Dynamics inside Fatou sets in higher dimensions

Mi Hu

March 15, 2023

Abstract

In this paper, we investigate the behavior of orbits inside attracting basins in higher
dimensions. Suppose F(z,w) = (P(z),Q(w)), where P(z),Q(w) are two polynomials
of degree mi,me > 2 on C, P(0) = Q(0) = 0, and 0 < |P'(0)],|Q'(0)] < 1. Let Q
be the immediate attracting basin of F(z,w). Then there is a constant C' such that
for every point (29, wp) € €2, there exists a point (Z,w) € UpF~%(0,0),k > 0 so that
dQ((zo,wg), (Z,tb)) < C,dgq is the Kobayashi distance on 2. However, for many other
cases, this result is invalid.

Mathematics Subject Classification (2020): 32H50 (primary); 32F45; 32A19
(secondary).

1 Introduction

In discrete dynamical systems, we are interested in qualitatively and quantitatively describing
the possible dynamical behavior under the iteration of maps satisfying certain conditions. In
our paper [5], Hu studied the dynamics of holomorphic polynomials on attracting basins and
obtained Theorem 1.1:

Theorem 1.1. [Hu, 2022] Suppose f(z) is a polynomial of degree N > 2 on C, p is an
attracting fived point of f(z), Q1 is the immediate basin of attraction of p, {f~*(p)}NQ # {p},
A(p) is the basin of attraction of p, Q;(i = 1,2,---) are the connected components of A(p).
Then there is a constant C so that for every point zy inside any %, there exists a point
q € UpfF(p) inside Q; such that dg,(20,q) < C, where dq, is the Kobayashi distance on ;.

Theorem 1.1 shows that in an attracting basin of a complex polynomial, the backward
orbit of the attracting fixed point either is the point itself or accumulates at the boundary
of all the components of the basin in such a way that all points of the basin lie within a
uniformly bounded distance of the backward orbit, measured with respect to the Kobayashi
metric. This is an interesting and innovative problem and result. There are no publications
by other researchers.

However, Hu [6] proved that Theorem 1.1 is no longer valid for parabolic basins of poly-
nomials in one dimension. This is a more interesting and surprising result.

Compared with one dimension, there are very interesting results about dynamics inside
attracting basins in higher dimensions. Let F(z,w) = (P(z),Q(w)), where P(z),Q(w) are



two polynomials of degree mi,ms > 2 on C, and F" : C?2 — C? be its n-fold iterate. In
complex dynamics, two crucial disjoint invariant sets are associated with F', the Julia set and
the Fatou set [11], which partition C2. The Fatou set of F is defined as the largest open set
where the family of iterates is locally normal. In other words, for any point (z,w) € C2, there
exists some neighborhood U of (z,w) so that the sequence of iterates of the map restricted
to U forms a normal family, so the iterates are well behaved. The complement of the Fatou
set is called the Julia set.

The classification of Fatou components in one dimension was completed in the '80s when
Sullivan [15] proved that every Fatou component of a rational map is preperiodic, i.e., there
are n,m € N such that f"*™(Q) = f™(Q). For more details and results, we refer the reader
to [2, 4, 11]. In higher dimensions, the dynamics is quite different and more fruitful than in
C. We refer the reader to [10, 12, 13, 14] for more details and results.

The connected components of the Fatou set of F' are called Fatou components. A Fatou
component ) C C? of F is invariant if F(Q) = Q. For (z,w) € C2, the set {(zp,w,)} =
{(z1,w1) = F(z0,w0), (22,w2) = F?(20,wp),---} is called the orbit of the point (z,w) =
(z0,wp). If (2, wn) = (20, wp) for some integer N, we say that (20, wp) is a periodic point of
F of periodic N. If N = 1, then (29, wq) is a fixed point of F. There have been few detailed
studies until now of the more precise behavior of orbits inside the Fatou set. For example,
let A(2,w') := {(z,w) € C% F"(z,w) — (¢/,w')} be the basin of attraction of an attracting
fixed point (2/,w’). One can ask when (29, wp) is close to dA(2', w’), what orbits {(z,,wy)} of
(20, wp) going from (zg, wp) to near the attracting fixed point (z’,w’) look like, or how many
iterations are needed.

In this paper, we will investigate how the orbits behave inside the attracting basin of
F(z,w) in C?. We obtain the following, Theorem 3.2 in section 3:

Theorem. 3.2. Suppose F(z,w) = (P(z),Q(w)), where P(z),Q(w) are two polynomials
of degree mi,ma > 2 on C, P(0) = Q(0) = 0, and 0 < |P'(0)|,|Q'(0)| < 1. Let Q be the
immediate attracting basin of F(z,w). Then there is a constant C' such that for every point
(20,wo) € Q, there exists a point (Z,W) € UgF~%(0,0),k > 0 so that do((z0,wo), (2,0)) <
C,dq is the Kobayashi distance on €.

However, Theorem 3.2 is not valid for any of the following cases:

Let F(z,w) = (P(z),Q(w)), where P(z), Q(w) are two polynomials of degree my,mg > 2
on C and P(0) = Q(0) = 0.

(1) P(z) = 2™, Q(w) = w™;
(2) P(z) =2™0<|Q(0)] <1, ie, P'(0)=0;
(3) P(z) =2",Q'(0) =1, i.e., P'(0) = 0;

(4) 0< |P(0)] <1,Q(0) = 1;

(5) P'(0) =Q'(0) =1.

Polynomial skew products, for example, [7, 8], have been useful test cases for complex
dynamics in two dimensions. This allows one to use one variable results in one of the variables:
Suppose F' is a polynomial skew product, F'(z,w) = (P(z), Q(z,w)), where P(z), Q(z,w) are



two polynomials of degree my, ms > 2 on C and P(0) = 0,Q(0,0) = 0. We will prove that,
in the following cases in section 4, Theorem 3.2 fails as well:

(1) P(z) = 2%,Q(z,w) = w? + az,a € C;

(2) P(2) = az + 2%,Q(z,w) = w? + cw + bz,0 < |a|,|b],|c| << 1 and |a| >> |c|,|a|] >>
|b], [e| >> |ab|.

Acknowledgement

I appreciate my advisor John Erik Fornzess very much for giving me this research problem
and for his valuable comments and patient guidance. In addition, thanks very much to the
employees at NTNU, Norway, for all their kind help during my visit. At last, I am very
grateful to the University of Parma for supporting my Ph.D. study.

2 Preliminaries

First of all, let us recall the definition of the Kobayashi metric, for example, [1, 3, 9, 16].

Definition. Let O € C™ be a domain. We choose a point z € 2 and a vector £ tangent to C”
at the point z. Let A denote the unit disk in the complex plane C. We define the Kobayashi

metric

Fo(2,6) = imf{A>0:3f: A L% Q £(0) = 2,Af'(0) = ¢}

Let ~v:[0,1] — Q) be a piecewise smooth curve. The Kobayashi length of ~ is defined to
be

1
Lo(y) = / Fo(2,€)|dz| = / Foy (v (0,7 () |7/ (1) .
Y

For any two points z; and zo in Q, the Kobayashi distance between z; and z9 is defined
to be

de(21,22) = inf{Lg(7) : 7 is a piecewise smooth curve connecting z; and 23}.

Note that dQ(zl, z9) is defined when z; and z3 are in the same connected component of
Q.

Let dg(z1, 22) denote the Euclidean metric distance between any two points z1, 29 € A.

3  Dynamics of holomorphic polynomials inside Fatou sets of

F(z,w) = (P(2), Q(w))

In this section, we study how precisely the orbit goes inside attracting basins of F(z,w) =
(P(2),Q(w)), where P(z),Q(w) are two polynomials of degree my,ma > 2 on C.



3.1 Dynamics of F(z,w) = (2™, w™),m > 2, i.e., P'(0) =Q'(0) =0

Theorem 3.1. Let F(z,w) = (2™, w™),m > 2. We choose an arbitrary constant C > 0
and the point (¢,¢),0 < € << 1. Then there exists a point (29, wo) € A so that for any
(2,W) € UR{F~*(e,e)},k >0, the Kobayashi distance da((20,w0), (Z,%)) > C.

Proof. We know (3, W) = (/™" e1/™") for some positive integer k. Then |z| = |@]. We
take (29, wo) = (1 —9,6), ¢ is sufficiently small depending on C. Then

dpxa ((z0,w0), (2 Br)) = daxa ((z0,wo), (€7, /™))
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3.2 Dynamics of F(z,w) = (P(z),Q(w)), P(0) = Q(0) = 0,0 < |P'(0)],|Q(0)] < 1
Theorem 3.2. Suppose F(z,w) = (P(2),Q(w)), where P(z),Q(w) are two polynomials of
degree my,my > 2 on C, P(0) = Q(0) = 0, and 0 < |P'(0)[,|Q'(0)] < 1. Let Q be the
immediate attracting basin of F(z,w). Then there is a constant C' such that for every point
(20, wo) € Q, there exists a point (Z,%) € UpF~%(0,0),k > 0 so that do((20,wo), (Z,@)) <
C,dq is the Kobayashi distance on €.

Proof. Let the immediate basin of attraction of P(z),Q(w) be denoted by Qp,Qq, respec-
tively. Then € = Qp x Qg.



By the conclusion of Theorem 2.9 in [5], we know that there is a constant Cp(Cg) such that

for every point zo(wo) € Qp(Qg), there exists a point () € Uy P~*(0)(UrQ " (0)), k, k' > 0

so that dqp(20,2) < Cp,(dag(wo, W) < Cq), where da,(da,) is the Kobayashi distance

on Qp(Qg). Suppose K = max{k,k'} and C = max{Cp,Cq}, then 7 € UP~%(0),% €

UrQ@%(0). Hence (2,w) € UxF~5(0,0) € Q. Therefore, do((z0,wo), (2,%)) < C,dg is the
Kobayashi distance on €.

O

3.3 Dynamics of F(z,w) = (P(z),Q(w)),P(0) =Q(0) =0

(1) P(z)=2",0<]Q(0) <1, ie., P'(0) = 0;
(2) P(z) =2",Q'(0) =1, ie., P'(0) = 0;

(3) 0<|P(0)] <1,Q'(0) =

(4) PI(0)=Q(0) =1.

Theorem 3.3. Suppose F(z,w) = (P(2),Q(w)), where P(z),Q(w) are two polynomials of
degree my,mg > 2 on C, P(0) = Q(0) = 0, and the P'(0),Q'(0) are as in any of the above
four cases. Let §) be the immediate attracting basin of F(z,w). Then there exists a point
(z0,wp) € Q s0 that for any (2,) inside the preimage set under {F~F} of the fized point
(0,0) or a point very close to (0,0), the Kobayashi distance do((z0,wo), (Z,w)) > C.

Proof. If P'(0) = 0,0 < |Q'(0)] < 1, by Theorem 3.1 and 3.2, we know Q = A x Qg. We
choose zy = 1 — 8, & small enough. Then we know that z = !/ m* and

da((z0,wo), (Z,0)) = max(dA(zo, Z), dag (wo, W ))
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as § — 0. Then the proof is done.

If P(z) =2",Q(0) =1o0r0<|P(0)] <1,Q(0) = 1, by the result in the paper [6],
we know this theorem is valid since dq, (wo,®w) is unbounded. Hence the same reason for
P'(0) =Q'(0) = 1.

O

4  Dynamics of Polynomial skew products inside attracting
basins of F(z,w) = (P(z),Q(z,w))

Polynomial skew products have been useful test cases for complex dynamics in two dimen-
sions. This allows one to use one variable results in one of the variables. However, for



F(z,w) = (P(z),Q(z,w)), we can not calculate the Kobayashi distance dq((zo,wo), (Z,w))
by analyzing dq, (20, 2), do, (wo, W) separately as for F(z,w) = (P(z), Q(w)) since Qg also
depends on the z-coordinate. In this section, we consider the dynamics of F'(z,w) near (0,0)
and study two simple cases.

4.1 Dynamics of F(z,w) = (2%, w? + az)

Theorem 4.1. Suppose F(z,w) = (22, w? + az), a # 0. Let Q be the immediate attracting
basin of (0,0) and 0 < ¢ << 1. We choose an arbitrary constant C' > 0. Then there exists
a point (20, wo) € Q so that for any (Z,w) € U{F~*(¢,0)},k > 0, the Kobayashi distance
do((z0, o), (2,w)) > C.

Proof. We choose zy = 0. Note that the projection map 7 : © — A, 7w(z,w) = z is dis-
tance decreasing in the Kobayashi metric. In addition, we know that the z-coordinate
of any point in F~*(g,0) approaches to A as k — oo. Hence there is an [ so that if
k > I, then do((0,w), F~*(e,0)) > C for any wq. Let (2;,w;),5 = 1,---, N be the points
in {F~*(e,0)}x<;. Next, we want to show that there is a wq so that (0,wg) € Q and
dQ((O,wo), (zj,wj)) >Cforany j=1,---,N.

We first deal with a small ¢ and then with general a. When a is small, we have the
following lemma.

Lemma 4.2. Let D := {(z,w);|z] < 1,|w| < 3/4} be a bidisc. If |a| < 3/16, then D C Q.

Proof. 1f |w| < 3/4, then |w?| < 9/16. Hence we have |w? + az| < 9/16 + |a| < 3/4.
O

Now we continue to prove Theorem 4.1. Let f(z) = wo = 2/3 for |z| < 1. Then 7y =
(2, f(2))is agraph over |z| < 1inside Q. Then F~1(y0) = F~1(z, f(2)) = (Vz, V/ f(2) — ay/2).
Let us choose 71 = (v/z,\/ f(2) —av/z) := (2,y/f(2?) — az) = (z, f1(2)). By induction, we
can have vo = (2,1/f1(22) — az) = (2, f2(2)); ... ;7 = (2, fu(2)), here we always choose f, ()
so that f,,(0) > 0. Note that inductively f,,(z) > 2/3, hence f,(2?) — az never has any zeros,
which means any branches of f,, cannot meet at some points of z € D, i.e., none of any two
graphs of ~, intersect each other in D. Then lim, . v, C 9€ since 7 does not go through
(0,0) and 9 C 2 so that the backward orbits of 7y converge to 0€2. By Montel’s theorem,
there is a convergent subsequence f,,(z) = foo(2), then (2, foo(2)) € 02 and fs(0) = 1. This
implies that for any z, 7. (2) € 09, for every Q,, where €, is the slice of Q at z.

Let h(z,w) = w — foo(2), then h(z,w) is holomorphic on 2. And we know that h(0,w) =
w — 1, then lim,,_,; ~(0,w) = 0. Hence h(z,w) is vanishing at (0,1) and h(2) C A(0, R)\ {0}
for some constant radius R > 1 since {2 is a bounded set.

Let us recall the Kobayashi metric on the punctured disk, see example 2.8 in [11]. The
universal covering surface of A(0, R) \ {0} can be identified with the left half-plane {w =
u+ dv;u < 0} under the exponential map w +— z = Re® € A(0,R) \ {0} with dw = £.

Hence the Kobayashi metric ]%"] on the left half-plane corresponds to the metric Tl‘ffl on
R

the punctured disk A(0, R) \ {0}, where r = |2| and u = In .




Then let z := h(0,wp) := limy—1 ~(0,w) and y := h(z;,w;) for j =1,--- ,N. Then

da((0,wo), (2j,w;)) > dao,r \{0}(50 Y)

|
z|ln

= |In(|Iny/R[) — In(|Inz/R|)]
— 00,

as x — 0.

For general a, although we cannot choose a cylinder as in Lemma 4.5, we can first choose
Do == {(z,w); |2] <n << 1,|w| < 3/4}. Let f( ) = wo = 2/3 for \z| < 77, then 40 = (2, f(2))
is a graph over |z| < 1. We have F~1(3q) = F~1(2,w0) = (v/z, /W2 — ay/2). Then we choose
f1 =1/ f(22) — az restricted to |z| < . Inductively, fni1(2) = \/fn(ZQ) — az is restricted to
|z| < 7 as well. Then one gets fn(2) — foo(2), then (z, foo(2)) € 0 and fao(0) = 1.

Second, let Dy := {(z,w);|2| < /n,w € C}. We choose go(z) = wj = foo(2) where
|z| < 1. And ), = (2,90(2)) is a graph over |z| < n. Then we have F~1(z,w}) := (2,91(2))
for |z| < n. However, there are two cases:

(1) If go — az # 0 for |z| < /. Then there are two solutions of g1, we denote them
by g11 = Vwf —ayzig12 = —Vwi —av/z,|z| < /. We let g1 be one of them and
Dy = {(z,w);|2| < y/n,w € C}.

(2) If go — az = 0 has one or more zeros on |z| < /7. We let g; denote the multivalued
function. We repeat this for go(2) = \/g1(22) — az, etc. We continue this process until we
obtain a multivalued function g,(z) well defined on |z| < /2", here n will be determined
below. Hence, ¢, (z) will have at most 2" sheets. Meanwhile, we let D,,1o := {(z,w);|2| <
n'/?" w e C}.

Then one gets g,(2) — goo(2), then (z,lim, o gn(2)) € 9N and lim, o gn(0) = 1.
However, we cannot simply choose h(z, w) = w — goo(2). The reason is there are 2 sheets
of gn(z) for every integer n, and it is possible that some of them meet at some z € D41,
eg. gn1(?) = gnioo(z') = 0 for some 2’ € {z;]z| < n*/?"}, ie., gn_1(2?) — az has zeroes in
D,,. Hence we let ﬁ(z,w) = Hz‘:l,mgn (w - gm(z)) Then h is holomorphic on D, 1 and
limy,—1 2(0,w) = 0. Thus, h vanishes at (0,1) and h(Q) € A0, R) \ {0} for some constant
radius R > 1 since () is a bounded set. In addition, we can choose n big enough so that all
finitely many (zj,w;) are inside Dj,41.

Then let 2/ := h(0, wo) := limy_ (0, w) and 3 = h(zj,w;) for j =1,--- ,N. Then

dp,, ., ((0,w0), (25, w;)) > dao R)\{O} (')

‘/ |z\ln |2 In B ’

= |In(|Iny'/R[) — In(|Ina’/R])|
— 00,

as ' — 0.



In the end, we still need to show that for any two points (0,wy), (2;,w;) inside Dy41,
the Kobayashi distance dp,,((0,wo), (2, w;)) is approximately equal to do((0,wo), (2, w;))
as long as Dypy1 CC Dy, and D, is very close to €. We prove the following localization
result for the Kobayashi metric (see [3]).

Lemma 4.3. For 0 < s <1, let Qs = {(z,w) € Q|2| < s}. Fizx 0 <r <1, let 0 <c < 1.
Then there exists an R (r < R < 1) so that for every p € Q, and &, we have

cKa(p,§) > Kag(p,§) = Ka(p,§).

Proof. By the Definition in section 2, we know

Fo,(p,&) :==inf{\ > 0:3f: A L%, £(0) = p, \f'(0) = £}.

We choose 7 < R < 1,

Fon(p,&) :=inf{u>0:3g: A L% 0, g(0) = p,Ag'(0) = &}.

Let g : A — A and g(0) = p, ¢’(0) = p&. By Schwarz Lemma, we know that |g(rz)| < |rz| <r
for |z| < 1. Then we choose f(z) = g(rz) € Q, with f/(0) = ¢¢’(0.) Therefore, we have

cKa(p, &) > Kai(p,§) > Ka(p,§).

O]

Hence, dqo((0,wo), (25, w;)) = dp,,,,((0,wo), (zj,w;)) — oo for general a. Thus, there ex-
ists a point (20, wp) = (0,1—5) € Q, where § — 0, so that for any (Z,@) € UP{F~%(¢,0)},k >
0, the Kobayashi distance dg((20,wo), (Z,w)) > C.

]

4.2 Dynamics of F(z,w) = (2* + az,w? + cw + bz),0 < |al, 0], |c]| << 1

Theorem 4.4. Suppose F(z,w) = (az + 22, w? + cw + b2),0 < |al,|b],|c| << 1, and |a| >>
|, |a| >> |b],|c| >> |ab|. Let Q be the immediate attracting basin of (0,0). We choose an
arbitrary constant C > 0. Then there exists a point (zo,wo) € 2 so that for any (Z,w) €
U{F%(0,0)},k > 0, the Kobayashi distance do((z0,wo), (Z,@)) > C.

Note that if we first fix a,c and let b be chosen smaller and smaller, then Theorem 3.2
always fails, but in the limit case when b = 0, Theorem 3.2 is valid. This shows that the
situation is very unstable.

Proof. To prove this theorem, we first prove the following lemma:

Lemma 4.5. Let Qy/3 = {(z,w),z € Qp,|w| < 2/3}, then F(Qy3) C /3. Moreover,
Q)3 C Q.



Proof. We know Qp C {z,|z| < 2}. If |w| < 2/3, we obtain |w? + cw + bz| < |w?| + |¢||w]| +
bllz] < 4/9+42¢/3+[bl|z| < 4/9+[c|+2[b] < 2/3 for 0 < [c], [b] << 1. Thus, F'(Qy/3) € Qy/3.
Let (z1,w1) € Q93 and (2p, wy) be the orbit of (z1,w1). We know z, — 0, and |w,| < 2/3
since F(€/3) C Qy/3. Then |wy 1] < [wp]? + [ef[wn] + [b][ 2] < (2/3+ |¢])|wn| + [b]|2n|. Hence

wp, — 0. Therefore, Q5,3 C Q.
O

Lemma 4.6. Let §2, be the slice of Q at z and 2, 5/3 = {(2,w) € ., |w| < 2/3}. Then, each
Q. is connected and simply connected.

Proof. Since Q(w) = w? + cw + bz is a two-to-one function, every point w € §2 P(z) has two
preimages inside {2, counting multiplicity. Hence F': (2, — Qp(.) is a double covering and it

has a critical point w = —§ in the w-coordinate.

Suppose there exists at least two disjoint connected components !, Q2 inside 2, and
(2,0) € QL. Then Q.23 C QL. By Lemma 4.5, we know F(€,9/3) € Qp(;)2/3- In addition,
F sends €, to Qp(,), then we know F(Qh C Qp(z)-

Furthermore, we know that every point inside 2p(.) 2,3 has two preimages inside Q! since

F' is a double covering, and it has a critical point w = —5, which is very close to 0 in the
w-coordinate. Hence F(02) N Qp(2),2/3 = 0. Inductively, we know F*(92)N Qpn(z)0/3 = 0.
Thus, F"(92) cannot converge to 0. Therefore, 22 is not inside (2.

By the maximum principle, we know that 2, is simply connected.

O]

Lemma 4.7. Let zy be a preimage of —a € P71(0), i.e., zxy € P~N(—a), where N is large
enough. Then we have (0,0) & F"(Q,, 2/3) for any integer n > 1.

Proof. Let us take a point (zn,wn) € €2, 9/3 where N is sufficiently large, then F'(zy,wy) =
(zv—1,wn-1) € Loy 172, F2 (v, wn) = (2n-2, wN—2) € Qo 5173, F2 (2n, wn) = (2n-3, wN-_3) €
ey g1/a- FAD] < Jw| < 1/4, we know that

w? + cw + 26| < [w|(jw| + |e] + 1/2) < 7/8|w].

This shows w will shrink to 0 very fast. Thus, for some uniformly large L >> 4, we will
have |wy_;| < 4[b| for all L < I < N. Then inductively, FN=1(zx,wy) = (—a,w;) €
Quy apyive, jwi| < 4[bl. And FN (z2n, wn) = (0,wp) = (0,w? + cwy + bz1). Then

1
0< §|ab| < |ab| — 16b|? — 4|cb| < |wo| = |w? + cwy + bz1| < 16]b|> +4|cb| + |ab| < 2|ab| << |c|

since |a| >> |c|, |a] >> b, |c| >> |ab].
Therefore, (0,0) ¢ F"(zn,$y3) for any n < N. However, for n > N, we use that F'
restricted to the w-axis is just w — w? 4+ cw ~ cw, so w, goes to 0 but never lands on 0.
O

Lemma 4.8. Let Qy, = F~"(Qy3). Then for (Z,,Wn) € Qn, the Buclidean distance dg(wn, 0z, ) —
0 in Qz, when n — oo.



Proof. Suppose that for some € > 0, there exists arbitrarily large N1 such that, in QgNl, the
Euclidean distance dg(wn,, 082z, ) > €. Then since ’%‘ > 2lw| —|c| > L >1for |w| > 2, it
follows that the distance dg(wn, -1, 6951\[171) > %5. Repeating this for large [ times, we have
dp(WN, -1, 8951\,1_[) > %5l > 4. It will get a contradiction to dg(Wn, i, 8QgN1_l) bounded by
4.

O

Lemma 4.9. Let D := 0QN{(z,w);z € P(z)}. Then D is laminated by holomorphic graphs
w = fa(z). Moreover, the Kobayashi distance do((zn,0),(2,w)) > C for any (zn,0) €
Doy, (2,0) € U{F5(0,0)} € Q,,,k > 0,N > N(C).

Proof. The set 03 is laminated by graphs w = %ew. Then we take F*I(w = {%ew}) =

—cty /02—4bz—%ei9 1.9 . . 9 8 0 .

5 := f1’%. Tt is obvious that ¢ —4bz — 5e' # 0 since 0 < [b], |c| << 1,]z| < 2.
Hence F~1 (w = {%eie}) always has two disjoint preimages. Then we can use f11 2 t0 laminate
F=1(09y3)-

Inductively, we can use fjl’2 to laminate F~7(8Qy3),j > 2. We know that F*(jfl)(é?QQ/(g)

is laminated by f]-l’_zl, hence w = fjl’_21 () are graphs inside F~U~1) (90, /3)- Then we calculate

FYw=f;7%(2)) : let

Hence
22+ aZ =2, W? + W +bZ = w,
then
W2+ W +bZ = f;(2) = fi(Z* +aZ),
W24+ W +bZ — f;(Z% +aZ) =0,
thus,

— —ct /2 —4bZ +Af{(Z2 +aZ)
N 2

Then let fo(z) = lim; 00 Fi (w = {%eio}). Therefore, D is laminated by graphs w = f,(z).

Next, we need to show in any different slices Q,,, and any (Z,w) in any slices €., , we
always have dq((zn,0), (2,w)) > C as long as (2,w) — 0. Here we choose N sufficiently
large. Note that the Kobayashi distance dq, (zk, zn) > C, if zy — 0Qp for a fixed k (See
[16]). So we can assume both k£ and N are very large. However, by Lemma 4.8, w0 is very
close to some point denoted by (Z,7) in 09Q;.

Let H : Q@ — A(0,R) \ {0}, H(z,w) = w — fo(z). Here we choose a so that fo(Z) =
n. Then H(z,w) is holomorphic on €. And we know that H(z,w) = w — fu(z), then
limy, . (-) H(z,w) = 0. Hence H(z,w) is vanishing at (Z,1) and H(2) C A(0,R) \ {0}

for some constant radius R > 1 since €2 is a bounded set.

= fjlfl(Z)-
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Then let ' := H(z,w) and 3 := H(Z,w). Then

do((z,w), (2,w)) = da OR)\{o}(x y)

|
z\ln

= [In(|Iny'/R[) — In(|In 2"/ R])]
— 00,

as @' = 0,i.e.,w — fo2).

O]

Now we continue to prove Theorem 4.4 using the same method as in Theorem 4.1. We
take (20,wo) = (2n,0) € €, 9/3. Then H(y/3) C A0, R) \ {0}, H(Z, @) — 0 as k — oo.
Therefore, we know that there exists a point (20, wo) = (2n,0) so that for any (Z,w) €
UR{F~%(0,0)}, k > 0, the Kobayashi distance do((z0, wo), (2,@)) = do((2n,0), (P7(0),Q~%(0))) >
dA(O,R)\{O} (x’,y’) > (C for all i € N.

O
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