0 ¢Q0,0

<C

—~—

Step 5. For each Q € P(c) we apply Proposition 3.4 with d=n— q > d, then we use (7.27) and
apply Proposition 2.4 with Q = Q. ,.(Q). This gives

( Z (%) ][HVF Hady)g ))n<][||VF(y)]Udy)g
QESH(Q) 30 o

q
; q
< oL@ f V@I ) < [ (MAIVF) de. (7.32)
3cQ %(Q)
By (7.25), (7.32) and Proposition 3.5 we obtain

e Y (X w@r)e@y(f IV )

QEP(c) QESH(Q) e
4 q
<C ). / (MAIVEI (@) do < /(MU[HVF\H(@) dax. (7.33)
GGP(C)QQ%(@) ¢Qo,0
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The same arguments as in (7.31) allow us continue (7.33) and get

R% < c( / ||VF(x)dex)%. (7.34)
¢Qo,0

Step 6. We fix an arbitrary € > 0 such that 7 := (14 ¢) € (1, "%d). In this case we can apply
Lemma 7.3 with ¢ = ||[VF|| and deduce

R3 < (/ IVF ()| da:)%. (7.35)

Rn

Step 7. We combine estimates (7.26), (7.31), (7.34), (7.35) and take into account that, for some
C > 0 depending only on p and n,

& [ IvF@IPds < (gjl 1D FIL,@E))" < [ V@) s
Rn = Rn

As a result, we get (7.24) and complete the proof. O

The following lemma is an easy consequence of the corresponding definitions.

Lemma 7.5. Let f € Li({m;}), t > 0 and ¢ > 1 be such that UL, (f) # 0. Then there eist a
family ©.,(f) C DF and a selection key(f) of Ko with the domain D.((f) such that:

(1) U2,(f) CU{eQ: Q € Dey(f)};

ket (f)(Q) € Plc) for any Q € Dey(f);

)
)
; l("ict(f)(Q)) > 4Z(Q);

B4(Q, her(£)(Q)) > t for any Q € Dey(f).

Proof. Given a point =z € Uf’t(f), let F(x) be the family of all cubes @ € DF for each of which
there exists a cube Q € D.F such that:
(i) z € cQ;

(i) 1(Q) > 4(Q);

(iii) Q € Ko(Q);

(iv) 24(Q.Q) > t.
By Proposition 7.1, the family F(z) is nonempty for each z € Z/{gt(f). We set

M(z) == max{l(Q) : Q € F(z)}, =z¢€ Z/lgt(f).

For each z € Z/{gt(f) we fix an arbitrary cube Q(z) € F(x) with {(Q(z)) = M(z). Now we define

Det(f) = {Q() : x € Ugy(f)}.

By condition (i) we conclude that property (1) of the lemma holds true.

Since the family ©..(f) is composed of dyadic cubes there are only two possible cases: either
different cubes from D..(f) have disjoint interiors or one of them contains another one. Hence, in
order to establish property (2) we assume on the contrary that there exist cubes Q,Q, € Det(f)
such that @, C @, and I(Q,) > I(Q,). By the construction, there is a point = € Z/{gt(f) such
that Q(z) = @,. Thus, the inclusion @, C @, implies that z € ¢@Q, and thus Q, € F(x) because
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Q, € Dct(f). On the other hand, the inequality I(Q,) > [(Q,) is in contradiction with the
maximality of the side length of Q(x).

For any Q € D.+(f) by kct(f)(Q) we denote an arbitrary cube @ € K.(Q) for which conditions
(ii)~(iv) above hold. As a result, we built a family D.(f) and a selection q4(f) of K. with the
domain ®.(f) such that properties (4) and (5) hold.

Fix an arbitrary cube Q € ©..(f). By the construction k.:(f)(Q) € Kc(Q) and l(k.(Q)) >
41(Q). This fact together with condition (C3) of Definition 3.5 implies the existence of a cube
Q € D1\ DF such that Q C Q C c(kei(f)(Q)) and I(Q) = 11(kc(Q)). Coupling this observation
with (3.13) we see that property (3) of the lemma holds true.

The proof is complete. O

Lemma 7.6. Let p € (max{1l,n —d},n] and q € (1,n —d). Then, for each c > 1 there exists a
constant C > 0 depending only on parameters p,q,n,d, \, c such that

S 2L UL (N U (1) < C( 3 IDTFILR™)) (7.36)

VvEZ [v|=1
for any F € WY(R™) with f = Tr|¢[F].

Proof. Fix a constant ¢ > 1. Given t € (0,00), we fix a family ©.(f) C DF and a selection k¢ ¢(f)
of K. with the domain ®.(f) such that properties (1)—(5) of Lemma 7.5 hold.
Given v € Z, we put

Uy = Ul () \ Uy (), D= {Q € D (f)  cQ (U, # ). (7.37)

By property (1) in Lemma 7.5 we have Z/Iggu(f) = U{c@ ﬂugzy(f) tQ € Deov(f)}. As a result,
using (7.37) we obtain
U, = J{e@NU,:QeDea(f)} = J{e@NU,: QeD,} C {eQ: QeD,}. (7.38)

We claim that
D,ND, =0 for v+ (7.39)

Indeed, assume that there are v,/ € Z such that v < v/ and there is a cube Q@ € D, N D,.
Since @ € ®,, by (7.37) we can find a fix a point 2 € U, NcQ. On the other hand, since
QED, CD 4 (f) and z € cQ we have (we recall that our selection ./ satisfies condition (5)

of Lemma 7.5 with t = 21/)
fi(z) > (@ iy (Q)) > 27 > 2771,

This immediately implies that z € L{S 21,,( f) and, consequently, z ¢ U,. This contradiction proves
the claim. 7
Now, having at our disposal (7.39) we put

?:=J92, (7.40)

VEZL

and obtain a well defined selection x. of the set-valued mapping K. with the domain ® by letting

ke(Q) == keov (f)(Q) if QeD,. (7.41)
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By property (3) of Lemma 7.5 and (7.41) it follows that
ke(Q) € P(c) forevery Q€D. (7.42)

Combining (7.38) and (7.39) we have

S 2a0n(,) < S 20 S (@) Q € D)

VEZ VEZ

<3S T UQ)M(@H(Q, k(@) < 3 (UQ)) (B H(Q, k(@) (7.43)

VEZ QED, QeD

By (7.37), (7.40), (7.42), the family © and the map k. satisfy all the assumptions of Lemma 7.4.
Hence, we can continue estimate (7.43) and get

S, <o HDVF;LP(R”)H)Q. (7.44)

vez =1

The proof is complete.
O

The main result of this section reads as follows.
Theorem 7.1. Let p € (max{1,n—d},n|, ¢ € (1,n—d) and ¢ > 1. Then there exists a constant
C > 0 depending only on parameters p,q,n, A\, d, ¢ such that

Nyfmyaelf) < CIIEWLRY)| (7.45)
Jor any F € W}Y(R™) with f = Tr|4[F].

Proof. By Remark 7.1 it is clear that

/ (fi(x))dx = / (f3(x))?da + / (fi))? da. (7.46)
R ud(f) ug(f)
It is easy to see that
[ s < 2 Y 2 L U (1) \ U (1) (7.47)
UL(f) Vel

Combining (7.46), (7.47) and Lemmas 7.2, 7.6 we obtain

e <o (3 0@ (7.48)

Rn Iv=1

By (2.13) we have mg(S) < Cyy,3,1- Hence, by Proposition 2.11 and (2.16) we get
1£1Lq(mo)|| < CIF W, (R™)]]. (7.49)

y (7.48) and (7.49) we obtain (7.45) and complete the proof. O
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8 The main results

In this section we prove the main result of the present paper. Namely, we give a complete solution
to Problem B. To this aim we recall Definitions 2.4, 2.5, 4.3.

First of all, we show that the operator Extg (3,1 defined in (5.12) is an extension operator.
More precisely, the following result holds.

Theorem 8.1. Let g € (1,n], d* € (n—q,n], d € (0,n—q). Let S C Qoo be a compact set with
Ni=HE(S) > 0 and {my} € MU(S). Let ¢ > 7 and \ € (0, \*) be some fized constants. Then

Tr |4 o Extg fmyn =1d  on ngdv{mk}(S). (8.1)

Proof. Let f € X;l:ﬂmk}(S) and F' = Extg m,},(f).- Let {my} be an arbitrary sequence of measures

from the class 97 (S). We recall (3.4) and, for any given point z € S(d*,)), we fix a strictly
increasing sequence {ks(z)} = {ks(z)}32; C N and an arbitrary sequence of closed cubes {Q*(x)}
such that Q°(z) € DF g, (2)(d", A) and z € Q*(x) for all s € N.

Step 1. By (5.12) we have F(x) = f(x) for all x € S. Hence, for each number s € N, using the
triangle inequality we obtain

f F(z) — F(y)|dy < ][ f 1F(2) — F(y)| dig, (=) dy

Q*() Q*(2) Q*(a)
+ ][ [ (2) = f(2)[dm, () (2) =: Ri(z) + R3(2), =€ S(d",N). (8.2)
Q°(@)

Step 2. Let {fr} = {fr}({mr}) be the special approximating sequence constructed in Section
5 for the mp-equivalence class [f]m, of f (see Definition 5.1 and Remark 5.2). Combining Theorem
6.3 with the Mazur lemma we deduce the existence of a strictly increasing sequence {NV;} of integer
nonnegative numbers and a sequence of convex combinations

M, M
fni=) Afnsi with Aj>0 and > N =1 (8.3)
i=1 =1

such that the £"-equivalence class [F] of F' (we will identify F' and [F] below) belongs to the space
qu (R™) and, furthermore,

IF — fa|WE@®R™| =0, 1 — . (8.4)

Combining this fact with Proposition 2.11 and taking into account that ¢ > n — d*, we deduce
that {le} is a Cauchy sequence in Ly(m;) for each j € Ny. By the completeness of L,(m;) there is
g € Lq(m;) such that the sequence {sz} converges to g in Lq(m;)-sense for every j € Ny. Note that,
given j € Ny, the measure m; is absolutely continuous with respect to m;. As a result, combining
this observation with Lemma 5.2 we obtain

Jim ||F Fa|Lg(@,)] =0 for every j e Ny. (8.5)
— 00
Finally, by Corollary 6.1 we have

lim ||F = | Ly(R")] = 0. (8.6)
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Step 8. Since, for each function le € C§°(R™), the d*-trace of ]?Nz to S coincides (up to a set
of H¥ -measure zero) with its pointwise restriction. Given = € S(d*,\), an application of Theorem
C gives, for each [ € N,

F o 1) - Bl div o) dy < 2@ ( 3 f (Dol a)”. (67
Q*(2) Q*() I=1Q: ()

Using (8.4)-(8.6) we can pass to the limit in (8.7). Hence, for each z € S(d*, \),

1
1) = F)ldi, () dy < 220 (30 f DF@a)”. (s
Q(2) Q*(=) =10+ (@)

As a result, by Proposition 2.6, we obtain lims_,o Rj(x) = 0 for H" %-a.e. = € S(d*,\). Since
d* > n — q, this gives

lim Rj(z) =0 for HY —ae xeS(dN). (8.9)

S5—00
Step 4. Since f e XT (my} (5), by Definition 4.2

lim R5(x) =0 foreach e S¢(d). (8.10)

S§—00

Step 5. Applying Proposition 2.8 we find a (1,q)-good representative I of F. Hence, by
Definition 2.3 and Proposition 2.7

llir% ][ F(y)dy = lim ][ F(y)dy = F(z) for HY¥ —ae x€S8.
%

1—0

Qi(z) Qi(z)

Combining this fact with Proposition 3.1 and (8.2), (8.9), (8.10) we get F(z) = f(z) for H% -a.e.
x € 5. As a result, taking into account Definition 2.4 we obtain (8.1) and complete the proof. [J

The following lemma is very similar in spirit to Lemma 4.3 from [29]. We present the detailed
proof for the completeness. Recall Definition 4.2.

Lemma 8.1. Let p € (1,n], d* € (n —p,n] and let S C Qoo be a compact set with
HZ(S) > 0. Then, for each [f] € W)(R")|&, there exists a Borel representative f of [f] such
that HT (S\ S¢(d’)) =0 for each d' € (n — p,d*].

Proof. We set \* := H% (S) and fix arbitrary d’ € (n — p,d*], A € (0, \*), ¢ > 1. We also fix
[f] € Wp(R™)|E and F e W, (R") with F|& = [f]. (8.11)

Finally, we fix {m;} € me(9). Using Proposition 2.8, we find and fix a (1, p)-good representative
F of F. Furthermore, we put f = Fg.
Now let S’ C S be the intersection of the following three sets: the set S(d’,)\), the set of all

Lebesgue points of the function F, and the set {x €S :lim,_orP™" er(x) szl |DYF|(x) dx = 0}.
Using Propositions 2.6, 2.7, 3.1 and Definition 2.3 we obtain

HT(S\ S) =HY(S\ &) =0. (8.12)
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Given a point x € S’ and a cube Q € Ty ) .(x) N Dy, by the triangle inequality we have

][’f z)| dmy (2 ][F dy‘

QNS

+ 5@ f <y>dy]dm<z>:: @)+ Q). (5.13)

QNS

If x € cQ for some Q € D with k& € Ny then QQ C Q%(m) Hence, we have
2

max JY Q) <c ][ — F(y)| dy.
er, 2o, (@) (v)| dy
Q 2c (z)
ok
By the construction of S’, we have
lim max JHQ)=0 forevery zcS§. (8.14)

k—oo QeTy y .(x)NDy

Applying Theorem C with o = p and d = d’ for each x € S’, we get

max (J2Q)P <C max Q) Z /|D“’F(z)p dz

QETy x o(x)NDy QETy  (x)NDy —
h=1¢
2k \n—p
<C (?) IDVF ()P d-.
c
lv|=1 Q2. (2)
Tc
Hence, by Proposition 2.6 we deduce
lim max J* Q) =0 forevery ze€S. (8.15)

k—oo QeTy y (2)NDy

As a result, combining (8.12) with (8.13)—(8.15), by Definition 2.4, we obtain H? (S\ S;(d')) =
and complete the proof.
]

Now present the main result of this paper. This gives a solution to Problem B.

Theorem 8.2. Let p € (1,n], d* € (n —p,n| and €* :=min{p — (n —d*),p—1}. Let S C Qoo
be a compact set with \* := HL_(S) > 0. Let A € (0,\*) and ¢ > 7 be some fized constants. Then,
for each ¢ € (0,e*),

WERMIE X,y (8) € W (RY)[S (8.16)

for any d € (n —p,n —p+¢) and {my} € MI(9).

Furthermore, for every e € (0,*), d € (n —p,n — p+¢) and {my} € ME(S), there exists a
constant C > 0 depending only on p,e,n,d, \,c and Cy, 4, © = 1,2,3 such thal

1 . .
1w, RGN < IAXG e oy | S CUAWR RIS Jor all f e W (RMIE.  (8.17)

The operator Extg )\ 15 a bounded linear mapping from Xp e.d, }(S) to Wpl_a(R”) and
Tr|%4 o Extg () = 1d on Xp 8d{mk}(S), In particular, Extg (m, 31 € €(S,d",p, ).
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Proof. We fix arbitrary ¢ € (0,¢*), d € (n—p,n—p+e) and {m;.} € M4(S). Given f € Wl(Rn) 4,
we apply Lemma 8.1 and then use Theorem 7.1 with ¢ = p—e. We conclude that f € Xp cd {mk}(S)
and furthermore, there is a constant C' > 0 depending only on the parameters n,p, e,d, A, c and the
constants Cyy, 14, ¢ = 1,2, 3, such that

Ny e tmpne(f) S CIFIWERY)|| for all F e WE(R™) with f = F|¢

This observation in combination with (2.18) proves the first inclusion in (8.16) and the second
inequality in (8.17).
Conversely, let f € Xg*—s,d,{mk}(s) and F' = Extg m,} 2(f). By Theorem 6.3 we conclude that

the L™-equivalence class [F] of F' belongs to T/V1 -(R™), and furthermore there exists a constant
C > 0 depending only on the parameters n,p, &, d A,cand Cyy,y 4, @ = 1,2,3 such that
Wy R < CIAX . g gy |- (8.18)

We apply Theorem 8.1 with g =p —¢ and then take into account Definition 2.4. As a result, we
have f € W;_E(R”)\‘é*. This proves the second inclusion in (8.16). Finally, the first inequality in
(8.17) follows from (2.18) and (8.18).

The theorem is proved. O

Finally, having at our disposal the above results we can establish the following result.

Lemma 8.2. Let d* € (0,n] and let S C Qoo be a compact set with \* := HL (S) > 0. Let
A € (0,1] and ¢ > 1 be some fized constants. If p € (1,00), d* > n —p, d € (n — p,d*] and
{my} € MUS), then ijd,{mk}(s) is a Banach space.

Proof. In view of Remark 4.2, it is sufﬁcient to show that the space Xz*d {mk}(S) is complete. We fix

an arbitrary Cauchy sequence {f;} C X pd {m;} (). This implies that the sequence {[fj]m,} of mo-
equivalence classes of f;, j € N is a Cauchy sequence in L,(mg). By the arguments from the second
part of the proof of Theorem 8.2 it follows that the sequence {[f;]4} of H? -equivalence classes of
fj» 7 € Ng is a Cauchy sequence in the space W;(R”ﬂg. Using the completeness of L,(mg) and
w, (R™)|4" (recall that the later follows from Proposition 2.9) in combination with Theorem 8.2 we
deduce existence g1 € Ly(mg) and go € WI} (R™)
and [fj]g- = g2, j — oo in Wl(R") 4*_sense. The crucial observation is that using arguments from
the proof of Proposition 2.9 one can deduce that there exists a subsequence {sz} of {f;} such that
fi(@) = g1(x), | —» oo for mg-a.e. x € S and fj,(x) — g2(z), | — oo for H¥ -ae. z € 5. As a
result, we have g1 = [f]m, and g2 = [f]4+ for some f € B(S). Furthermore, by Lemma 8.1 we have
HI(S\ Sp(d')) =0 for all ' € [d,d*].

Taking into account Remark 2.3, given x € R” and Q, Q € D, satisfying conditions (f1)—(f3)
of Definition 4.1, we can pass to the limit and deduce that

}g& (I)frfj,{mk}(g7 Q)= (I)f*fjv{mk}(g7 Q).
Taking the corresponding supremum we find that, for each j € Ny,
(f — fj)imk},/\,c(x) < Zli%lo(fz - fj)imk},/\,c(x) forall z € R".

4" such that [f;lmy — g1, § — 00 in L,(mg)-sense

Using Fatou’s lemma and the fact that {f;} is a Cauchy sequence in ded7{mk}(5), we obtain

1 = 1)y e Eo B < i [ = )5y Lo @] =0, G =00 (819)

17— 00
Combining the above observations with Remark 4.2 we find that f € Xg*d {mk}(S) and f; — f,
j — oo in the space X;l*d {mk}(S). This completes the proof. O
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