
OPTICAL GEOMETRIES

ANNA FINO, THOMAS LEISTNER, AND ARMAN TAGHAVI-CHABERT

Abstract. We study the notion of optical geometry, de�ned to be a Lorentzian ma-
nifold equipped with a null line distribution, from the perspective of intrinsic torsion.
This is an instance of a non-integrable version of holonomy reduction in Lorentzian
geometry. These generate congruences of null curves, which play an important rôle in
general relativity. Conformal properties of these are investigated. We also extend this
concept to generalised optical geometries as introduced by Robinson and Trautman.
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1. Introduction

One of the most natural geometric structures that one can study on a Lorentzian
manifold (M, g) of dimension n+ 2 is a null line distribution K, say. This is what we
shall term an optical structure, and it is equivalent to a reduction of the structure group
of the frame bundle to Sim(n), the stabiliser of a null direction in Rn+1,1. The aim of
this article will be to give a comprehensive study of Sim(n)-structures, including their
intrinsic torsion, which measures the extent of their non-integrability. Integrability here
is equivalent to K being parallel with respect to the Levi-Civita connection.

The purpose of this article is two-fold. First it provides a formal approach to well-
known concepts of mathematical relativity in relation with congruences of null curves,
i.e., the foliation tangent to K. Second, it lays out foundational material for further
works in which the structure group of the frame bundle is reduced further to a subgroup
of Sim(n) when n = 2m. In particular, it should be viewed as an introductory article
to the follow-up paper [32] on almost Robinson manifolds, where the structure group is
reduced to (R∗×U(m))⋉ (Rn). The study of such structures in arbitrary even dimen-
sion goes back to Hughston and Mason [39], and the notion of an (almost) Robinson
structure was introduced by Nurowski and Trautman in [57, 100, 101]. In fact, this
reduction is vacuous in dimension four, where an almost Robinson structure is identical
to an optical structure (for further comments on terminology, see Remark 4.2). Here,
the rami�cations into complex geometry and CR geometry would prove crucial in the
formulation of twistor theory on the one hand [66, 67], and particularly powerful in the
understanding of solutions to the Einstein �eld equations on the other hand [79, 58, 52,
60].

In mathematical relativity, congruences of null geodesics are fundamental in the study
of the Einstein �eld equations, especially in dimension four, but also in higher dimen-
sions, in the null alignment formalism of [19, 54, 22]. The invariant properties of a
congruence of null geodesics are encoded in the so-called optical scalars in dimension
four, and optical matrices in higher dimensions, namely the expansion, twist and shear
of the congruence. These correspond to Sim(n)-invariant irreducible pieces of the in-
trinsic torsion of the Sim(n)-structure. For instance, the existence of non-shearing
congruences is intimately connected to solutions to �eld equations such as the Einstein
equation or the Maxwell equation in vacuum via central results such as the Goldberg-
Sachs theorem [35, 36, 37] and the Robinson theorem [78] � see also [59].
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Earlier investigations on the classi�cation of intrinsic torsions on pseudo-Riemannian
manifolds can be found in [90, 91, 64, 30] � see also in [68] for the construction of
connections adapted to totally null distributions.

The structure of the paper is as follows. In Section 2, we give a general framework
for the investigation of reductions of the structure group in Lorentzian geometry. In
Section 3, we obtain a description of the intrinsic torsion of a Sim(n)-structure in
terms of irreducibles. This is applied to the geometric setting in Section 4 where we
introduce optical geometries and examine its relation to congruences of null curves and
their leaf spaces. In particular, a non-integrable optical geometry with congruence of
null geodesics can therefore fall into eight distinct classes according to whether the
expansion, twist or shear vanishes or not. In Section 5, we substitute a conformal
structure for the Lorentzian structure, and de�nes an optical structure in that setting.
Section 6 brie�y describes the situation in dimension four. Finally, we revisit the notion
of (generalised) optical geometry �rst considered in [81] in Section 7: these consist in
weakening the conformal structure to a certain equivalence class of Lorentzian metrics
on a smooth manifold. In this case, the structure group is a Lie subgroup ofGL(n+2,R)
stabilising a �ltration, and a conformal structure on its associated screen bundle.

Throughout, we provide a number of examples to illustrate the algebraic conditions
that the intrinsic torsion of an optical geometry can satisfy. The reference [87] contains a
plethora of such solutions in dimension four where the properties of the intrinsic torsion
can easily be inferred in terms of congruences of null geodesics. In higher dimension,
the review article [63] is a convenient source.

2. H-structures and their intrinsic torsion

Let (M, g) be a semi-Riemannian manifold of dimension m and signature (s, t) with
the convention that t is the number of negative eigenvalues of the metric g, and s is the
number of positive ones. Let G := SO0(s, t) be the connected component of the group
of orthogonal transformations of Rs,t, and H ⊂ G a closed subgroup of G. Then an
H-structure on (M, g) is a reduction of the G-bundle of orthonormal frames FG to an
H-bundle FH . We do not assume that the Levi-Civita connection of g reduces to H,
and if it does not, an H-structure is called non-integrable.

We now recall the notion of intrinsic torsion of an H-structure. This requires some
algebraic preliminaries in which we use abstract index notation. To this end we set
V = Rs,t and denote by h and g = so(s, t) = so(V) the respective Lie algebras of H
and G, all of which are H-modules in a canonical way. Elements of V will be adorned
with upper lower-case Roman indices starting from the beginning of the alphabet, e.g.
va, wb ∈ V, and elements of the dual V∗ by lower indices, e.g. αa, βb ∈ V∗. The
Minkowski inner product on V will be denoted gab, with inverse gab, and will be used
to lower and raise indices.

We introduce the G-module homomorphism

δg : V∗ ⊗ g ∋ A c
ab 7→ A c

[ab] ∈ ∧2V∗ ⊗ V,

where A c
[ab] =

1
2(A

c
ab −A c

ba ) denotes the skew-symmetrisation of A c
ab in the covariant

components. Using that V∗⊗ g ≃ V∗⊗∧2V∗, a direct computation will reveal that the
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�rst prolongation

g(1) := {Aab
c ∈ V∗ ⊗ g : A[ab]

c = 0}

of g is zero (see e.g. [84]). Thus, δg is an isomorphism, and in particular, the restriction
δh of δg to V∗⊗h is an isomorphism onto its image Im(δh). We then obtain the following
commutative diagram of H-modules:

(2.1)

δg : V∗ ⊗ g ≃ ∧2V∗ ⊗ V

π ↓ ↓ π̂

G := V∗ ⊗ (g/h) ≃ Ĝ :=
(∧2V∗ ⊗ V

)
/Im(δh)

α⊗ (A+ h) 7→ δg(α⊗A) + Im(δh),

where π and π̂ denote the canonical projections, and A ∈ g.
Given an H-structure FH , we can now associate to every H-module A the corres-

ponding vector bundle on M with �bre A, which we denote by FH(A) = FH ×H A,
e.g., TM = FG(V) = FH(V), etc. Moreover, to every connection of FH we can as-
sociate the torsion of the corresponding covariant derivative ∇, which we denote by
T∇ ∈ Γ(∧2T ∗M⊗ TM). Note that since H ⊂ G, ∇ is compatible with the metric g.
The intrinsic torsion of the H-structure is then de�ned as

TH := π̂(T∇) ∈ Γ(FH(G)),

where π̂ is the vector bundle projection induced from the projection π̂ in the dia-
gram (2.1). This de�nition is independent of the chosen h-valued connection ∇: if
∇′ is another h-valued connection, then ∇ − ∇′ is a section of T ∗M ⊗ FH(h) and
T∇ − T∇′

= δh(∇−∇′), which projects to zero under π̂.
Although the Levi-Civita connection ∇g is not an h-valued connection for non-

integrable H-structures, it can be used to describe the intrinsic torsion using the geo-
metric version of the diagram (2.1)

(2.2)

δg : T ∗M⊗FH(g) ≃ ∧2T ∗M⊗ T ∗M

π ↓ ↓ π̂

T ∗M⊗FH(g/h) ≃ FH(Ĝ) .

Indeed, for a given h-connection ∇, we have that C := ∇−∇g is a section of T ∗M⊗
FH(g) ⊂ T ∗M⊗T ∗M⊗TM, which is isomorphic via the metric g to T ∗M⊗∧2T ∗M.
Then, as ∇g is torsion free, δg(C) is just the torsion of ∇ and projects under π̂ to the
intrinsic torsion TH . Going down the left path in the diagram (2.2), the intrinsic torsion
TH can be identi�ed with π(C). In fact for p ∈ M we have that

C|p = gbcg(∇σa −∇gσa, σc)σ
a ⊗ σb|p,

where (σ1, . . . , σm) is a local section of FH and gab is the inverse matrix of gab =
g(σa, σb). If ∇ is h-connection, then for v ∈ TpM, the matrix (gbcg(∇vσa, σc)|p)ma,b=1 is
in h. On the other hand, (gbcg(∇g

vσa, σc)|p)ma,b=1 is a matrix in g, and hence the intrinsic

4



torsion can be identi�ed with TH ∈ T ∗M⊗FH(g/h), de�ned by

TH(v)|p =
[
(σ1, . . . , σm), π

(
(gbcg(∇g

vσa, σc)|p)ma,b=1

)]
∈ FH(g/h) = FH ×H g/h ,

(2.3)

where v ∈ TpM , and π : g → g/h is the canonical projection.
This can be made more explicit in the special case when g is Riemannian, i.e. when

g = so(m). In this case h has an H-invariant complement1 h⊥ within g, given by the
orthogonal complement of h with respect to the negative de�nite Killing form of g. Then
we can identify G with V∗⊗h⊥. In this case one can de�ne a distinguished h-connection
∇ by projecting the Levi-Civita connection onto h with respect to the decomposition
g = h ⊕ h⊥. This connection is usually called the characteristic connection of the
H-structure.

If in addition H is given by the stabiliser of a tensor ξ, for example, a stable 3-form in
the case of G2-structures, or a Kähler form in the case of U(n)-structures, one can show
[38, 28, 84] that ∇ξ can be identi�ed with a section of FH(G) ≃ T ∗M⊗FH(h⊥). The
decomposition of V∗⊗h⊥ into irreducibleH-modules then gives rise to the Gray-Hervella
and Gray-Fernández classi�cations of almost Hermitian structures and non-integrable
G2-structures, respectively. In the present article we shall follow the same approach for
(n + 2)-dimensional Lorentzian manifolds, i.e., with h ⊂ g = so(n + 1, 1) for h being a
Lorentzian holonomy algebra acting indecomposably on Rn+1,1. The crucial di�erence
however is that h does not have an H-invariant complement in g, so we will have to
work with g/h.

3. Algebraic description

3.1. Linear algebra. Let V := Rn+1,1 be the Minkowski space of dimension n + 2.
An optical structure on V is a one-dimensional vector subspace K of V that is null with
respect to the Minkowski inner product ⟨·, ·⟩ on V, i.e., ⟨k, k⟩ = 0 for any vector k in V.
This subspace K is contained in its orthogonal complement K⊥, i.e.

K ⊂ K⊥ ⊂ V.(3.1)

The screen space of K is the quotient space HK := K⊥/K. It inherits a non-degenerate
symmetric bilinear form given by

⟨v +K, w +K⟩HK := ⟨v, w⟩V , for any v, w ∈ K⊥.

Since K is null, this is independent of the choice of representatives in K⊥/K.
We may choose a null line L in V that is dual to K so that V = K⊕

(
K⊥ ∩ L⊥)⊕L,

and introduce a semi-null basis (e0, e1, . . . , en, en+1) such that K = span(en+1), L =
span(e0), K⊥ ∩ L⊥ = span(e1, . . . , en), and

(⟨ea, eb⟩n+1,1)
n+1
a,b=0 =

0 0 1

0 1n 0

1 0 0

 .

1This also holds in the more general situation when g is not positive de�nite but h is reductive
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In particular, ⟨e0, en+1⟩ = 1, e0 and en+1 are null, i.e., ⟨e0, e0⟩ = ⟨en+1, en+1⟩ = 0,
and (e1, . . . , en) are orthonormal, i.e., ⟨ei, ej⟩ = δij for i, j = 1, . . . , n. By a slight
abuse of notation we denote by O(n+ 1, 1) all (n+ 2)× (n+ 2) matrices A such that
⟨Av,Aw⟩ = ⟨v, w⟩, for any v, w in V, by SO(n+1, 1) the set of all matrices inO(n+1, 1)
that have determinant one, and by SO0(n+ 1, 1) its connected component.

The stabiliser of the line K in V, and thus of the �ltration (3.1), in SO(n + 1, 1) is
the maximal parabolic subgroup given by

Sim(n) = CO(n)⋉ (Rn)∗ = (R∗ × SO(n))⋉ (Rn)∗

=

(a,A, ξ) :=

 a 0 0

−aAξ⊤ A 0

−a
2ξξ

⊤ ξ a−1

 |
a ∈ R∗ ,

A ∈ SO(n) ,

ξ ∈ (Rn)∗

 .

Here CO(n) = R∗×SO(n) is the special conformal group of Euclidean spaceRn, where
we use the identi�cation of (a,A, 0) ∈ R∗ × SO(n) ⊂ Sim(n) with aA ∈ CO(n). The
notation Sim(n) comes from the fact that it acts as the group of similarity transforma-
tions of Rn, given by homotheties (excluding re�ections) and translations.

One can alternatively consider the stabiliser of the null ray R+ ·en+1 in SO(n+1, 1):
this is simply the connected component Sim0(n) of Sim(n), i.e., Sim0(n) = (R+ ×
SO(n))⋉ (Rn)∗. Its Levi part is the connected component CO0(n) = R+ × SO(n).

Note that the action of Sim(n) on the screen space HK = K⊥/K is given by (a,A, ξ) ·
[x] = [Ax] ∈ HK where (a,A, ξ) ∈ Sim(n) and [x] ∈ HK. In particular, Sim(n), and
thus Sim0(n), preserve the induced orientation on HK.

Within Sim(n) there is the special Euclidean group Euc0(n) = SO(n) ⋉ (Rn)∗,
which is the stabiliser of the null vector e0 in its representation on Rn+1,1.

An interesting property about SO0(n+ 1, 1) is that it has no proper connected sub-
groups that act irreducibly on Rn+1,1, i.e., without invariant subspace, see for example
[21]. Hence, proper subgroups of SO0(n + 1, 1) that act indecomposably, i.e., without
nondegenerate invariant subspace, are contained in Sim0(n). For future use, we set

P := Sim0(n) , P0 := CO0(n) .

The Lie algebra g = so(n+ 1, 1) is |1|-graded

g = g−1 ⊕ g0 ⊕ g1
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with

g0 =


r 0 0

0 Z 0

0 0 −r

 | r ∈ R, Z ∈ so(n)

 = co(n) = R⊕ so(n),

g1 =


 0 0 0

−ξ⊤ 0 0

0 ξ 0

 | ξ ∈ (Rn)∗

 = (Rn)∗

g−1 =


0 −x⊤ 0

0 0 x

0 0 0

 | x ∈ Rn

 = Rn,

i.e., the Lie bracket in so(n + 1, 1) satis�es [gi, gj ] = gi+j for i, j = −1, 0, 1, with the
convention that gi = {0} for all |i| > 1.

Now, setting g1 := g1, g0 := g0 ⊕ g1 and g−1 := g−1 ⊕ g0 ⊕ g1, we obtain a �ltration

{0} =: g2 ⊂ g1 ⊂ g0 ⊂ g−1 = g .(3.2)

of P -modules. The adjoint representation of P0 acts

• on g0 = co(n) via the adjoint representation,
• on g−1 = Rn via the standard representation
• on g1 = (Rn)∗ via the dual representation,

as can be gleaned from the following computation:a 0 0

0 A 0

0 0 a−1


 r −x⊤ 0

−ξ⊤ Z x

0 ξ −r


a

−1 0 0

0 A⊤ 0

0 0 a

 =

 r −ax⊤A⊤ 0

−a−1Aξ⊤ AZA⊤ aAx

0 a−1ξA⊤ −r

 ,

where a ∈ R∗, A ∈ SO(n), r ∈ R, Z ∈ so(n), ξ ∈ (Rn)∗ and x ∈ Rn.
The Lie algebra of P is given by

g0 = p = sim(n) = g0 ⋉ g1 = co(n)⋉ (Rn)∗ = (R⊕ so(n))⋉ (Rn)∗

=


 r 0 0

−ξ⊤ Z 0

0 ξ −r

 |
r ∈ R ,

Z ∈ so(n) ,

ξ ∈ (Rn)∗

 .

The abelian part P+ of P is given by exponentiation of g1. Clearly the quotient g/p is
isomorphic as a P0-module to g−1, which is not a P -module.

Similarly, V splits into a direct sum of P0-modules

V = V−1 ⊕ V0 ⊕ V1 ,(3.3)

with V1 = K, V−1 = L and V0 =
(
K⊥ ∩ L⊥) and such that

gi · Vj ⊂ Vi+j .
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The vector space V admits a �ltration of P -modules:

{0} =: V2 ⊂ V1 ⊂ V0 ⊂ V−1 := V ,(3.4)

where V1 = V1 = K, V0 = V1 ⊕ V0 = K⊥. The associated graded vector space gr(V) of
the �ltration (3.4) is given by

gr(V) := gr−1(V)⊕ gr0(V)⊕ gr1(V), where gri(V) := Vi/Vi+1 .

Each gri(V) is a P -module, which, as a P0-module, is isomorphic to Vi.
The Minkowski inner product isomorphism V∗ ∼= V induces a �ltration

{0} =: (V∗)2 ⊂ (V∗)1 ⊂ (V∗)0 ⊂ (V∗)−1 := V∗,(3.5)

where (V∗)i = (Vi)∗ and a splitting,

V∗ = V∗
−1 ⊕ V∗

0 ⊕ V∗
1 ,(3.6)

on the dual vector space V∗.
At this stage, we recall our conventions for index types already introduced at the

beginning of this section, and these will be used either concretely, as numerical indices,
or abstractly, that is, we shall view them as markers of membership of some vector
space. Thus:

• Upper minuscule Roman letters starting from the beginning of the alphabet,
a, b, c, . . . will denote elements of V, and lower ones elements of V∗, e.g. va, wb ∈
V and αa, βb ∈ V∗. This notation is extended to tensor products in the obvi-
ous way, with symmetrisation and skew-symmetrisation denoted by round and
square brackets respectively, e.g. σ(ab) = 1

2 (σab + σba) ∈ ⊙2V∗ and τ[ab] =
1
2 (τab − τba) ∈ ∧2V∗. In particular, the inner product on V will be denoted by
gab, and its inverse gab, and will be used to lower and raise indices. The tracefree
part of a symmetric tensor will be adorned with a ring, e.g. (Tab)◦ (or T(ab)◦)
satis�es (Tab)◦ g

ab = 0.
• Once a splitting is chosen as in (3.3) and (3.6), Upper minuscule Roman letters
starting from the middle of the alphabet, i, j, k, . . . will denote elements of V0,
and lower ones elements of V∗

0, e.g. vi, wj , . . . ∈ V0 and αi, βj ∈ V∗
0. This

notation will be extended to elements of K⊥/K and their dual. The screen
space inner product on K⊥/K yields an inner product on V0 denoted hij , and
with inverse hij . Indices can be raised or lowered accordingly. The conventions
for symmetrisation, skew-symmetrisation and tracefreen part will be the same
as above, e.g. τ[ij] =

1
2 (τij − τji) ∈ ∧2V∗.

Index types can be mixed, e.g. Tabij ∈ ⊗2V∗ ⊗ V0 ⊗ V∗
0, and so on. We can also view

Tab
i
j as the components of some tensor T ∈ ⊗2V∗ ⊗ V0 ⊗ V∗

0.
Once a splitting is �xed, we can choose elements ka ∈ V1 = K and ℓa ∈ V−1 = L

such that gabkaℓb = 1, and introduce a surjective map

δia : V → V0 ,

so that kaδia = ℓaδia = 0. Raising and lowering indices yield a surjective map δai : V∗ →
(V0)

∗. In particular, the screen space inner product can be expressed as hij = gabδ
a
i δ

b
j .
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We shall also use these dually as injective maps

δia : (V0)
∗ → V∗ , δai : V0 → V .

Thus, in this notation, any element va of V that satis�es gabvakb = gabv
aℓb = 0 can be

expressed uniquely as va = viδai for some vi ∈ V0. We shall refer to the tuple (ℓa, δai , k
a)

and its dual (κa, δia, λa) as splitting operators.
Any change of splitting that keeps ka �xed is e�ected by the action of an element

ϕa
b = δba + ϕiδ

i
ak

b − kaϕ
iδbi −

1

2
ϕiϕikak

b

of P+ on V. In particular, the elements ka, δai and ℓa transform as

ka 7→ ka , δai 7→ δai + ϕik
a , ℓa 7→ ℓa − ϕiδai − 1

2
ϕiϕik

a .(3.7)

In order to relate elements of the exterior algebra of V∗ and those of the exterior
algebra of H∗

K, we state the following elementary lemma without proof.

Lemma 3.1. Any choice of vector k in K establishes a one-to-one correspondence be-
tween elements of ∧pH∗

K and elements ϕ of ∧p+1V∗ such that k ϕ = 0 and κ ∧ ϕ = 0,
where κ = g(k, ·). Explicitly,

φi1...ip 7→ ϕa0...ap = (p+ 1)κ[a0δ
i1
a1 . . . δ

ip
ap]
φi1...ip ,

for any inclusion δia : H∗
K → V∗. The inverse of this map is given by

ϕa0a1...ap 7→ φi1...ip = ℓa0δa1i1 . . . δ
ap
ip
ϕa0a1...ap ,

for a (p+ 1)-covector ϕa0a1...ap that satis�es ka0ϕa0a1...ap = κ[bϕa0a1...ap] = 0 and where

ℓa is any null vector such that gabk
aℓb = 1, and δiak

a = δiaℓ
a = 0.

In particular, we have an isomorphism of Euc0(n)-modules H∗
K
∼= g/p, where Euc0(n)

stabilises k.

For each w ∈ R, we also introduce the one-dimensional representation R(w) of P on
R that is given by

(a,A, ξ) · r = awr ,(3.8)

and restricts to a representation of P0 on R. In the future, we shall simply write
(Rn)∗(w) for (Rn)∗ ⊗R(w) for any integer w.

Now, any element ka of V1 can be seen as a map from V∗ to R with kernel (V∗)0. In
particular, we obtain the following isomorphisms

gr−1(V∗) ∼= R(1) , V∗
−1

∼= R(1) ,

of P -modules and P0-modules respectively. Dually, we also obtain the isomorphism

V∗
1
∼= R(−1) ,

of P -modules. More generally, for any non-negative integers w,w′, we have an isomor-
phism

⊗w(V∗
−1)⊗⊗w′

(V∗
1)

∼= R(w − w′) ,

of P0-modules.
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P0-module Description Dimension n Dimension n = 2m Dimension n = 2m+ 1

G0
−2 (Rn)∗(2) n 2m 2m+ 1

G0
−1 (Rn)∗(1) 1 1 1

G1
−1 ∧2(Rn)∗(1) 1

2n(n− 1) m(2m− 1) m(2m+ 1)

G2
−1 ⊙2

◦(R
n)∗(1) 1

2n(n+ 1)− 1 (m+ 1)(2m− 1) m(2m+ 3)

G0
0 (Rn)∗ n 2m 2m+ 1

Table 1. Irreducible P0-submodules of G for n ̸= 4

Finally, we note that the center z0 of g0 contains a distinguished grading element

E =

−1 0 0

0 0 0

0 0 1

(3.9)

with eigenvalues ±1 and 0 on V±1, g±1, and V0, g0 respectively. If A is a submodule of
the g0-module (⊗pV1)⊗ (⊗qV0)⊗ (⊗rV−1), then E has eigenvalue p− r on A.

Remark 3.2. In dimension six, the isomorphism so(4) ∼= su+(2)⊕ su−(2), where su±(2)
are two distinct copies of the Lie algebra of the special unitary group SU(2), leads to a
further distinction to be made between g+0 and g−0 , the self-dual part and anti-self-dual
part of g0, each isomorphic to a copy of su(2).

3.2. The space G of algebraic intrinsic torsions. We now consider the P -module

G := V∗ ⊗ (g/p) .(3.10)

Proposition 3.3. The P -module G := V∗ ⊗ (g/p) admits a �ltration of P -modules

G0 ⊂ G−1 ⊂ G−2 = G ,

where Gi := (V∗)i+1 ⊗ (g/p) for i = 0,−1,−2. The associated graded vector space

gr(G) = gr0(G)⊕ gr−1(G)⊕ gr−2(G) , where gri(G) := Gi/Gi+1,(3.11)

decomposes as a direct sum

gr0(G) = gr00(G) = G0, gr−1(G) = gr0−1(G)⊕ gr1−1(G)⊕ gr2−1(G), gr−2(G) = gr0−2(G),

of P -modules grji (G), which are isomorphic to the P0-modules Gj
i in Table 1.

These modules are all irreducibles except in the case n = 4, where G1
−1 splits further

into two irreducibles G1,+
−1 and G1,−

−1 as shown in Table 2.

10



P0-module Description Dimension n = 4

G0
−2 (Rn)∗(2) 4

G0
−1 (Rn)∗(1) 1

G1,+
−1 ∧2,+(Rn)∗(1) 3

G1,−
−1 ∧2,−(Rn)∗(1) 3

G2
−1 ⊙2

◦(R
n)∗(1) 9

G0
0 (Rn)∗ 4

Table 2. Irreducible P0-submodules of G for n = 4

Proof. We �rst note that the �ltration (3.5) of P -modules on V∗ induces a P -invariant
�ltration on G. Each summand of the associated graded vector space (3.11) is isomor-
phic to a completely reducible P0-module. To describe them, we work in the splitting
(3.6), and express G in terms of its corresponding P0-modules, i.e.

G ∼= (V∗
−1 ⊕ V∗

0 ⊕ V∗
1)⊗ g−1 .

Since g−1
∼= V∗

−1 ⊗ V∗
0, we immediately have the vector spaces isomorphisms

gr−2(G) ∼= V∗
−1 ⊗ V∗

−1 ⊗ V∗
0 , gr−1(G) ∼= ⊗2V∗

0 ⊗ V∗
−1 , gr0(G) ∼= V∗

0 .

Clearly, G0
0 := gr0(G) and G0

−2 := gr−2(G) are irreducibles. On the other hand, it is
easy to check that

⊗2V∗
0 ⊗ V∗

−1 = V∗
−1 ⊕

(∧2V∗
0 ⊗ V∗

−1

)
⊕
(
⊙2

◦V∗
0 ⊗ V∗

−1

)
.

This yields the decomposition of gr−1(G) as the direct sum of the irreducible P -modules
G0

−1, G1
−1 and G2

−1. This completes the proof for n ̸= 6. The case n = 6 follows from
the fact that g0 ∼= ∧2V∗

0 splits into a self-dual part and anti-self-dual part. □

Before we proceed, we �x a splitting of G into P0-modules, and introduce, for each i, j,
a P0-module epimorphism Πj

i : V∗ ⊗ g → Gj
i with the properties that V∗ ⊗ p lies in the

kernel of Πj
i , and Πj

i descends to a projection from G to Gj
i . For convenience, we shall

use the co-vector κa = gabk
b. We streamline notation by setting (Γ · κ)ab := −Γab

cκc
for any element Γabc of V∗ ⊗ g, and κa ∈ Ann(K⊥). Note that (Γ · κ)abkb = 0 , i.e.,
(Γ · κ)ab ∈ V∗ ⊗Ann(K). More explicitly, we de�ne the projections

Π0
−1 : V∗ ⊗ g → G−1 , Γab

c 7→ Π−1(Γ)ij := (Γ · κ)abδai δbj ,
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where G−1 = G0
−1 ⊕G1

−1 ⊕G2
−1, and

Π0
−2 : V∗ ⊗ g → G0

−2 , Γab
c 7→ Π0

−2(Γ)i := (Γ · κ)abkaδbi ,
Π0

−1 : V∗ ⊗ g → G0
−1 , Γab

c 7→ Π0
−1(Γ) := Π−1(Γ)ijh

ij ,

Π1
−1 : V∗ ⊗ g → G1

−1 , Γab
c 7→ Π1

−1(Γ)ij := Π−1(Γ)[ij] ,

Π2
−1 : V∗ ⊗ g → G2

−1 , Γab
c 7→ Π2

−1(Γ)ij := Π−1(Γ)(ij)◦ ,

Π0
0 : V∗ ⊗ g → G0

0 , Γab
c 7→ Π0

0(Γ)i := (Γ · κ)abℓaδbi .

(3.12)

In dimension six, we also de�ne

Π1,±
−1 : V∗ ⊗ g → G1,±

−1 , Γab
c 7→ Π1,±

−1 (Γ)ij :=
1

2

(
Π1

−1(Γ)ij ± ⋆Π1
−1(Γ)ij

)
,(3.13)

where ⋆ is the Hodge star on (V∗)0, i.e., Π1
−1(Γ)ij = Π1

−1(Γ)kℓ
1
2(εK)ij

kℓ,
By construction, for each i, j, the kernel of Πj

i mod V∗ ⊗ p is precisely isomorphic
to the complement (Gj

i )
c of Gj

i in G as a P0-module, i.e.

kerΠj
i/(V

∗ ⊗ p) ∼= (Gj
i )

c , i.e.
(
kerΠj

i/(V
∗ ⊗ p)

)c ∼= Gj
i .(3.14)

Now, once a splitting of G is chosen, any P -submodule of G must be a sum of the
irreducible P0-submodules Gj

i given in Proposition 3.3. Clearly, not every such sum is
a P -module. This is clear since the abelian part P+ of P sends elements in Gi−1 to
Gi ⊃ Gj

i . To determine which P0-submodules of G are also P -submodules, we use the
characterisation (3.14), and compute how a change of splitting (3.7) a�ects the maps
Πj

i . Such transformations will tell us how the various modules Gj
i are related under the

action of P+, and we will be able to determine the P -submodule of G accordingly. This
will be made clear in the next proposition.

Proposition 3.4. The following

/G0
−2 := {Γ ∈ V∗ ⊗ g : Π0

−2(Γ) = 0}/V∗ ⊗ p ,

/Gi
−1 := {Γ ∈ V∗ ⊗ g : Π0

−2(Γ) = Πi
−1(Γ) = 0}/V∗ ⊗ p , i = 0, 1, 2 ,

and, in dimension six only,

/G1,±
−1 := {Γ ∈ V∗ ⊗ g : Π0

−2(Γ) = Π1,±
−1 (Γ) = 0}/V∗ ⊗ p ,

are P -submodules of G, where each Πj
i is de�ned by (3.12) and Π1,±

−1 by (3.13). In
addition,

/G0
0 := {Γ ∈ V∗ ⊗ g : Π2

−2(Γ) = Πi
−1(Γ) = Π0

0(Γ) = 0 , i = 0, 1, 2}/V∗ ⊗ p ∼= {0} .

Any P -submodule of G arises as an intersection of any of G, /G0
−2, /G

i
−1 for i = 1, 2, 3,

and in dimension six only, of /G1,±
1 .

Proof. Let Γ ∈ V∗ ⊗ g, and set

γi := Π0
−2(Γ)i , ϵ := Π0

−1(Γ) , τij := Π1
−1(Γ)ij , σij := Π2

−1(Γ)ij , Ei := Π0
0(Γ) .

(3.15)
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Under the transformation (3.7), the elements (3.15) transform as

γi 7→ γi ,

ϵ 7→ ϵ+ γiϕ
i ,

τij 7→ τij − γ[iϕj] ,

σij 7→ σij + γ(iϕj)◦ ,

Ei 7→ Ei − σijϕ
j + τijϕ

j − 1

n
ϵϕi −

1

2
ϕkϕkγi .

By inspection, we immediately conclude that gr0−2(G)c and gri−1(G)c, i = 0, 1, 2 are
P -modules.

Now, suppose that A is a proper P -submodule of G, i.e., A is neither trivial or G.
Then in a splitting, A can be described as the intersection of the kernels of some of the
projections Πj

i . In particular, A is a vector subspace of kerΠj
i for some i, j. But since

A is a P -submodule, it must also be contained in the kernel of any other projections
describing gr0−2(G)c or gri−1(G)c, i = 0, 1, 2. Hence, A must be a P -submodule of any
of gr0−2(G)c and gri−1(G)c, i = 0, 1, 2.

The six-dimensional case can be re�ned further by taking into account the splitting
of ∧2(V∗)0 into its self-dual part and anti-self-dual part. □

4. Optical geometry

Let (M, g) be an oriented and time-oriented Lorentzian manifold of dimension n+2,
and the metric g will be assumed to have signature (n + 1, 1), i.e., g has only one
negative eigenvalue. The volume form associated to g will be denoted by ε, and the
Levi-Civita connection ∇. The Lie derivative along a vector �eld v will be denoted £v.
In addition, the divergence of a vector �eld w will be denoted divw. If E ⊂ TM is a
vector distribution, we shall denote its annihilator by Ann(E) ⊂ T ∗M. For two 1-forms
κ and λ we denote by κλ their symmetric product κ ⊙ λ = 1

2 (κ⊗ λ+ λ⊗ κ), or in
abstract index notation, κ(aλb) =

1
2 (κaλb + κbλa).

4.1. Optical structures. From remarks in Section 3.1 it follows that the possible in-
decomposable connected holonomy groups are either equal to SO0(n+1, 1) or contained
in the maximal parabolic Sim0(n) in SO0(n+ 1, 1). This motivates the following de�-
nition:

De�nition 4.1. Let (M, g) be an oriented and time-oriented Lorentzian manifold of
dimension n + 2. An optical structure on (M, g) is given by a vector distribution
K ⊂ TM of tangent null lines. We refer to (M, g,K) as an optical geometry.

We note that the assumption that (M, g) is time-oriented implies that K is also
oriented (see for example [6]).

Denoting by K⊥ the orthogonal space of K with respect to g, we have a �ltration

K ⊂ K⊥ ⊂ TM ,(4.1)
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and short exact sequences

0 −→ K −→ K⊥ −→ HK −→ 0 ,(4.2)

0 −→ Ann(K⊥) −→ Ann(K) −→ H∗
K −→ 0 ,(4.3)

0 −→ HK −→ TM/K −→ TM/K⊥ −→ 0 ,(4.4)

of vector bundles on M. Equation (4.2) de�nes the screen bundle as the rank-n vector
bundle HK = K⊥/K, and equation (4.3) with its dual H∗

K = Ann(K)/Ann(K⊥).
Since K is null, Ann(K) ∼= K⊥ and Ann(K⊥) ∼= K. The isomorphism HK

∼= H∗
K is

established by means of the positive de�nite bundle metric h induced from g. It is given
by

h(v +K,w +K) := g(v, w) , for any v, w ∈ Γ(K⊥).(4.5)

Note, that HK also inherits a volume element εK associated to h given by

εK(v1 +K , . . . , vn +K)κ = ε(k, v1 , . . . , vn , ·) , for any v1 , . . . , vn ∈ Γ(K⊥),(4.6)

for any k ∈ Γ(K) and where κ = g(k, ·). This is clearly independent of the choice of
section of K.

Remark 4.2. The notion of an `optical structure' has been used in the literature for
several di�erent structures related to, but not necessarily coinciding with, our De�-
nition 4.1. For example, in [58, Section 1.4] and [59] Nurowski de�ned an (almost)
optical structure on a Lorentzian manifold of even dimension as a vector distribution
of null lines together with a bundle complex structure J on the screen bundle HK that
is compatible with the metric h. An optical structure was then de�ned as an almost
optical structure satisfying certain integrability conditions. For these (almost) optical
structures later in [57] Nurowski and Trautman introduced the name (almost) Robinson
structures. We will use the notion of an (almost) Robinson structure in the same sense
in the forthcoming [32] (see Remark 6.2) and use the weaker notion of optical structure
as in De�nition 4.1 to denote the existence of a null line distribution K.

On four-dimensional Lorentzian manifolds the orientability of the screen bundle,
which in this case is of rank two, is su�cient for the existence of a compatible com-
plex structure on the rank-two screen bundle, so here our notion of optical structure
coincides with Nurowski's and with the notion of an almost Robinson structure.

Another notion of an optical structure was introduced by Robinson and Trautman
in [81, 99, 79, 82] as a �ag geometry on a smooth manifold given by a �ltration of
the tangent bundle by a line subbundle and a co-rank 1 subbundle together with a
certain equivalence class of Lorentzian metrics for which the line bundle is null (see
[82, De�nition 1]). In De�nition 7.1 we will call such structures generalised optical
structures.

Finally, the third author of the present article also used the terminology `optical
structure' on a �ve-dimensional Lorentzian manifold in reference [88] to describe a null
line distribution that arises from a totally null complex distribution of rank two. This
may be described more accurately as a �ve-dimensional analogue of an almost Robinson
structure.
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For a given optical structure (M, g,K) a choice of null line distribution L dual to K
splits the �ltration (4.1) as a direct sum of vector bundles

TM = L⊕
(
K⊥ ∩ L⊥

)
⊕K .(4.7)

We shall use the convention already introduced in Section 3: upper lower-case Roman
indices from the beginning of the alphabet a, b, . . . will refer to sections of TM, while
those starting from the middle of the alphabet i, j, k, . . . will refer to sections of either
K⊥/K or K⊥ ∩ L⊥ once a complement L to K⊥ is chosen. Lower versions of these
index types will refer to dual sections.

Once such a splitting is chosen, we �x sections ka ofK and ℓa of L such that gabkaℓb =
1, together with injective maps δai : Γ(K⊥ ∩ L⊥) → Γ(TM). Viewing δai dually as
projections from T ∗M to (K⊥ ∩ L⊥)∗, the screen bundle metric hij is given by hij =

gabδ
a
i δ

b
j . Setting κa = gabk

b, λa = gabℓ
b and δia = δbjgabh

ji, where hij is the inverse
screen bundle metric, the metric g takes the form

gab = 2κ(aλb) + hijδ
i
aδ

j
b ,

We note that the following transformations

ka 7→ k̃a = eφka , δai 7→ δ̃ai = δai , ℓa 7→ ℓ̃a = e−φℓa ,(4.8)

ka 7→ k̃a = ka , δai 7→ δ̃ai = δai + ϕik
a , ℓa 7→ ℓ̃a = ℓa − ϕiδai − 1

2
ϕiϕjhijk

a ,(4.9)

where φ ∈ C∞(M) and ϕi ∈ C∞(M × Rn), leave the form of the metric unchanged.
Transformation (4.8) is referred to as a boost, and (4.9) as a null rotation.

Remark 4.3. In the treatment of null frames in general relativity it is customary to
introduce a third type of transformations referred to as spin rotations which are simply
the SO(n) transformations acting on the orthogonal basis ofK⊥∩L⊥. In this article, we
shall do away with such transformations since we will be using δai as abstract injections
from K⊥ ∩ L⊥ to TM.

4.1.1. Optical structures as G-structures. In accordance with the de�nition of an H-
structure given in Section 2, an optical structure de�nes a Sim0(n)-structure, i.e., a
reduction of the frame bundle to the Sim0(n)-bundle FP , with P = Sim0(n), whose
�ber over any point p ∈ M is given by

FP
p = {(e0, . . . , en+1)|p ∈ Fp | en+1|p ∈ Kp} .

Note that if we drop the assumption that M is time-oriented, K is then not necessarily
oriented, and one merely has a Sim(n)-structure.

If A is a P -module, the corresponding associated vector bundle is given by

FP (A) := FP ×P A .
More speci�cally, we have the following line bundles:

De�nition 4.4. For each w ∈ R, we de�ned the bundle of boost densities of weight w
to be the line bundle

E(w) = FP (R(w)),

where R(w) is the one-dimensional representation of P on R given by (3.8). We shall
say that a section s of E(w) has boost weight w.
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A section s of E(w) satis�es the following property: two distinct sections ka and k̃a of
K with k̃a = aka for some non-vanishing function a induce two distinct trivialisations
of E(w) with respect to which s = f and s = f̃ , with f̃ = a−wf .

Being an associated vector bundle to the frame bundle, the Levi-Civita connection
extends to a connection on E(w), which we shall also denote ∇.

We note that for any vector bundle F , it will be convenient to adopt the short-form
notation F (w) for F ⊗ E(w).

It is also straightforward to make the following identi�cation of P -invariant vector
bundles

K ∼= E(−1) .(4.10)

4.2. Intrinsic torsion. With reference to equation (2.3) and Section 3, let us set G =

FP (G) where G given by (3.10). Then the intrinsic torsion T̊ of a Sim0(n)-structure
is given by a section of G ∼= T ∗M⊗FP (g/p) at each point p ∈M de�ned by

T̊ (v)|p =

(ℓ, e1, . . . , en, k) , π
∗ −g(∇g

vk, ei) 0

∗ ∗ g(∇g
vk, ei)

0 ∗ ∗


 |p ,

for any v ∈ Γ(TM) and any local section (k, e1, . . . , en, ℓ) of FP . Note that we have
∇vk ∈ Γ(K⊥). We have the following isomorphism of vector bundles

FP (g/p) ≃ HK(1),(ℓ, e1, . . . , en, k), π
∗ (−xi) 0

∗ ∗ (xi)

0 ∗ ∗


 7→ 1⊗ [xiei].

This implies that with a choice of trivialisation k ∈ Γ(K), the intrinsic torsion of a
Sim0(n)-structure can be identi�ed with

T̊aj = (∇aκb)δ
b
j ∈ Γ(T ∗M⊗H∗

K) , where κa = gabk
b .

We shall be concerned with characterising the intrinsic torsion according to the alge-
braic analysis of Section 3. For this purpose, let us de�ne the associated vector bundles

Gi := FP ×P Gi ,

so that there is a �ltration of bundles

G =: G−2 ⊃ G−1 ⊃ G0 ,

with associated graded vector bundle

gr(G) = gr0−2(G)⊕
(
gr0−1(G)⊕ gr1−1(G)⊕ gr2−1(G)

)
⊕ gr00(G) .
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Once a splitting is chosen, we also obtain the P0-invariant vector bundles Gj
i := FP ×P0

Gj
i , where we recall P0 = CO0(n). These can be identi�ed as follows:

G0
−2

∼= H∗
K(2) ,

G0
−1

∼= E(1) , G1
−1

∼= ∧2H∗
K(1) , G2

−1
∼= ⊙2

◦H
∗
K(1) ,

G0
0
∼= H∗

K .

We extend the projections Πj
i de�ned by (3.12) to bundle projections in the obvious

way: let k ∈ Γ(K), set κ = g(k, ·), choose ℓ such that g(k, ℓ) = 1 and denote by δai
the projections onto the complements of the spans of k and ℓ. Then we may choose a
connection 1-form Γab

c such that ∇aκb = −Γab
cκc, we then have

(∇aκb)k
aδbi = Π0

−2(Γ)i ,

(∇aκb)δ
a
i δ

b
jh

ij = Π0
−1(Γ) , (∇aκb)δ

a
[iδ

b
j] = Π1

−1(Γ)ij , (∇aκb)δ
a
(iδ

b
j) = Π2

−1(Γ)ij ,

(∇aκb)ℓ
aδbi = Π0

0(Γ).

Armed with these, we can characterise sections of the P -invariant vector bundles /Gj
i :=

FP ×P /G
j
i using the algebraic decomposition of G given in Proposition 3.4. For instance,

the intrinsic torsion T̊ is a section of /G1
−1 if and only if (∇aκb)k

aδbi = (∇aκb)δ
a
[iδ

b
j] = 0.

In the next sections, we shall give alternative characterisations of the intrinsic torsion.

Remark 4.5. In principle, the intrinsic torsion of a given optical structure may change
classes from point to point. For simplicity, we shall assume that it does not.

4.3. Congruence of null curves. Under the assumption that M is time-oriented
(so that K is oriented), the line distribution gives rise to a congruence of (oriented)
null curves, that is, a foliation of M by unparametrised oriented curves tangent to K.
Conversely, any optical geometry arises in this way. We shall typically denote such
a congruence K. Any vector �eld tangent to the curves of K will be referred to as a
generator of K.

Each local section k of K induces a parametrisation t along each curve of the congru-
ence, i.e., k = ∂

∂t . Any other section of K must di�er from k by some positive smooth
factor of K, and gives rise to the same congruence of oriented null curves, but with a
di�erent parametrisation.

Given a congruence of null curves K, it will be particularly convenient to consider the
local leaf space M of K in an open subset U of M, i.e., a surjective submersion ϖ from
U to an (n + 1)-dimensional smooth manifold M: for each x ∈ M, the inverse image
ϖ−1(x) is a null curve in U tangent to K. This leaf space will feature prominently in
the study of optical structures as we shall see later. Again the considerations here will
be essentially local.

If any geometric structure on M is preserved along the �ow of some generator of K,
then it must descend to the leaf space. In general, the leaf space of a congruence of null
curves will have no structure, not even an orientation.

4.3.1. Congruence of null geodesics. We now turn to the case where the intrinsic torsion
of an optical geometry (M, g,K) satis�es the weakest possible non-trivial condition.
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Recall that the null curves of a congruence K tangent to K are geodesics if

∇kk = fk , for some k ∈ Γ(K) and f ∈ C∞(M).(4.11)

This condition clearly does not depend on the choice of generator of K. Note that one
can always �nd local generators of K that satisfy

∇kk = 0 .(4.12)

The integral curves of such a k are a�nely parametrised geodesics: if t ∈ R is an a�ne
parameter along a null geodesic, any a�ne reparametrisation t 7→ at+b for some smooth
functions a and b constant along k, where a is non-vanishing, induces the transformation
(4.8), where k̃ also generates a�nely parametrised geodesics.

A more convenient characterisation of the congruence of null geodesics is given in the
following lemma:

Lemma 4.6 ([80]). Let (M, g,K) be an optical structure with congruence of null curves
K. The following statements are equivalent:

(1) the curves of K are geodesics;
(2) the distribution K⊥ is preserved along the �ow of any generator k of K, i.e.,

£kv ∈ Γ(K⊥) for any v ∈ Γ(K⊥), or equivalently, £kκ ∈ Γ(Ann(K⊥)), where
κ = g(k, ·).

Further, if any of (1) and (2) holds, and the geodesics of K are a�nely parametrised
by k, then

£kκ = 0 .

In particular, the 1-form κ descends to a 1-form on the leaf space M of K where it anni-
hilates a rank-n distribution H, i.e., locally κ is the pull back of a 1-form κ annihilating
H.

Proof. This is a straightforward computation: for any vector �eld v ∈ Γ(K⊥), we have
£kκ(v) = ∇kκ(v) + κ(∇vk) = g(∇kk, v) = fκ(v) by (4.11). □

The relation to the intrinsic torsion now follows immediately:

Proposition 4.7. Let (M, g,K) be an optical geometry with congruence of null curves

K. Let T̊ ∈ Γ(G) be the intrinsic torsion of the optical structure. Then the curves of K
are geodesics if and only if T̊ ∈ Γ(G−1) = Γ(/G0

−2).

In other words, the obstruction to the curves of K being geodesics is given by a
weighted section of H∗

K(2), which we shall denote γ̆i.
Thus, for a congruence of null geodesics, the short exact sequences (4.3) and (4.4) on

M give rise to short exact sequences on M:

0 −→ Ann(H) −→ T ∗M −→ Ann(TM/H) −→ 0 ,(4.13)

0 −→ H −→ TM −→ TM/H −→ 0 .(4.14)

In general, one can identify sections of Ann(H) with those of Ann(HK): let k be a
generator of K that de�nes an a�ne parameter for the geodesics, then κ = g(k, ·)
descends to a section of Ann(H). Conversely, if κ is the pull-back of some section κ of
Ann(H), then it is covariant constant along ka = gabκb, and thus ka de�nes an a�ne
parameter for the geodesics.
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4.3.2. Optical invariants. It is well-known, see e.g. [80, 67, 87, 76] and references therein,
that a congruence of null geodesics has a number of invariants. We presently relate them
to the intrinsic torsion of the optical structure.

De�nition 4.8. Let (M, g,K) be an optical geometry with associated congruence of
null geodesics K. Let k be a generator of K and κ = g(k, ·). The sections ϵ ∈ C∞(M),
τ ∈ Γ(∧2H∗

K) and σ ∈ Γ(⊙2
◦H

∗
K) given respectively by

ϵ κ = κdivk −∇kκ ,(4.15a)

τ(v +K,w +K) = dκ(v, w) , for any v, w ∈ Γ(K⊥),(4.15b)

σ(v +K,w +K) =
1

2
£kg(v, w)−

1

n
ϵ g(v, w) , for any v, w ∈ Γ(K⊥),(4.15c)

are referred to as the expansion, the twist and the shear of k respectively, and collec-
tively, as the optical invariants of k.

We de�ne the expansion, the twist and the shear of K as the weighted sections
ϵ̆ ∈ Γ(E(1)), τ̆ ∈ Γ(∧2H∗

K(1)) and σ̆ ∈ Γ(⊙2
◦H

∗
K(1)) respectively, whose trivialisations

by a choice of generator of K are given by ϵ, τ and σ respectively, as given by (4.15).

The terminology of De�nition 4.8 arises from the fact that the tensor �elds ϵ, τ , and
σ de�ned by (4.15) quantify the amount of expansion, twist and shear that a bundle of
rays abreast to a given geodesic tangent to a generator of K undergoes as one moves
along it. See e.g. [67] for details.

Proposition 4.9. Let (M, g,K) be an optical geometry with associated congruence of

null geodesics K. Let T̊ be the intrinsic torsion of the optical structure. Then

(1) the expansion of K is the image of the projection of T̊ to G0
−1;

(2) the twist of K is the image of the projection of T̊ to G1
−1;

(3) the shear of K is the image of the projection of T̊ to G2
−1.

Proof. This follows directly from De�nition 4.8 and the well-known formulae for the
exterior derivative and the Lie derivative in terms of the Levi-Civita. Choose a section
k of K and set κ = g(k, ·). Then

∇aκb = (dκ)ab +
1

2
£kgab ,

After contracting with δai δ
b
j , we immediately identify the �rst term with the twist of

k. The trace of the second term with respect to hij encodes the expansion, while its
tracefree part, its shear. □

Remark 4.10. In dimension six, the twist splits further into a self-dual part and an
anti-self-dual part.

As an immediate consequence of this proposition, we obtain:

Proposition 4.11. Let (M, g,K) be an optical geometry with congruence of null curves

K and intrinsic torsion T̊ . Then

(1) K is non-expanding geodetic if and only if the intrinsic torsion T̊ ∈ Γ(/G0
−1);

(2) K is non-twisting geodetic if and only if the intrinsic torsion T̊ ∈ Γ(/G1
−1);

(3) K is non-shearing geodetic if and only if the intrinsic torsion T̊ ∈ Γ(/G2
−1).
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Congruence Intrinsic torsion

geodetic /G0
−2 = G−1

non-expanding /G0
−1

non-twisting /G1
−1

non-shearing /G2
−1

parallel /G0
0 = {0}

Table 3. Geometric properties and intrinsic torsion

For clarity, we record these results in Table 3.

Remark 4.12. A non-integrable optical geometry (M, g,K) with congruence of null
geodesics K can therefore fall into eight distinct classes according to whether the ex-
pansion, twist or shear vanishes or not. However, if non-vanishing, the twist provides
an additional geometric structure on M, and thus, a further reduction of the structure
group of the frame bundle, and more speci�cally, of the screen bundle. Indeed, the
stabiliser of the twist can be seen as a closed Lie subgroup of Sim0(n), and more specif-
ically, a reduction of the semi-simple part SO(n) of Sim0(n). Further, since any section
κ of Ann(K⊥) is preserved along the null geodesics of K, so must dκ by the naturality
of the exterior derivative. This means that the twist is always preserved along the �ow
of K, and in fact de�nes an additional geometric structure on the leaf space of K. As we
shall see, the rôle of the shear is quite di�erent: it is the obstruction to the conformal
class of the screen bundle metric being preserved along K. Thus, it is the absence of
shear that de�nes an additional structure on M, and more speci�cally, on the leaf space
of K.

4.3.3. Non-expanding congruences. The absence of expansion of a congruence of null
geodesics will be relevant mostly in the context of non-shearing congruences. Here, we
record only the following result, which follows from (4.15a) and the fact that, for any
k ∈ Γ(K), £k (k ε) = divk (k ε).

Lemma 4.13. Let (M, g,K) be an optical geometry with non-expanding congruence
of null geodesics K. Then for any k ∈ Γ(K) such that the curves of K are a�nely
parametrised, we have

£k(k ε) = 0 .

In particular, k ε descends to an orientation (n + 1)-form on the leave space (M, H)
of K.

4.3.4. Non-twisting congruences. Let (M, g,K) be an optical geometry with non-twisting
congruence of null geodesics K, i.e., the twist of K is identically zero. From the de�nition
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(4.15b), this can be equivalently expressed by the condition

κ ∧ dκ = 0 , for any κ ∈ Γ(Ann(K⊥)).

A direct application of the Frobenius theorem gives immediately:

Proposition 4.14. Let (M, g,K) be an optical geometry with congruence of null geodesics
K and local leaf space (M, H). The following statements are equivalent.

(1) K is twistfree.
(2) M is locally foliated by a one-parameter family of (n+1)-dimensional subman-

ifolds tangent to K⊥, each containing an n-parameter family of null geodesics
of K.

(3) H is integrable, i.e., M is locally foliated by n-dimensional submanifolds tangent
to H.

Remark 4.15. We note that for a non-twisting congruence of null geodesics K, one can
always �nd a local generator k of K such that the 1-form κ = g(k, ·) is exact, i.e., κ = du
for some locally function on M. The global existence of such a 1-form is obstructed by
the �rst De Rham cohomology group.

4.3.5. Non-shearing congruence. For any non-shearing congruence of null geodesics K,
we have, for any generator k of K,

£kg(v, w) =
2

n
ϵ g(v, w) , for any v, w ∈ Γ(K⊥),

where ϵ is the expansion of k. The geometric interpretation is then immediate.

Proposition 4.16. Let (M, g,K) be an optical geometry with congruence of null geodesics
K with leaf space (M, H). The following statements are equivalent.

(1) K is non-shearing.
(2) The conformal class of the induced screen bundle metric is preserved along the

geodesics of K.
If K is in addition non-expanding, then the induced metric on the screen bundle HK

descends to a bundle metric on H.

The next result exhibits the existence of a family of linear connections compatible
with an optical structure, and in particular, when the congruence is geodetic and non-
shearing.

Proposition 4.17. Let (M, g,K) be an optical geometry with congruence of null curves
K. Fix a splitting (ℓa, δai , k

a), choose a 1-form fa, and denote by γi, ϵhij, τij = τ[ij],

σij = σ(ij)◦ and Ei the components of ∇aκb with respect to this splitting. Here κa = gabk
b

and hij is the screen bundle metric.
For each t ∈ R, de�ne a linear connection ∇t by

∇t
aξb = ∇aξb −Qab

cξc , for any 1-form ξa,
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where Qabc = Q(t)abc = Qab
dgcd is a tensor with components de�ned by

Q000 = Q0
00 = Q0

0
0 = Qi

00 = 0 ,

Q0
j
0 = −Q00

j = γj , Q0
(jk) = − 1

n
f0hjk ,

Qij
0 = −Qi

0
j =

ϵ

n
hij + τij + σij , Qi(jk) = − 1

n
fihjk ,

Q0j
0 = Qj0

0 = −Q0
0k = −Q0

0
j = Ej , Q0(jk) = − 1

n
f0hjk ,

Q0
[jk] = tτjk ,

and all other components arbitrary.
Then ∇t is a connection compatible with K and the conformal class [h] on the screen

bundle with torsion given by

T 0
j
0 = −γj , T 0

jk =
1

n
(f0 − ϵ)hjk − σjk ,

T 0
0
0 = 0 , T 0

0k = 0 ,

Tij
0 = −2τij , T 0

ij = −Ti0j = − (1 + t) τij ,

T0j
0 = 0 ,

and all other components arbitrarily determined by −2Q[ab]
c.

As a special case, assuming that K is a non-shearing congruence of null geodesics,
i.e.

(∇aκ[b)κc] =
ϵ

n
ha[bκc] + τa[bκc] + κaE[bκc] ,

where habδ
a
i δ

b
j = hij, τabδ

a
i δ

b
j = τij and Eaδ

a
i = Ei, we may de�ne a family of linear

connections ∇t by choosing Qabc to be

Qabc :=
ϵ

n

(
habλc − 2hc(aλb)

)
+ 2τa[bλc] + t λaτbc − 2κ(aλb)Ec + 2κ(aEb)λc ,

where λa = ℓbgab. Then for each t ∈ R, ∇t is a linear connection that satis�es

(∇t
aκ[b)κc] = 0 , ∇t

agbc =
2

n
ϵλahbc + 2λaκ(bEc) − 2Eaκ(bλc) ,

and has torsion given by

T t
abc = −2τabλc − (2 + 2t)λ[aτb]c .

In particular, the torsion satis�es

T−2
[abc] = 0 , T−1

a(bc) = 0 .

Further, for any t ∈ R, ∇t is torsion-free if and only if K is also non-twisting.

Proof. It su�ces to compute

∇t
aκb = ∇aκb −Qab

cκc , ∇t
agbc = −2Qa(bc) ,

with the de�nitions given. □
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Remark 4.18. The linear connections de�ned in the proposition above depend only on
the choice of k and λ. Note however that these are not the only connections preserving
K and the conformal structure on HK .

4.4. Non-twisting non-shearing congruences. These include two important classes
of Lorentzian manifolds:

(1) Robinson-Trautman spacetimes for which the congruence is expanding, and
(2) Kundt spacetimes for which the congruence is non-expanding.

In other words, (M, g,K) is a Robinson-Trautman spacetime if and only if the intrinsic
torsion T̊ is a section of /G1

−1 ∩ /G2
−1, but not a section of /G0

−1, while a Kundt spacetime
is one for which T̊ is a section of G0 = /G0

−1 ∩ /G1
−1 ∩ /G2

−1.

Remark 4.19. In dimension three, the screen bundle of an optical gometry is one-
dimensional, from which it follows that a congruence of null geodesics is necessarily
non-twisting and non-shearing.

Robinson-Trautman spacetimes were introduced in dimension four in [83], and were
later generalised to higher dimensions in [71, 61, 63, 62, 72, 70].

Kundt spacetimes were introduced in [43] in dimension four. Their higher-dimensional
generalisations are investigated in the context of the algebraic properties of the Weyl
tensor in [74, 42, 73]. More recently, a G-structure approach to Kundt spacetimes is
adopted in [1].

As we shall see in Section 5, Robinson-Trautman spacetimes and Kundt spacetimes
are conformally related, and for this reason, share important properties [72].

Proposition 4.20. Let (M, g,K) be an optical geometry with congruence of null curves
K. The following two statements are equivalent:

(1) The distribution K⊥ is integrable and the leaves tangent to K⊥ are totally geo-
detic.

(2) K is a non-expanding, non-twisting and non-shearing congruence of null geodesics.

Proof. We must show ∇vw ∈ Γ(K⊥) for any v, w ∈ Γ(K⊥). But then, using our
previous notation,

0 = (δai ∇aδ
b
j)κb = −(δai ∇aκb)δ

b
j =

1

n
ϵhij + τij + σij ,

i.e., ϵ = τij = σij = 0. □

4.4.1. Expanding non-twisting non-shearing congruences of null geodesics. In the neigh-
bourhood of every point, there exists coordinates (u, v, xi) such that the Robinson�
Trautman metric takes the form [83, 71]

g = 2dudv + 2Aidx
idu+B(du)2 + e2ϕhijdx

idxj ,

where v is an a�ne parameter along the congruence K, Ai, B are functions on M, hij
are functions on M, and ϕ is a function of v only.

Example 4.21 (Tangherlini-Schwarzschild metric). Let (Sn, h) be an n-sphere Sn with
its round metric. De�ne the wrapped Lorentzian metric on M = R × R+ × Sn with
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(t, r) ∈ R×R+

g = −F (r)dt2 + F (r)−1dr2 + r2h , where F (r) = 1− c

rn−1
,

and c is a constant typically interpreted to be proportional to the mass of a static black
hole. This is a Ricci-�at metric.

The 1-form

κ = −dt+ F (r)−1dr ,

annihilates the orthogonal complement of an optical structure K with expanding non-
twisting non-shearing congruence of null geodesics. Similarly, the 1-form λ = 1

2F (r)dt+
1
2dr de�nes a second optical structure with expanding non-twisting non-shearing con-
gruence of null geodesics.

Other generalisations can be found in [71] by replacing Sn by some n-dimensional
compact Einstein Riemannian manifold.

4.4.2. Non-expanding non-twisting non-shearing congruences of null geodesics. Com-
bining Propositions 4.14 and 4.16 yields:

Corollary 4.22. Let (M, g,K) be an optical geometry with congruence of null geodesics
K. The following statements are equivalent.

(1) K is non-expanding non-twisting non-shearing.
(2) the (local) leaf space (M, H, h) of K is foliated by n-dimensional submanifolds

tangent to H, each of which inherits a Riemannian structure from h.

For an optical geometry (M, g,K) with non-expanding non-twisting non-shearing
congruence of null geodesics K, in the neighbourhood of every point, there exists coor-
dinates (u, v, xi) such that the metric takes the form

g = 2dudv + 2Aidx
idu+B(du)2 + hijdx

idxj .(4.16)

where Ai = Ai(u, v, x
i), B = B(u, v, xi) and hij = h(ij)(u, x

i). Here, v is an a�ne
parameter along the geodesics of K, and (u, xi) are local coordinates on the leave space
of K with u parametrising the leaves of K⊥. Thus,

K = span

(
∂

∂v

)
, K⊥ = span

(
∂

∂v
,
∂

∂xi

)
.

The form of this metric remains the same under a change of coordinates xi = xi(u, x̃).
The 1-form κ = du annihilating K⊥ remains unchanged, and we interpret the functions
hij as the components of the screen bundle metric on HK .

Remark 4.23. References [73, 72, 70] give these special cases in terms of Weyl curvature
conditions. Of interest is when the Weyl tensor is algebraically special in the sense that
κ[aWbc]f [dk

fκe] = 0, where k generates K and κ = g(k, ·). In this case, the v-dependence

of the functions Ai can be integrated, i.e. Ai = A
(0)
i + v A

(1)
i , where A(0)

i = A
(0)
i (u, x)

and A(1)
i = A

(1)
i (u, x).

As a direct corollary of Proposition 4.17, we have:
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Corollary 4.24. Let (M, g,K) be an optical geometry with non-expanding non-twisting
non-shearing congruence K of null geodesics. Let ka be a generator of K for which the
curves are a�nely parametrised, and set κa = gabk

b. Choose a null 1-form λa such that
λak

a = 1, so that

(∇aκ[b)κc] = κaE[bκc]

for some 1-form Ea annihilated by K.
De�ne a linear connection

∇′
av

b = ∇av
b +Qac

bvc , for any vector �eld va,

where

Qabc = Qab
dgdc = −2κ(aλb)Ec + 2κ(aEb)λc .

Then ∇′ a torsion-free linear connection that satis�es

(∇′
aκ[b)κc] = 0 ,

∇′
agbc = 2λaκ(bEc) − 2Eaκ(bλc) .

In particular, ∇′ preserves K and the screen bundle metric.

Remark 4.25. The connection ∇′ de�ned in Corollary 4.24 is not the unique torsion-
free linear connection compatible with K and the screen bundle metric. Note also ∇′

satis�es ∇′
(agbc) = 0.

4.4.3. Integrable optical structures. We �nally arrive at the case where the optical ge-
ometry (M, g,K) is integrable as a G-structure. This is equivalent to the Levi-Civita
connection preserving the line distributionK. In other words, any non-vanishing section
k of K is recurrent, i.e.,

(∇ak
[b)kc] = 0 .

This is a special case of Kundt spacetimes, and on the other hand the Lorentzian special
case of Walker manifolds [102], see also [12], which are de�ned as pseudo-Riemannian
manifolds with a distribution of parallel p-planes. In particular, the condition imposes
a further condition on the local form of the metric: the functions Ai = A

(0)
i (u, x) in

formula 4.16 are independent of v.
Integrable optical structures, i.e., with a parallel null line distribution K, are crucial

in the classi�cation of holonomy groups of Lorentzian manifolds, see for instance, [7],
[13], [29] and [47]. Within the integrable optical structures there is a rich hierarchy. On
the one hand there the reductions of the screen bundle to a subgroup H of SO0(n).
Based on results in [7], it was shown in [47] that H must be a Riemannian holonomy
group, a result that yields the a classi�cation of Lorentzian holonomy groups. This
also provides a classi�cation of Lorentzian manifolds with parallel spinors, see also the
survey [33]. Global aspects of Lorentzian manifolds with special holonomy are discussed
in [44], [6], [50] and [86].

On the other hand there is the reduction to the stabiliser SO(n)⋉Rn of a null vector,
which implies the existence of a parallel section of K, that is, a parallel null vector �eld.
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In this case, not only the functions Ai = A
(0)
i (u, x) in (4.16) are independent of v, but

also the function B = B(u, x). Explicitly, the metric is given by

g = 2dudv + 2Ai(u, x)dx
idu+B(u, x)(du)2 + hij(u, x)dx

i dxi ,(4.17)

and ∂v is a parallel null vector �eld. Sometimes these manifolds are called Brinkmann
waves or Brinkmann spaces. The spaces discovered by Brinkmann in [11, 10] in the
context of conformal geometry do indeed have a parallel vector null �eld, however they
are of dimension four and in addition Ricci-�at. Consequently their holonomy reduces
to R2 ⊂ SO(2)⋉R2 and the metric is of the form

g = 2dudv +B(u, x, y)(du)2 + dx2 + dy2,

so a very special case of the metrics in (4.17). The metrics found by Brinkmann, without
the Ricci-�at condition, generalise to higher dimensions to the so called pp-waves, which
stands for `plane-fronted with parallel rays' (that is hij = δij and ∂v parallel). For pp-
waves the holonomy reduces to the abelian ideal Rn in SO(n) ⋉ Rn. This reduction
is equivalent to the existence of a parallel section of K and the �atness of the screen
bundle HK → M, or equivalently to the curvature condition that R(X,Y )U ∈ K, for
all U ∈ K⊥ and X,Y ∈ TM , see [46]. The local form of the metric (4.16) for pp-waves
becomes

g = 2dudv +B(u, x)(du)2 + δijdx
i dxj .(4.18)

Their Ricci tensor is given by∆B (du)2, where∆ is the Laplacian for the xi coordinates,
so the vacuum Einstein equation simpli�es to the Euclidean wave equation. These
metrics have the interesting property that all their scalar invariants vanish. This was
�rst observed by Penrose and established in higher dimension for example in [18, 17].
Within the pp-waves there are the so-called plane waves for which

B(u, x) = xiQ
ij
(u)xj

in the metric (4.18), with a u-dependent symmetric matrix Q
ij
(u). Plane waves appear

as Penrose-limits [65], see also [20, 8], and as homogeneous supersymmetric M-theory
backgrounds [31]. Conformal aspects of pp-waves, in particular their ambient metrics
are studied in [48].

Homogeneous plane waves and pp-waves have been studied and classi�ed in [9] and
[34]. The geodesic completeness of compact pp-waves is proved in [50].

A subclass within the plane waves are the Lorentzian locally symmetric spaces with
non-constant sectional curvature. They are given by

g = 2dudv + (xiQijx
j)(du)2 + δijdx

i dxj ,

where Qij is a constant symmetric matrix. On M = Rn+2 this de�nes a globally
symmetric space with solvable transvection group, the so-called Cahen-Wallach spaces
[14]. Their compact quotients are described in [40].

Note that all these subclasses of pp-waves are not distinguished by a further reduction
of the holonomy group but rather by conditions on the derivative of the curvature. If
Q

ij
is non-degenerate, for all of them the connected component of the holonomy group

is equal to Rn and hence are indecomposable. Also there are many more examples of
integrable optical structures that generalise the pp-waves and have been considered in
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the literature, for example the plane fronted waves [15], for which the hij in (4.17) do
not depend on u, i.e., hij is just a Riemannian metric of the xi coordinates. Examples
of earlier results are in [85, 95] and of course there is a plethora of general relativity
and physics literature about them.

4.5. Non-twisting shearing congruences of null geodesics. We present an exam-
ple of an optical geometry with non-twisting shearing congruences of null geodesics.

Example 4.26 (The black ring in dimension �ve). Using the coordinates (t, x, y, ϕ, ψ)
given in [24, 75], the �ve-dimensional black ring discovered in [25] is described by the
metric

g = −F (x)
F (y)

(
dt+R

√
λν(1 + y)dψ

)2
+

+
R2

(x− y)2

(
−F (x)

(
G(y)dψ2 +

F (y)

G(y)
dy2
)
+ F (y)2

(
dx2

G(x)
+
G(x)

F (x)
dϕ2

))
,

where

F (ξ) := 1− λξ , G(ξ) := (1− ξ2)(1− νξ) .

Here, R, λ and µ are positive constants with λ, ν < 1. There are a number of possible
ranges for the coordinates to ensure that the metric is of Lorentzian signature. For
speci�city, we restrict ourselves only to the region{

(x, y, ϕ, ψ, t) : −1 < x < 1 , 1λ < y < 1
ν

}
.

Then, following [88], the 1-forms

κ :=
R
√

−F (x)G(y)√
2(x− y)

(√
F (y)

G(y)
dy + idψ

)
, λ :=

R
√
−F (x)G(y)√
2(x− y)

(√
F (y)

G(y)
dy − idψ

)

are real and de�ne two optical structuresK and L with expanding non-twisting shearing
congruences of null geodesics.

4.6. Twisting congruences of null geodesics. As mentioned in Remark 4.12, the
twist of an optical geometry with null geodesic congruence, if non-vanishing, provides
an additional geometrical structure in its own right not only on the screen bundle, but
also on the leaf space of the congruence. To determine which structures arise from the
twist, we need to examine its algebraic properties.

De�nition 4.27. Let (M, g,K) be an optical geometry with congruence of null geodesics
K. The rank of the twist of K is the rank of any section κ ∈ Γ(Ann(K⊥)), i.e., the
positive integer d such that κ ∧ (dκ)d ̸= 0 and κ ∧ (dκ)d+1 = 0.

Clearly, K is non-twisting if and only if the twist has rank zero. If κ is the 1-form on
M induced from κ, then κ has the same rank as κ.
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4.6.1. Maximally twisting congruences. We now focus on the case d = m, where we
assume n = 2m or n = 2m+ 1.

De�nition 4.28. Let (M, g,K) be an optical geometry of dimension 2m or 2m + 1
with congruence of null geodesics K. We say that K is maximally twisting if its twist
has rank m, i.e., any section κ of Ann(K⊥) has maximal rank, i.e. κ ∧ (dκ)m ̸= 0 and
κ ∧ (dκ)m+1 = 0.

Note that in dimensions 2m+ 2, the twist then de�nes an orientation on the screen
bundle, and hence on the leaf space. If m is odd, this also singles out a direction for
sections of K (but not when m is even.) In fact, as an alternative normalisation to
Proposition 4.35, one can pick a section of K in such a way that κ ∧ (dκ)m = k ε.

Remark 4.29. In dimensions four and �ve, a twisting congruence is necessarily maxi-
mally twisting.

The next proposition is particularly important: it tells us for that for a maximally
twisting congruence, one can associate a distinguished splitting of the tangent bundle.
This means in particular that the structure group of the frame bundle is reduced from
Sim0(n) toCO0(n)� in fact, the stabiliser of the twist yields an even further reduction
to a subgroup of CO0(n).

Proposition 4.30. Let (M, g,K) be (2m+2)-dimensional optical geometry with max-
imally twisting geodetic congruence K. Then there exists a generator k of K and a null
vector �eld ℓ with g(k, ℓ) = 1 such that κ = g(k, ·) satis�es

dκ(k, ·) = 0 , dκ(ℓ, ·) = 0 .

In particular, the geodesics of K are a�nely parametrised by k, and we can write

∇[aκb] = τab , τab = τijδ
i
aδ

j
b ,(4.19)

where τij is the twist of k. The pair (ka, ℓa) is unique up to boosts constant along K.

Proof. We can assume that there exists a generator k of K such that the geodesics are
a�nely parametrised. Then κ = g(k, ·) takes the form

∇[aκb] = τab + 2κ[aβb] ,

where τab = τijδ
i
aδ

j
b represents the twist, and βak

a = 0. We seek ℓ̃a = ℓa−ϕiδai − 1
2ϕ

iϕik
a,

where g(k, ℓ) = 1, such that dκ(ℓ̃, ·) = 0. We �nd

(−ϕiτij + βj)δ
j
b + ϕiβiκb = 0 .

Since τij is non-degenerate, this equation has unique solution ϕi = (τ−1)ijβj .
Thus we have associated to ka a unique null vector �eld ℓa. There remains the

freedom of changing the pair (k, ℓ) by means of a boost (4.8) constant along K so as to
preserve the a�ne parametrisation of the geodesics with respect to k. □

We now turn to the interpretation on the leaf space. Let us �rst recall some notions.
A contact distribution or contact structure on a (2m+1)-dimensional smooth manifold
M is a rank-2m distribution H such that any non-vanishing section κ of Ann(H),
referred to as a contact 1-form, has maximal rank, i.e., κ ∧ (dκ)m ̸= 0. We refer to
the pair (M, H) as a contact manifold. Every choice of contact 1-form κ in Ann(H)
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de�nes a canonical splitting of the exact sequence 0 −→ H −→ TM −→ TM/H −→ 0
by means of the Reeb vector �eld, the unique vector �eld ℓ that satis�es κ(ℓ) = 1 and
dκ(ℓ, ·) = 0.

Proposition 4.31. Let (M, g,K) be a (2m + 2)-dimensional optical geometry with
congruence of null geodesics K and leaf space (M, H). The following statements are
equivalent.

(1) K is maximally twisting.
(2) H is a contact distribution.

Further, for each pair (k, ℓ) where k generates a�nely parametrised geodesics of K
and ℓ is a null vector �eld with g(k, ℓ) = 1, the 1-form κ = g(k, ·) satis�es

dκ(k, ·) = 0 , dκ(ℓ, ·) = 0 ,

κ descends to a contact form on (M, H) and ℓ +K⊥ to its corresponding Reeb vector
�eld.

Proof. The equivalence between statements (1) and (2) follows immediately from Lemma
4.6, while the existence of the pair (k, ℓ) with the properties stated in the proposition
follows from Proposition 4.30. □

Dealing with the odd-dimensional case, we have the following proposition:

Proposition 4.32. Let (M, g,K) be a (2m + 3)-dimensional optical geometry with
maximally twisting congruence of null geodesics K and leaf space (M, H). Then for
any non-vanishing section κ of Ann(H), the distribution H ′ := ker dκ ∩ kerκ is a
line subbundle of H, and H/H ′ descends to a contact distribution on the (2m + 1)-
dimensional leaf space of H ′.

Proof. The 1-form has rank m by assumption, and it easily follows that H ′ := ker dκ∩
kerκ must be one-dimensional. Let u be a section of H ′. Then clearly £uκ = 0 and
£udκ = 0, i.e. κ descends to a 1-form of rank m on the (2m+1)-dimensional leaf space
of H ′, and thus annihilates a contact distribution there. □

Example 4.33 (The Kerr metric in dimension four). The Kerr metric describes a rotat-
ing black hole with mass M and angular momentum a. In local coordinates (r, u, θ, ϕ),
it is given by [41]

g =
(
r2 + a2 cos2 θ

) (
(dθ)2 + sin2 θ(dϕ)2

)
+ 2

(
du+ a sin2 θdϕ

) (
dr + a sin2 θdϕ

)
−
(
1− 2Mr

r2 + a2 cos2 θ

)(
du+ a sin2 θdϕ

)2
.

The 1-form

κ = du+ a sin2 θdϕ ,

annihilates the orthogonal complement of an optical structures K with expanding twist-
ing non-shearing congruences of null geodesics � it is generated by the null vector �eld
k = g−1(κ, ·) = ∂

∂r . There is a second optical structure with expanding twisting non-
shearing congruences of null geodesics de�ned by the 1-form

λ = dr + a sin2 θdϕ− 1

2

(
1− 2Mr

r2 + a2 cos2 θ

)
κ .
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More generally, the Pleba«ski-Demia«ski metric [69] is a solution to the Einstein-
Maxwell equations depending on seven parameters, and which contains the Kerr metric
as a limiting case. It also admits two optical structures with expanding twisting non-
shearing congruences of null geodesics.

Example 4.34 (The Myers-Perry metric in dimension higher than four). The Kerr
solution was generalised to higher dimensions by Myers and Perry [55]. In dimension
2m, it describes a rotating black hole with mass M and m rotation parameters aα. In
local coordinates (r, u, µ0, µα, ϕα), where µ20 +

∑m
α=1 µ

2
α = 1, the metric takes the form

g = −(du)2 + 2

(
du+

m∑
α=1

aαµ
2
αdϕα

)
dr

+ r2(dµ0)
2 +

m∑
α=1

(
r2 + a2α

) (
(dµα)

2 + µ2α(dϕα)
2
)
+
Mr2

PF

(
du+

m∑
α=1

aαµ
2
αdϕα

)2

,

where

F = 1−
m∑

α=1

a2αµ
2
α

r2 + a2α
, P =

m∏
α=1

(r2 + a2α).

The 1-form

κ = du+

m∑
α=1

aαµ
2
αdϕα

annihilates the orthogonal complement of an optical structures K with expanding twist-
ing congruences of null geodesics that is shearing when n > 2. It is also maximally
twisting as can be seen from

dκ = 2

m∑
α=1

aαµαdµα ∧ dϕα ,

which is non-zero whenever µα is non-vanishing for any α = 1, . . . ,m, i.e., K is maxi-
mally twisting.

More generally, the Kerr-NUT-(A)dS metric presented in [16] is an Einstein metric
in dimension 2m + 2 depending on a cosmological constant, mass parameter, 2m − 1
NUT parameters, and m rotation parameters. It also admits two expanding maximally
twisting congruences of null geodesics. These are shearing for all m > 1.

Similar results hold in odd dimensions.

4.6.2. Twisting non-shearing congruences. Under the non-shearing assumption, one can
obtain stronger results. In particular, one can single out a generator of the congruence
by normalising its twist. This should be contrasted with the situation in Hermitian
geometry, where the hermitian form has a �xed norm.

Proposition 4.35. Let (M, g,K) be an optical geometry with twisting non-expanding
non-shearing congruence of null geodesics K. Then there exists a unique generator k
of K such that the geodesics are a�nely parametrised with respect to k and its twist τ
satis�es τijτ

ij = 2r, where r is the rank of τ .
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Proof. Let k be a section of K generating a�nely parameterised geodesics with twist
τij . Then we can write

(dκ)ab = τab + 2κ[aβb] ,

where τab = τijδ
i
aδ

j
b and kbβb = 0. In particular, ∥dκ∥ = ∥τ∥. Set k̃a =

√
2r∥τ∥−1ka.

Then, with κ̃ = g(k̃, ·), we have

dκ̃ = −
√
2r∥τ∥−2(d∥τ∥) ∧ κ+

√
2r∥τ∥−1dκ ,

so that

∥τ̃∥2 = ∥dκ̃∥2 = 2r∥τ∥−2∥dκ∥2 = 2r .

Since K is non-expanding and non-shearing, we have £k∥τ∥ = 0. This means that k̃
generates a�nely parameterised geodesics.

Finally, it is straightforward to check that any other generator of K satisfying these
properties must be either k̃ itself, or −k̃. Since we assume that the congruence is
oriented, we obtain uniqueness. □

Combining with Proposition 4.30 and Proposition 4.35 yields

Proposition 4.36. Let (M, g,K) be a (2m + 2)-dimensional optical geometry with
maximally twisting non-expanding non-shearing congruence of null geodesics K. Then
there exists a generator k of K and a null vector �eld ℓ such that g(k, ℓ) = 1 and
κ = g(k, ·) satis�es

dκ(k, ·) = 0 , dκ(ℓ, ·) = 0 ,

and the twist τ of k satis�es τijτ
ij = 2m. The pair (ka, ℓa) is unique.

The twist τ̆ of a congruence of null geodesics K also induces a bundle endomorphism
of HK by composing τ̆ with the inverse metric h−1 on HK .

De�nition 4.37. Let (M, g,K) be an optical geometry with congruence of null geodesics
K. The twist endomorphism of K is the section F̆ of End(HK)(1) de�ned by

F̆ := h−1 ◦ τ̆ ,(4.20)

where h is the bundle metric on HK and τ̆ the twist of K. Its trivialisation by some
generator k of K will be called the twist endomorphism associated to k.

Note that if κ has rank d, its associated bundle endomorphism F has matrix rank
2d.

Proposition 4.38. Let (M, g,K) be an optical geometry with non-expanding non-
shearing congruence of null geodesics K with leaf space (M, H). Let k be a generator
of a�nely parametrised geodesics of K. Then the twist endomorphism F associated to
k descends to an endomorphism of H on M.

Proof. This follows immediately from Propositions 4.16, Remark 4.12 and the de�nition
of twist endomorphism. □
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A contact sub-Riemannian structure on a (2m+1)-dimensional smooth manifold M
consists of a contact distribution H equipped with a bundle metric h.

Now, putting Propositions 4.31 and 4.22 together proves:

Corollary 4.39. Let (M, g,K) be a (2m + 2)-dimensional optical geometry with con-
gruence of null geodesics K. The following two statements are equivalent:

(1) K is maximally twisting non-shearing.
(2) The leaf space (M, H, h) is a contact sub-Riemannian manifold.

Analogous results were proved in [2, 3].

Example 4.40 (The (A)dS-Taub-NUT metric [96, 56, 4, 3, 94]). Let M be a circle
bundle over a 2m-dimensional Kähler-Einstein manifold with metric h and Kähler form
ω and non-zero Ricci scalar 4mΛ. Choose a local 1-form A such that dA = ω. Denote
by t the �ber coordinate of M, and let α = dt+A. The (A)dS-Taub-NUT metric is the
Einstein metric with Ricci scalar 2(m + 1)Λ de�ned on the radial extension R+ ×M
that is given by

g = −F (r)(α)2 + F (r)−1(dr)2 + h,

where F (r) is a smooth function that depends on Λ, Λ and a third constant M , and
satis�es the di�erential equation

d

dr

(
(r2 + Λ2)m

r
F (r)

)
=

(r2 + Λ2)m

r2
Λ− (r2 + Λ2)m+1

r2
Λ

Λ2 .

Here, the `mass' parameter M arises as the constant of integration.
The 1-form

κ = α+ F (r)−1dr ,

annihilates the orthogonal complement of an optical structure K with expanding twist-
ing non-shearing congruence of null geodesics. In fact, the congruence is maximally
twisting since dκ = ω.

A second maximally twisting non-shearing congruence of null geodesics can be seen
by considering the 1-form λ = −α+ F (r)−1dr.

5. Conformal optical geometry

5.1. Conformal optical structures. Most of the geometric properties of optical struc-
tures turn out to be conformally invariant, and for this reason, we extend their de�nition
to the conformal setting. Here, we follow the treatment of [5]. Recall that a conformal
manifold consists of a pair (M, c), where M is an (n+2)-dimensional smooth manifold
and c a conformal structure on M, that is, an equivalence class of metrics on M, every
pair of which di�er by a conformal factor, i.e., two metrics g and ĝ in c are related via

ĝ = e2φg , for some smooth function φ on M.(5.1)

The respective Levi-Civita connections ∇ and ∇̂ of g and ĝ are then related by

∇̂av
b = ∇av

b +Υav
b − vaΥ

b + δbaΥcv
c , for any va ∈ Γ(TM),

∇̂aαb = ∇aαb −Υaαb −Υbαa + gabΥ
cαc , for any αa ∈ Γ(T ∗M).

(5.2)
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For each w ∈ R, there are associated density bundles denoted by E [w], and sections
thereof are densities of conformal weight w. The conformal structure c can equivalently
be encoded in terms of a global non-degenerate section g of ⊙2T ∗M⊗E [2] of Lorentzian
signature, referred to as the conformal metric. The bundle of conformal scales is a choice
of ray subbundle E+[1] of E [1]: sections thereof are in one-to-one correspondence with
metrics in c: any section s of E+[1] de�nes a metric in c by g = s−2g. The Levi-Civita
connection extends to a linear connection on any of E [w]. One can check that, in our
previous notation,

∇̂as = ∇as+ wΥas .

We shall denote the covariant exterior derivative d∇, i.e. for any (weighted) p-form α,

(d∇α)a0a1...ap := ∇[a0αa1...ap] .

We shall use g to identify sections of TM with those of T ∗M⊗E [2]. The orientation on
M yields a global section ε of ∧n+2T ∗M⊗E [n+2], the weighted volume form with the
property that for any s ∈ E+[1], ε = s−n−2ε is the volume form of the metric g = s−2g.

De�nition 5.1. Let (M, c) be an oriented and time-oriented Lorentzian conformal
manifold. An optical structure on (M, c) is given by a vector distribution K ⊂ TM of
tangent null lines. We refer to (M, c,K) as an conformal optical geometry.

It is clear that such a structure enjoys the same basic properties of its Lorentzian
counterpart such as the �ltration (4.1) and exact sequences (4.2), (4.3) and (4.4). The
only di�erence is that now the conformal structure c induces a bundle conformal struc-
ture cK on the screen bundle HK . In particular, gab yields a conformal bundle metric
hij ∈ Γ(⊙2H∗

K [2]).
Now, let k ∈ Γ(K) and set κ = g(k, ·). Under a change of metrics in c, we have

∇̂aκb = ∇aκb + 2Υ[aκb] + gabΥ
cκc ,

where ∇a and ∇̂a denote the respective Levi-Civita connections of g and ĝ. Further,
the Lie derivative of κa is found to be

£kκa = kb∇bκa −
2

n+ 2
κa∇bk

b(5.3)

Note that this depends on the choice of generator k, since for any other generator
k̃ = eφk, the weighted 1-form κ̃ = g(k̃, ·) satis�es

£
k̃
κ̃ = e2φ

(
£kκ+

n

n+ 2
κ

)
.

Lemma 5.2. We have, for any k ∈ Γ(K),

£k(k ε) = 0 .

Proof. This follows from the formula

£kk
bεba1...an+1 = (kb∇bk

c)εca1...an+1

+ (−1)n(n+ 1)kcεcb[a1...an∇an+1]k
b − kcεca1...an+1∇bk

b .

We know that this expression must be proportional to kbεba1...an+1 . Contracting with
εda1...an+1 yields the factor, which turns out to be equal to zero. □
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We will also examine the geometric properties of a conformal optical structure in
relation to the leaf space of its associated congruence K of null curves.

Any pair of metrics g and ĝ in c single out optical geometries (M, g,K) and (M, ĝ,K),

and the pertinent question is how the intrinsic torsions T̊ and ̂̊T of the respective ge-
ometries relate to each other. Computing the optical invariants, we �nd̂̆γi = e2φγ̆i ,

where γ̆i and ̂̆γi are the sections of H∗
K(2) with respect to g and ĝ that are obstructions

to K being geodesic. In particular, we have a well-de�ned section γ̆i of H∗
K(2)[2] that

is the obstruction to the null curves of K being geodesics, a property well-known to be
conformally invariant.

With reference to (5.3), we obtain:

Lemma 5.3. Let (M, c,K) be a conformal optical geometry with congruence of null
curves K. Then the curves are K are geodesics if and only if

κ ∧£kκ = 0 .

We note that the condition that the geodesics of K be a�nely parametrised with
respect to a generator k is not conformally invariant. We shall see however in Corollary
5.7 below that there exists a family of preferred generators of K for which £kκ = 0.

5.2. Optical invariants. Now, if (M, g,K) (and thus (M, ĝ,K)) admits a congruence
of null geodesics tangent toK, i.e., γ̆i = 0 (and thus ̂̆γi = 0), we can compute the optical
invariants of the respective optical geometries. We �nd that the twist and the shear of
K transform conformally aŝ̆τ ij = e2φτ̆ij , ̂̆σij = e2φσ̆ij .(5.4)

We can thus extend the de�nition of the shear and twist of a congruence of null geodesics
in the context of a conformal optical geometry.

De�nition 5.4. Let (M, c,K) be a conformal optical geometry with congruence of
null geodesics K. Let k be a generator of K and set κ = g(k, ·). Then the twist and the
shear of k are the respective sections τ ∈ Γ(∧2H∗

K [2]) and σ ∈ Γ(⊙2
◦H

∗
K [2]) de�ned by

τ (v +K,w +K) = d∇κ(v, w) , v, w ∈ Γ(K⊥) ,(5.5a)

σ(v +K,w +K)⊗ κ =
1

2
(£kg(v, w)⊗ κ− g(v, w)⊗£kκ) , v, w ∈ Γ(K⊥) .(5.5b)

The twist and the shear of K are the respective sections τ̆ ∈ Γ(∧2H∗
K(1)[2]) and σ̆ ∈

Γ(⊙2
◦H

∗
K(1)[2]), whose trivialisations by some generator k of K are given by τ and σ

above.

As a consequence, we obtain the following conformal invariants of optical geometries.

Proposition 5.5. Let (M, c,K) be a conformal optical geometry. Let g and ĝ be two

metrics in c so that (M, g,K) and (M, ĝ,K) are optical geometries. Let T̊ and
̂̊
T be
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the intrinsic torsions of the respective optical geometries. Then

T̊ ∈ Γ(G−1) ⇐⇒ ̂̊
T ∈ Γ(Ĝ−1) ,

T̊ ∈ Γ(/G1
−1) ⇐⇒ ̂̊

T ∈ Γ( /̂G
1

−1) ,

T̊ ∈ Γ(/G2
−1) ⇐⇒ ̂̊

T ∈ Γ( /̂G
2

−1) .

5.3. Non-expanding subclass of metrics. On the other hand, the expansion of some
generator k transforms in a non-conformally invariant way as

ϵ̂ = ϵ+ nΥck
c .(5.6)

This means that K has the same expansion with respect with both metrics g and ĝ
provided these are conformally related by a factor constant along K. In addition, one
can always use equation (5.6) to �nd a metric ĝ in c for which the congruence is non-
expanding. Indeed, the equation ϵ + nΥck

c = 0 is a �rst order ordinary di�erential
equation, which always has solutions.

Proposition 5.6. Let (M, c,K) be a conformal optical geometry with congruence of
null geodesics K. Then locally, there is a subclass

n.e.
c of metrics in c with the property

that whenever g is in
n.e.
c, the congruence K is non-expanding, i.e., for any k ∈ Γ(K) with

κ = g(k, ·), κdivk −∇kκ = 0.
Any two metrics in

n.e.
c di�er by a factor constant along K.

The conformal subclass
n.e.
c induces a conformal subclass

n.e.
cK of cK on the screen bundle.

In other words, any metric g in the subclassn.e.
c de�nes an optical geometry (M, g,K)

whose intrinsic torsion is a section of /G0
−1.

As corollary of Proposition 5.6, we have:

Corollary 5.7. Let (M, c,K) be a conformal optical geometry with congruence of null
geodesics K. Then, locally, there exists a family of local generators k ∈ Γ(K) such that

£kκ = 0 .(5.7)

These generators have the property that they generate a�nely parametrised geodesics
tangent to K for any choice of metric in

n.e.
c.

De�nition 5.8. Let (M, c,K) be a conformal optical geometry. We say that a gener-
ator k of K is special if κa = kbgab satis�es (5.7).

5.4. Class of metrics conformal to Walker metrics. Finally, assuming that K is
non-expanding, non-twisting and non-shearing, we compute

Êi = e2φ (Ei −Υi) .(5.8)

This means that K has the same obstruction to parallelism with respect with both
metrics g and ĝ provided these are conformally related by a factor constant along K⊥.
In addition, using equations (5.6) and (5.8), we prove the following result.

Proposition 5.9. Let (M, c,K) be a conformal optical geometry with non-twisting non-
shearing congruence of null geodesics K. Let k ∈ Γ(K) and set κa = gabk

b. Suppose
the Weyl tensor Wabcd satis�es

kaWab[cdκe] = 0 .(5.9)
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Then locally, there is a subclass
par.
c of metrics in c with the property that whenever g

is in
par.
c, the line distribution K is parallel, i.e., for any k ∈ Γ(K) with κ = g(k, ·),

∇vκ ∧ κ = 0.
Any two metrics in

par.
c di�er by a factor constant along K⊥.

Proof. With no loss, we can restrict ourselves to a metric g in the subclassn.e.
c, so that

since K is non-twisting and non-shearing, the metric g is a Kundt metric. We already
know that the condition (5.9) is a necessary condition for the optical structure to be
integrable. We now show that this is also su�cient locally. In particular, the condition
(5.9) is equivalent to

kaδbik
cδdjWabcd =

(
kaδbi δ

c
jδ

d
kWabcd

)
◦
= 0 ,

kaℓbkcδdjWabcd = 0 ,

kaℓbδci δ
d
jWabcd = 0 .

The �rst of these conditions is always satis�ed for a non-twisting non-shearing congru-
ence of null geodesics. The second one is equivalent to £kEi = 0, and the third one
is equivalent to ∇[iEj] = 0, i.e., locally Ei = (df)i for some smooth function f on the
leave space of K. Now, using (5.8), we can �nd a metric for which K is parallel. □

For related results on the conformal geometry, see [45, 49].

5.5. Non-twisting congruences. This is a direct consequence of Proposition 4.14:

Proposition 5.10. Let (M, c,K) be a conformal optical geometry with congruence of
null geodesics K with leaf space (M, H). The following statements are equivalent:

(1) K is non-twisting;
(2) M is locally foliated by a one-parameter family of (n+1)-dimensional subman-

ifolds, each containing an n-parameter family of null geodesics of K;
(3) H is integrable, i.e., M is locally foliated by n-dimensional submanifolds tangent

to H.

5.6. Non-shearing congruence. This is a direct consequence of Propositions 4.16
and 5.6:

Proposition 5.11. Let (M, c,K) be a conformal optical geometry with congruence of
null geodesics K. The following statements are equivalent.

(1) K is non-shearing.
(2) The induced conformal structure cK on the screen bundle HK is preserved along

the geodesics of K.
(3) The induced conformal structure cK on HK descends to a conformal structure

c on H. More precisely, there is a one-to-one correspondence between metrics
in

n.e.
cK and metrics in c.

5.7. Non-twisting non-shearing spacetimes. Now, combining Propositions 5.10
and 5.11 yields:

Proposition 5.12. Let (M, c,K) be a conformal optical geometry with congruence of
null geodesics K with leaf space (M, H). Then the following statements are equivalent.
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(1) K is non-twisting non-shearing.
(2) K is foliated by (n + 1)-dimensional submanifolds tangent to H, each of which

inherits a conformal structure from cK .
(3) M is foliated by n-dimensional submanifolds tangent to H, each of which inher-

its a conformal structure c from cK . Further, there is a one-to-one correspon-
dence between metrics in c and metrics in

n.e.
cK .

In other words, a Robinson-Trautman spacetime is locally conformal to a Kundt
spacetime.

5.8. Twisting congruence of null geodesics. We can extend the de�nition of the
rank of the twist to the conformal setting:

De�nition 5.13. The rank of the twist of the congruence K is the rank of any section
κ ∈ Γ(Ann(K⊥)).

5.8.1. Maximally twisting congruences. From Proposition 4.31, we immediately obtain

Proposition 5.14. Let (M, c,K) be a (2m+2)-dimensional conformal optical geometry
with maximally twisting congruence of null geodesics K. Then the local leaf space (M, H)
of K is equipped with a contact structure.

Further, every choice of special generator of K establishes a one-to-one correspondence
between metrics in

n.e.
c and contact forms on M.

In odd dimensions, we have:

Proposition 5.15. Let (M, c,K) be a (2m+3)-dimensional conformal optical geometry
with maximally twisting congruence of null geodesics K and leaf space (M, H). Then,
for any non-vanishing section κ of Ann(H), the distribution H ′ := ker dκ ∩ kerκ is a
line subbundle of H, and H/H ′ descends to a contact distribution on the (2m + 1)-
dimensional leaf space of H ′.

5.8.2. Maximally twisting non-shearing congruences. If (M, H) is a contact manifold,
a sub-conformal contact structure c on M is a conformal structure on H. We refer
to (M, H, c) as a sub-conformal contact manifold. Any choice of metric in c de�nes
a sub-Riemannian structure on H, and each choice of contact 1-form in determines a
metric in c � see for instance [26, 27, 23].

The following result gives a very neat relation between choices of metrics in the
conformal class and splittings of the optical structure.

Proposition 5.16. Let (M, c,K) be a (2m+2)-dimensional conformal optical geometry
with maximally twisting non-shearing congruence of null geodesics K. Then for each g
in

n.e.
c, there exists a unique pair (k, ℓ), where k is a generator of K and ℓ a null vector

�eld such that g(k, ℓ) = 1, and κ = g(k, ·) satis�es

dκ(k, ·) = 0 , dκ(ℓ, ·) = 0 ,

and the twist of k satis�es τijτ
ij = 2m.

Further, the leaf space (M, H) of K acquires a subconformal contact structure c
whereby each metric g in

n.e.
c descends to a bundle metric in c, and κ = g(k, ·) descends

to the corresponding contact 1-form.
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Let (k, ℓ) and (k̂, ℓ̂) be any two such pairs corresponding to metrics g and ĝ in
n.e.
c, with

ĝ = e2φg for some smooth function φ constant along K. Then, k̂a = ka, and κ = g(k, ·),
κ̂ = ĝ(k̂, ·), λ = g(ℓ, ·), λ̂ = ĝ(ℓ̂, ·), δ̂ia and δia are related via

κ̂a = e2φκa ,

λ̂a = λa + hij(τ
−1)ikΥkδ

j
a −

1

2
hij(τ

−1)ik(τ−1)jℓΥkΥℓκa ,

δ̂ia = δia − (τ−1)ijΥjκa ,

where Υi := δai ∇aφ.

Proof. The �rst part of the proposition is a direct consequence of Proposition 4.36.
The geometric interpretation of the leaf space as a contact subconformal manifold

follows directly from Proposition 4.31.
For the remainder, let (k, ℓ) and (k̂, ℓ̂) be as given in the proposition. The relation

between their respective twists are given by τ̂ij = e2φτij . But we know (d∇κ)ab = τijδ
i
aδ

j
b

and (d∇̂κ̂)ab = τ̂ij δ̂
i
aδ̂

j
b . Using the relation between ∇ and ∇̂, we �nd

τ̂ij δ̂
i
aδ̂

j
b = e2φτijδ

i
aδ

j
b + 2e2φΥiδ

i
[aκb] ,

from which we deduce the required change for δia. The required change for λ can be
deduced by comparing the change of metrics, or by simply noting that ℓ̂a = ĝabλ̂b should
be null and annihilate δ̂ia. □

The above proposition is applied in [94] to great e�ect in determining Einstein metrics
in the conformal class: such a metric is essentially determined by a 1-form λ as in the
proposition, and a conformal factor that depends only on an a�ne parameter along the
geodesics of K.

Just as for metric optical structures, one can de�ne the twist endomorphism of HK =
K⊥/K as in (4.20) in the conformal setting as the section of End(HK)(1) given by

F := h−1 ◦ τ .(5.10)

Note that F does not depend on the choice of metric in c.
Mirroring Proposition 4.38, we have:

Proposition 5.17. Let (M, c,K) be a conformal optical geometry with non-shearing
congruence of null geodesics K with leaf space (M, H). Let k be any special generator
k of K. Then the twist endomorphism F associated to k descends to an endomorphism
of H on M.

Example 5.18 (Fe�erman's construction). When the endomorphism F associated to
the contact sub-conformal structure is a complex structure J , then we refer to (M, H, c)
as a partially integrable almost CR manifold. In the case when the eigenbundles of J are
integrable, Fe�erman showed that one can construct a conformal structure of Lorentzian
signature on a circle bundle M ϖ→M in a canonical way: for each contact form θ and
corresponding bundle metric h in c, the metric on M is given by

g = 4ϖ∗θ λ+ϖ∗h .
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where λ is a certain canonically de�ned 1-form on M that does not vanish on restriction
to the �bers of M → M.

This construction was generalised to the non-integrable case in [51] and to the case
when F is not a complex structure, but has constant eigenvalues in [26, 27]. See also
the recent work [3] and [92].

6. Four-dimensional case

The four-dimensional case is very special. We note that if (M, c,K) is a four-
dimensional conformal optical geometry, there is a volume form ε of conformal weight
4, which induces a skew-symmetric bilinear form εK of weight 2 on the screen bundle
HK = K⊥/K. This additional structure is particularly useful: it allows us to construct
a bundle complex structure on HK . The following proposition is immediate.

Proposition 6.1. Let (M, c,K) be a four-dimensional conformal optical geometry.
Let εK the weighted volume form on the screen bundle HK = K⊥/K. Then the bundle
endomorphism on HK de�ned

J := h−1 ◦ εK ,(6.1)

is a bundle complex structure on HK compatible with the conformal structure cK on
HK , and with eigenbundles N/CK and N/CK where N is a totally null complex rank-2
distribution, N its complex conjugate, and N ∩N = CK.

Conversely, a totally null complex rank-2 distribution N de�nes an optical structure
K on (M, c), and thus a bundle complex structure on HK compatible with the conformal
structure.

Remark 6.2. The pair (N,K), or equivalently (K,J), de�nes an almost Robinson struc-
ture on (M, c), or with a choice of metric g, on (M, g), as �rst de�ned in [57, 100, 101],
and is the subject of [32]. The above proposition tells us that in dimension four there is
no distinction between (conformal) optical structures and almost Robinson structures.

When it comes to the integrability of the almost Robinson structure, we have the
following well-known theorem � see e.g. [81, 67] and the aforementioned references.

Theorem 6.3. Let (M, c,K) be an oriented four-dimensional conformal optical geom-
etry with congruence of null curves K. Let J be the screen bundle endomorphism (6.1)
and N the associated complex totally null 2-plane distribution de�ned in Proposition
6.1. Then the following three statements are equivalent:

(1) N is involutive, i.e., closed under the bracket of vector �elds.
(2) J is preserved along the �ow of any generator of K.
(3) K is a non-shearing congruence of null geodesics.

Further, if any of these conditions is satis�ed, then the leaf space (M, H, cH) is equipped
with a CR structure, that is, H is equipped with a bundle complex structure.

Proof. Since N is totally null and of rank 2, and CK ⊂ N , the condition that N be
involutive is that g([k, v], w) = 0 for any sections v, w of N and k of K, and metric g
in c. With no loss we can choose v ∧ k ̸= 0. But this is equivalent to g(£kv, w) = 0,
i.e., the eigenbundle N/CK of J is preserved along the �ow of k, and similarly for its
complex conjugate. This proves the equivalence of (1) and (2).
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Now, for any section k of K, v, w sections of N so that g(v, w) = 0 for any metric g
in c, we have, using the Leibniz rule,

0 = £k(g(v, w)) = (£kg)(v, w) + g([k, v], w) + g([k,w], v) .

Since N has rank two, and CK ⊂ N , we have three possibilities:

0 = (£kg)(k, k) ,

0 = (£kg)(v, k) + g([k, v], k) ,

0 = (£kg)(v, v) + 2g([k, v], v) .

The �rst condition is vacuous, while the other two together with their complex conjugate
tells us that K is non-shearing if and only if N is involutive (together with N .)

Thus, all conditions (1), (2) and (3) are equivalent.
For the last part, we note that since J is preserved along the �ow of k together

with its eigenbundles, it descends to a complex structure on H whose eigenbundles are
necessarily involutive since they have rank one. Hence the leaf space (M, H, cH) is
equipped with a CR structure. □

Remark 6.4. When the optical structure is tangent to a twisting non-shearing congru-
ence of null geodesics, then the underlying CR three-manifold is non-degenerate (i.e.
contact). It was recently established that if, in addition, certain conditions are imposed
on the Weyl tensor and Bach tensor, then (M, c,K) is locally conformally isometric to
a `perturbation' of Fe�erman's canonical conformal bundle by a semi-basic 1-form �
see [89] for details.

7. Generalised optical geometries

7.1. Generalised optical structures. Generalised optical geometries were �rst intro-
duced by Robinson and Trautman in [97, 99, 81, 79, 82, 98], where they are referred
to simply as `optical geometries'. Two equivalent de�nitions are given there, and we
shall give the one that generalises the notion of conformal optical geometries �rst. The
alternative de�nition shall be considered later.

De�nition 7.1. Let M be a smooth manifold. A generalised optical structure consists
of a pair (K,o), where K is a line distribution on M, and o an equivalence class of
Lorentzian metrics such that

(1) for each g in o, K is null with respect to g;
(2) any two metrics g and g̃ in o are related by

g̃ = e2φ (g + 2κα) ,(7.1)

for some smooth function φ and 1-form α on M, and κ = g(k, ·) for any non-
vanishing section k of K.

We refer to (M,K,o) as a generalised optical geometry.

Remark 7.2. (1) The two conditions above are well-de�ned: ifK is null with respect
to a given metric g, then it is null with respect to any metric g̃ related to g via
(7.1).
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(2) Similarly, if K⊥ is the orthogonal complement to K with respect to one metric g
in o, thenK⊥ remains the orthogonal complement toK for any other metric g in
o. So the notion of orthogonal complement K⊥ with respect to o is well-de�ned.

(3) The requirement that g̃ in (7.1) must be non-degenerate implies that α(k) ̸= −1.
(4) If a metric g is in o, so is any metric in its conformal class [g].

Remark 7.3. When α ∧ κ = 0, the metric g̃ given in (7.1) reduces to

g̃ = e2φ
(
g + Fκ2

)
,

for some smooth function F . We can then view g̃ as an exact �rst-order perturbation
of g up to some overall factor. Its inverse is given by

g̃−1 = e−2φ
(
g−1 − Fk2

)
.

If in addition φ = 0, the metric g̃ is known as the (generalised) Kerr-Schild metric, and
if g is the Minkowski metric, simply as a Kerr-Schild metric.

A generalised optical structure (M,K,o) has an associated congruence of null curves
K tangent to K. The next proposition deals with the question of which geometric
properties of the congruence are shared by all metrics in o.

Proposition 7.4. Let (M,K,o) be a generalised optical geometry with congruence of
curves K. Then K is null with respect to any metric in o. Further, if the curves of
K are geodesics with respect to one metric in o, they are geodesics for any other. This
being the case, the twist and the shear of K do not depend on the choice of metric in o.

In other words, for any metrics g and g̃ in o, the two conformal optical geometries
(M, [g],K) and (M, [g̃],K) share the same optical properties.

Proof. Let k be a generator of K, g and g̃ two metrics in o. Then κ̃ = g̃(k, ·) =
e2φ(1 + α(k))κ. The result the follows from Lemma 4.6 and the de�ning equations
(4.15b) and (4.15c) for the twist and the shear, together with the fact that the Lie
derivative and the exterior derivative do not depend on the metric. □

We can therefore talk of a congruence of null geodesics K for (M,K,o) with given
shear and twist. We also note that Robinson and Trautman gave an interesting charac-
terisation of congruences of null geodesics in the context of generalised optical geometries
in [77] along the lines of the Robinson�Mariot theorem [53, 78].

Proposition 7.4 tells that two distinct (conformal) optical geometries may share the
same congruence of null geodesics with the same twist and shear. This can be made
more explicit by starting with an (n + 1)-dimensional manifold M, which we extend
to the trivial line bundle M = R×M. We shall construct a Lorentzian metric on M
and identify M as the leaf space of a congruence of null geodesics. Denote by ϖ the
natural projection from M to M, and the line distribution K on M de�ned by kerϖ∗
is tangent to a congruence K of curves, which are none other than the �bers of the
bundle M.

We also assume that M is endowed with a hyperplane distribution H. Let κ be
a 1-form annihilating H, and extend κ to a coframe (κ, θi) for M. Set κ = ϖ∗κ and
θi = ϖ∗θ

i. Now, choose a 1-form λ such that λ(k) does not vanish for any non-vanishing
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section k of K, and a positive de�nite symmetric matrix hij depending smoothly on
M. Then

g = 2κλ+ hijθ
i θj ,

is a Lorentzian metric on M for which K is null, and since for any section k of K,
£kκ = 0, the curves of K are geodesics. Hence (M, g,K) is an optical geometry.

The freedom in choosing λ, hij , together with the freedom in the choice of θi leads
to the equivalent class o of metrics related via (7.1). Hence M is endowed with a
generalised optical structure (K,o).

If the distribution H is involutive, i.e., κ ∧ dκ = 0, then, by the naturality of the
exterior derivative, κ ∧ dκ = 0, i.e., K is non-twisting.

If the distribution H is equipped with a Riemannian structure hij , then we can take
hij = e2φhij for some function φ on M. In this case, K is a non-shearing, and if φ is a
function on M, K is also non-expanding.

7.2. Generalised optical geometries as G-structures. The original de�nition of
a generalised optical structure of [97, 99, 81, 79, 82, 98], is given in terms of a G-
structure on a four-dimensional smooth manifold M where the structure group H is
the stabiliser of a line distribution K(1) and a rank-3 distribution K(3) such that K(1) ⊂
K(3), and a complex structure on each �ber ofK(3)/K(1). In particular, H is a subgroup
of GL(4,R), not SO(1, 3). Noting that the complex structure on K(3)/K(1) can be
replaced by a conformal structure, this admits a straightforward generalisation to higher
dimensions.

Proposition 7.5. Let M be a smooth oriented (n+2)-dimensional manifold. Then the
following statements are equivalent.

(1) M is endowed with a generalised optical structure (K,o).

(2) M is endowed with a pair of distributions K(1) and K(n+1) of rank 1 and n+1
respectively such that

K(1) ⊂ K(n+1)(7.2)

and its associated screen bundle K(n+1)/K(1) is equipped with a conformal struc-
ture of Riemannian signature.

Proof. Assume (1). With reference to De�nition 7.1, set K(1) := K. The notion of
orthogonal complement K⊥ of K does not depend on the choice of metric in o, so we
can set K(n+1) := K⊥. We have that K(1) ⊂ K(n+1) and it is straightforward to check
that o induces a conformal structure of Riemannian signature on K(n+1)/K(1): indeed,
let g and g̃ be two metrics in o related by (7.1), then for any v, w ∈ Γ(K⊥), we have
metrics

h(v +K,w +K) = g(v, w) , h̃(v +K,w +K) = g̃(v, w) ,

on K(n+1)/K(1) that are conformally related by h̃ = e2φh.
For the converse, assume (2). Choose a metric h in the conformal class on the

screen bundle, together with vector �elds (ei)i=1,...,n such that (ei +K(1))i=1,...,n form
an orthonormal frame on the screen bundle with respect to h, and set hij = h(ei, ej).
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Let (κ, θi)i=1,...,n be a set of 1-forms that spans Ann(K(1)) such that θi(ej) = δij , and
extend it to a coframe (κ, θi, λ)i=1,...,n on M. Then

g = 2κλ+ hijθ
i θj ,

is a Lorentzian metric on M for which K(1) is null. Now, the freedom in choosing the
coframe is given by

κ̃ = aκ , θ̃i = ϕj
iθj + ψiκ , λ̃ = bλ+ ciθ

i + fκ ,

where a, ϕj i, ψi, b, ci and f are smooth functions on M with ab ̸= 0, and ϕi
j pre-

serves hij . We are also free to choose a di�erent metric h̃ij = e2φhij for some smooth
function φ on the screen bundle. Then the metric on M corresponding to the coframe
(κ̃, θ̃i, λ̃)i=1,...,n and screen bundle metric h̃ij is given by

g̃ = 2κ̃ λ̃+ h̃ij θ̃
i θ̃j ,

and is related to g via (7.1) where

α = (abe−2φ − 1)λ+ ϕijψ
jθi +

1

2
ψkψ

kκ .

Hence, the geometric structure (2) gives rise to a generalised optical structure. □

Thus, we can view a generalised optical structure on a smooth manifold M as a G-
structure where the structure group H, say, of the frame bundle of M is reduced from
SL(n + 2,R) (or GL(n + 2,R) if we drop the assumption that M is oriented) to the
closed Lie subgroup H that stabilises the distribution �ltration (7.2) together with a
conformal structure on its associated screen bundle. From the proof of Theorem 7.5, we
see that H has dimension 1

2n(n + 3) + 4. The generalised optical geometry (M,K,o)

is integrable as a G-structure if and only if there exist local coordinates (u, v, xi) on M
and a metric g in o and a section k of K such that

(1) g = 2dudv+ δijdx
i dxj , where δij is the standard Euclidean metric on Rn, i.e.,

g is the Minkowski metric, and
(2) k = ∂

∂v .
The following theorem generalises a result in dimension four given in [81] to higher

dimensions.

Theorem 7.6. Let (M,K,o) be a generalised optical geometry with congruence of null
curves K. Then the following statements are equivalent:

(1) There exists a torsion-free linear connection compatible with o.
(2) K is a non-twisting non-shearing congruence of null geodesics.

Further, in dimension four (n = 2), (M,K,o) is integrable as a G-structure if and only
if any of the conditions (1) and (2) holds.

In dimensions six and higher (n > 3), in the neighbourhood of any point in M, there
exists smooth functions u and v such that

• ∂
∂v spans K,

• du annihilates K⊥,
• o contains the metric g = 2dudv + h, where h is a family of conformally �at
metrics smoothly parametrised by u.
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if and only if any of the conditions (1) and (2) holds together with the condition(
κ[aWbc][deκf ]

)
◦ = 0 ,(7.3)

for any 1-form κ annihilating K⊥, where Wabcd is the Weyl tensor of any metric in o.

Proof. We �rst establish the equivalence of (1) and (2) following the proof of [81]. Let
∇′ be a torsion-free linear connection compatible with o so that for any metric g in o
and section k of K, we have, with κ = g(k, ·),

∇′
aκb = αaκb ,

∇′
agbc = βagbc + 2 γa[bκc] ,

for some tensor �elds αa, βa and γab. Then, since ∇ is torsion-free,

κ[a(dκ)bc] = κ[a∇′
bκc] = 0 ,

£kgab = kc∇′
cgab + 2∇′

(aκb) = (βck
c)gab +

(
kcγc(a + α(a

)
κb) ,

which shows that K is a non-twisting non-shearing congruence of null geodesics.
Conversely, suppose K is a non-twisting non-shearing congruence of null geodesics.

Then we can �nd a metric g in o such that K is also non-expanding. The required linear
connection is then the one found in Proposition 4.24.

For the �nal part of the proof, suppose that condition (2) holds. Then there is a
metric g in o such that K is also non-expanding, i.e. (M, g,K) is a Kundt geometry.
In particular, in the neighbourhood of any point, there exists coordinates (u, v, xi) such
that g takes the form (4.16), which we recast as

g = 2dudv + hijdx
idxj + 2du

(
Aidx

i +Bdu
)
,

for some smooth functions Ai and B on M, and a family of symmetric tensors hij
on M smoothly parametrised by u, with the property that on restriction to each leaf
of constant u, hij is a Riemannian metric. Note that k = ∂

∂v is a section of K, and
κ = g(k, ·) = du.

When n = 2, the metric hij is always conformally �at, and we may assume that
hij = e2φδij where δij is the standard Euclidean metric on R2, and φ is a smooth
function of u and xi. Now, de�ne a new coordinate ṽ = e−2φv. Then

g = e2φ
(
2 dudṽ + δijdx

idxj
)
+ 2du

(
Ãidx

i + B̃du
)
,

for some functions Ãi and B̃ of u and xi. This shows in particular that the Minkowski
metric is in o, i.e., the G-structure is integrable.

In dimension n > 3, on each leaf of constant u, the vanishing of the Weyl tensor
W ijkℓ of hij is a necessary and su�cient condition for hij to be conformally �at. Now,
it is shown in [93] that condition (7.3) is equivalent to the equations

kaδbi δ
c
jk

dWabcd = 0 ,(
kaδbi δ

c
jδ

d
kWabcd

)
◦
= 0 ,(

δai δ
b
jδ

c
kδ

d
ℓWabcd

)
◦
= 0 .
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The �rst two conditions are the necessary curvature conditions forK to be a non-twisting
non-shearing congruence of null geodesics � see e.g. [71]. The last one is equivalent to
W ijkℓ = 0 � see for instance [93].

Finally, we note that the condition (7.3) is independent of the choice of metric in o.
Indeed, this condition refers only to the conformal structure on the screen bundle, and
this is an invariant of the generalised optical geometry.

The converse is obvious. □

Remark 7.7. Proving an analogous statement for the second part of Theorem 7.6 in
dimension �ve, i.e. n = 3, remains an open problem. The di�culty here is to �nd an
appropriate curvature condition that is equivalent to the vanishing of the Cotton tensor
of the (family of) metrics hij .

Remark 7.8. The connection given in Theorem 7.6 is not unique.

Example 7.9 (The Schwarzschild metric). The generalised optical structure to which
the Schwarzschild metric belongs is integrable in any dimensions. This follows from the
following form of the metric:

g = r2
(
1 +

1

4
hkℓx

kxℓ
)
hijdx

idxj − 2dudr − 2Hdrdr .

Example 7.10 (The Myers-Perry metric). The generalised optical structure to which
the Kerr metric belongs is not integrable in any dimensions. Indeed, while one can cast
the metric in Kerr-Schild form, the congruence of null geodesics is twisting. More specif-
ically, let us write the Minkowski metric in standard coordinates (t, xα, yα, z)α=1,...,m in
dimension 2m+ 2,

η = −(dt)2 +
m∑

α=1

(
(dxα)2 + (dyα)2

)
+ (dz)2 ,

and let

κ = dt+
m∑

α=1

r(xαdxα + yαdyα) + aα(x
αdyα − yαdxα)

r2 + a2α
+
z

r
dr ,

and

f =
Mr2

1−
∑m

α=1
a2α((x

α)2+(yα)2)
(r2+a2α)

2

1∏m
α=1(r

2 + a2α)
.

Here, the radial coordinate is de�ned by
m∑

α=1

(xα)2 + (yα)2

r2 + a2α
+
z2

r2
= 1 .

Then the Kerr-Myers-Perry metric in Kerr-Schild form is given by [55]

g = η + fκ2 .

The odd-dimensional case is similar.
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