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Abstract. The mathematical model of grain boundary motion, including lattice misorientations’
effect, is considered. When time-dependent lattice misorientations are state variables of the surface
tension of the grain boundary, to ensure the energy dissipation law, one can obtain a curvature flow of
networks with time-dependent mobilities. This paper studies the solvability and long-time asymptotic
behavior of the curvature flow subjected to the Herring condition which ensures that the constituent
grain boundary surface tensions are balanced at the triple junction.

1. Introduction

There are many kinds of research about the curvature flow of networks related to planar grain
boundary motion. According to the theory by Mullins and Herring [19, 36, 37], the curvature flow
of networks is well-known as a typical model for the evolution of grain boundaries in polycrystalline
materials as an evolution law of local interactions. In addition, the classical curvature flow of networks
can be derived from the principle of maximum dissipation for the total grain boundaries, under the
assumption that the total grain boundary energy depends only on the surface tension of the grain
boundaries and the surface tension is constant. When the surface tension depends on the grain
boundary’s normal vector in order to take into account the grain boundary energy anisotropy, the
anisotropic curvature flow of networks can be derived similarly. These flows are well-studied as
significant geometric variational problems.

In this paper, we study the case that the grain boundary energy is affected by the shape of
the grain boundary and other grain boundary structures. Namely, the surface tension has other
state variables in our case. A grain boundary is made from two or more single grains, which have
different lattice orientations. A mismatch of the lattice orientations neighboring grains is called a
lattice misorientation. Because the lattice orientation is discontinuous at the grain boundary in
general, one should include the lattice misorientation in state variables of the grain boundary energy.
Kinderlehrer and Liu [25] derived the governed equations, by the principle of maximum dissipation,
of the evolution of grain boundaries with the lattice misorientations as a parameter and studied
mathematical analysis of the system. Epshteyn, Liu, and the second author [12] developed their
work to assume that the lattice misorientations depend on time. Here we briefly explain the case of
one triple junction (see figure 1).

We consider the following grain boundary energy of the system

(1.1) 𝐸 (𝑡) =
3∑
𝑗=1

𝜎(Δ( 𝑗)𝛼(𝑡))𝐿 ( 𝑗) (𝑡),
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Figure 1. Grain boundaries/curves Γ( 𝑗)
𝑡 that meet at a triple junction ®𝑎(𝑡). Lattice

orientations are angles (scalars) 𝛼( 𝑗) (𝑡). Misorientation Δ( 𝑗)𝛼(𝑡) of Γ( 𝑗)
𝑡 is the difference

between two lattice orientations of grains that share grain boundary Γ( 𝑗)
𝑡 . The unit

tangent vector of Γ( 𝑗)
𝑡 with the direction starting from 𝑃

( 𝑗)
𝑡 and ending to ®𝑎(𝑡) is denoted

by 𝜏
( 𝑗)
𝑡 . The unit normal vector, which is the 90 degree counterclockwise rotation of

𝜏
( 𝑗)
𝑡 , is denoted by 𝜈

( 𝑗)
𝑡 .

where 𝜎 = 𝜎(𝛼) : R→ R is a given surface tension of a grain boundary, 𝛼( 𝑗) = 𝛼( 𝑗) (𝑡) : [0,∞) → R
is a time-dependent orientation of the grains, Δ( 𝑗)𝛼 := 𝛼( 𝑗−1) − 𝛼( 𝑗) is a lattice misorientation of

the grain boundary Γ( 𝑗)
𝑡 , and 𝐿 ( 𝑗) (𝑡) is the length of Γ( 𝑗)

𝑡 for 𝑗 = 1, 2, 3. For simplicity of notation,
we write 𝛼(0) = 𝛼(3). Impose that three ends of the grain boundaries Γ( 𝑗) are the same position
®𝑎(𝑡), called a triple junction, and the other end of Γ( 𝑗) is a given fixed point 𝑃( 𝑗). In this work, we
assume that a grain boundary energy density 𝜎(Δ( 𝑗)𝛼) is independent of the normal vector of the

grain boundary Γ( 𝑗)
𝑡 , namely, our system is isotropic with respect to Γ( 𝑗)

𝑡 . As a result of applying the
principle of maximum dissipation for the energy (1.1), the following model was derived in [12]:

(1.2)



𝑉
( 𝑗)
𝑡 = 𝜇𝜎(Δ( 𝑗)𝛼)𝜅 ( 𝑗)𝑡 , on Γ( 𝑗)

𝑡 , 𝑡 > 0, 𝑗 = 1, 2, 3,

𝑑𝛼( 𝑗)

𝑑𝑡
= −𝛾

(
𝜕𝛼𝜎(Δ( 𝑗+1)𝛼)𝐿 ( 𝑗+1) (𝑡) − 𝜕𝛼𝜎(Δ( 𝑗)𝛼)𝐿 ( 𝑗) (𝑡)

)
, 𝑡 > 0, 𝑗 = 1, 2, 3,

𝑑 ®𝑎
𝑑𝑡

(𝑡) = −𝜂
3∑

𝑘=1

𝜎(Δ(𝑘)𝛼)𝜏(𝑘)𝑡 , 𝑡 > 0, at ®𝑎,

®𝑎(𝑡) = ®𝜉 (1) (1, 𝑡) = ®𝜉 (2) (1, 𝑡) = ®𝜉 (3) (1, 𝑡), and ®𝜉 ( 𝑗) (0, 𝑡) = 𝑃( 𝑗) , 𝑡 > 0, 𝑗 = 1, 2, 3,

where 𝜉 ( 𝑗) (·, 𝑡) : [0, 1] → R2 is a parametrization of Γ( 𝑗)
𝑡 for 𝑡 ≥ 0, 𝑉

( 𝑗)
𝑡 is the normal velocity of Γ( 𝑗)

𝑡 ,

𝜅
( 𝑗)
𝑡 is the curvature of Γ( 𝑗)

𝑡 , 𝜇, 𝛾, 𝜂 > 0 are constants, 𝜏(𝑘)𝑡 is the unit tangent vector on Γ(𝑘)
𝑡 and 𝑃( 𝑗)

is a fixed point. For the sake of notational simplicity, we denote Δ(4)𝛼 = Δ(1)𝛼. From (1.2), we have
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energy dissipation which took a form as presented below;

𝑑𝐸

𝑑𝑡
= −

3∑
𝑗=1

(
1

𝜇

∫
Γ ( 𝑗 )
𝑡

|𝑉 ( 𝑗)
𝑡 |2𝑑𝑠 + 1

𝛾

����𝑑𝛼( 𝑗)

𝑑𝑡
(𝑡)

����2) − 1

𝜂

����𝑑 ®𝑎𝑑𝑡 ����2 ,
where 𝑠 is the arc-length parameter of Γ( 𝑗)

𝑡 . Note that the third equation of (1.2) is a kind of dynamic
boundary condition for the differential equations. When we take the relaxation limit 𝜂 → ∞, the
third equation turns into a force balance condition, known as the Herring condition, at the triple
junctions. More in-depth discussion and complete details of the derivation of the model (1.2) can be
found in the recent paper by Epshteyn, Liu and the second author [12, Section 2].

In [11, 12], they relaxed the curvature effect by taking the limit 𝜇 → ∞ and derived an ODE
system, and studied well-posedness, long-time asymptotics, and numerical analysis of the system.
In [13], they considered ensembles of triple junctions and misorientations (without the curvature
effect), and they used white noises to describe interactions among the grain boundaries and the
triple junctions in a grain boundary network, including modeling of critical/disappearance events,
e.g., grain disappearance, facet/grain boundary disappearance, facet interchange and splitting of
unstable junctions. However, the well-posedness and long-time asymptotics of the system with the
curvature effect is not still well-known.

On the other hand, the second and third authors [35] considered the well-posedness and long-time
asymptotics of a curve shortening equation related to the grain boundary motion (1.2). The curve
shortening equation was derived from the principle of maximum dissipation of the energy 𝜎(Δ𝛼) |Γ𝑡 |
with the periodic boundary condition. Since the misorientation is a state variable of the energy and
depends on time, the associated curve shortening equation has a time-dependent mobility coefficient.
However, the interaction among the grain boundaries at the triple junction, even though the limiting
case 𝜂 → ∞, is not well-known since the prior work studied only one grain boundary.

In this paper, we consider (1.2) in the case 𝜂 → ∞, namely, curvature flow of networks with time
dependent mobility governed by the evolving lattice misorientations, and with the Herring condition

at the triple junction. We thus consider a motion of connected curves Γ( 𝑗)
𝑡 ⊂ R2( 𝑗 = 1, 2, 3) and

anisotropy parameters 𝛼( 𝑗) (𝑡) ∈ R governed by

𝑉
( 𝑗)
𝑡 = 𝜎(Δ( 𝑗)𝛼(𝑡))𝜅 ( 𝑗)𝑡 on Γ( 𝑗)

𝑡 ,(1.3)

𝜕𝑡𝛼
( 𝑗) (𝑡) = −𝛾{𝜕𝛼𝜎(Δ( 𝑗+1)𝛼(𝑡))𝐿 ( 𝑗+1) (𝑡) − 𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡))𝐿 ( 𝑗) (𝑡)},(1.4)

®𝑎(𝑡) = ®𝜉 (1) (1, 𝑡) = ®𝜉 (2) (1, 𝑡) = ®𝜉 (3) (1, 𝑡),(1.5)

3∑
𝑘=1

𝜎(Δ(𝑘)𝛼(𝑡))𝜏(𝑘)𝑡 = 0 at ®𝑎,(1.6)

®𝜉 ( 𝑗) (0, 𝑡) = 𝑃( 𝑗) .(1.7)

Here, we let 𝜇 in (1.2) be 1 without loss of generality. Throughout the paper, a unit normal vector

𝜈
( 𝑗)
𝑡 of Γ( 𝑗)

𝑡 is chosen as the 90 degree rotation of 𝜏
( 𝑗)
𝑡 counter-clockwise. The velocity 𝑉 ( 𝑗) and

the curvature 𝜅
( 𝑗)
𝑡 are positive if the normal velocity vector and the curvature vector face the same

direction of 𝜈
( 𝑗)
𝑡 , respectively. Furthermore, the curves Γ( 𝑗)

𝑡 are numbered counter-clockwise around
the junction point. According to the argument as in [6], the Herring condition (1.6) implies that

𝜎(Δ(1)𝛼(𝑡))
sin 𝜃 (2)

=
𝜎(Δ(2)𝛼(𝑡))

sin 𝜃 (3)
=
𝜎(Δ(3)𝛼(𝑡))

sin 𝜃 (1)
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by letting 𝜃 ( 𝑗) (𝑡) ∈ (0, 2𝜋) be the angle between Γ( 𝑗)
𝑡 and Γ( 𝑗+1)

𝑡 . Therefore, the angles at the junction
change with time evolution in our setting, which is an especially different behavior from the classical
curvature flow. Notice that all angles are always 120 agree if 𝜎 is constant. We thus intend to
study the existence theory and long-time asymptotics of the geometric flow governed by the system
(1.3)–(1.7).

For the classical curvature flow of networks, in other word, for the case that 𝜎 is a constant, the
existence theory was studied by Bronsard-Reitich [6] for initial triod of class 𝐶2+𝛽. Mantegazza-
Novaga-Tortorelli [34] extended the result in the case that the initial network has four or more grains
of same class. The regularity assumption on the initial network to obtain the uniqueness of the
flow was recently improved by [17] in Sobolev classes. In the all articles, they first re-formulate the
geometric flow to a system of the parametrization 𝜉 ( 𝑗) and apply a classical existence theory for the
system. Mantegazza-Novaga-Tortorelli [34] also proved that the flow becomes smooth immediately
by deriving energy type estimates for the derivatives of the curvatures. In this argument, similar
energy type estimates for the tangent velocity is required since the regularity of the flow can be
discussed from the smoothness of 𝜉 ( 𝑗) and the system of 𝜉 ( 𝑗) depends on not only the normal velocity
but also the tangent velocity. We note that the smoothing effect was proved also in [17] introducing
a linearized operator around the unique solution and applying functional analysis. In this paper, we
re-formulate the geometric flow (1.3)–(1.7) to a system of an angle Θ( 𝑗) of the tangent vector (see
Remark 2.6 for the relationship between Θ( 𝑗) and 𝜉 ( 𝑗)), the orientation 𝛼( 𝑗) and the length of the
curves 𝐿 ( 𝑗). Since the curvature coincides with the derivative of Θ( 𝑗) with respect to the arc-length,
the re-formulation make it easier to discuss the relation between the regularity/asymptotics of Θ( 𝑗)

and the curvature. We thus can skip deriving energy type estimates of the tangent velocity (see also
Remark 6.15).

First present result is the short time existence of the geometric flow starting from a smooth initial
smooth triod under the following assumption.

(A1) 𝛾 > 0, 𝜎 ∈ 𝐶∞(R), 𝜎(𝛼) > 0 for any 𝛼 ∈ R.

We apply a classical existence theory for systems as in Ladyženskaja-Solonnikov-Ural’ceva’s book
[26] to a linearized system of Θ( 𝑗), 𝛼( 𝑗) and 𝐿 ( 𝑗) almost in line with the arguments in [6, 34]. The
compatibility condition for the initial curves and the complementing condition for the boundary
conditions (see Section 2.2 for the details of the definitions) will be required to apply the theory. We
present the existence result as follows.

Theorem 1.1. Assume (A1). Let 𝑘 ∈ N with 𝑘 ≥ 3 and 𝛽 ∈ (0, 1). Assume that Γ( 𝑗)
0 is a regular

𝐶𝑘+𝛽 curve and connect the fixed point 𝑃( 𝑗) and a junction point ®𝑎(0) for 𝑗 ∈ {1, 2, 3}. Assume also

each angle between Γ( 𝑗+1)
0 and Γ( 𝑗)

0 at the junction point is less than 𝜋. Further assume that the pair of

{Γ( 𝑗)
0 } 𝑗∈{1,2,3} and {𝛼( 𝑗)

0 } 𝑗∈{1,2,3} ⊂ R3 satisfies the compatibility condition of order 𝑘 for the geometric
flow (1.3)–(1.7). Then, there exists 𝑇 > 0 such that a geometric flow governed by (1.3)–(1.7) with

initial datum {Γ( 𝑗)
0 } 𝑗∈{1,2,3} and {𝛼( 𝑗)

0 } 𝑗∈{1,2,3}, whose triod is of class 𝐶𝑘+𝛽 at every time, uniquely
exists until the time 𝑇 .

Furthermore, if Γ( 𝑗)
0 is smooth for 𝑗 ∈ {1, 2, 3} and the pair of {Γ( 𝑗)

0 } 𝑗∈{1,2,3} and {𝛼( 𝑗)
0 } 𝑗∈{1,2,3}

satisfies the compatibility condition of any order for the geometric flow (1.3)–(1.7), then a smooth

geometric flow governed by (1.3)–(1.7) with initial datum {Γ( 𝑗)
0 } 𝑗∈{1,2,3} and {𝛼( 𝑗)

0 } 𝑗∈{1,2,3} uniquely
exists until some time 𝑇 ′ > 0.

Note that the compatibility condition at least requires the following two conditions; the initial triod
and initial orientation parameters satisfy the Herring condition (1.6) at 𝑡 = 0; and the initial angle
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condition at the junction point ensures that the linearized system satisfies the complimenting condi-
tion. The more detailed regularity of the geometric flow will be stated at the level of parametrization
as in Proposition 2.14. The extension of the existence result as in [17] is a future work to obtain the
uniqueness of the geometric flow with initial triods of lower regularity classes.

We now focus on the asymptotics of the geometric flow of triods. For the classical curvature flow,
Magni, Mantegazza and Novaga [32] proved the 𝐿2-boundedness of the curvatures by combining
blow-up arguments and Huisken’s monotonicity formula [20]. This boundedness and the energy type
estimates in [34] imply the convergence of the flow of triods to the stationary Steiner triod connecting
three endpoints 𝑃( 𝑗) in the 𝐶∞ topology. One of the key properties in this stability result is that the
Steiner triod is a unique minimizer of (1.1) with constant 𝜎 if the following condition (A2) holds.

(A2) Each interior angle of the triangle generated by the fixed points {𝑃( 𝑗)} 𝑗∈{1,2,3} is less than
2𝜋/3.

We note that, in this case, the Steiner triod is the union of three line segments connecting the fixed
point 𝑃( 𝑗) and the Fermat point of the triangle with vertexes 𝑃(1) , 𝑃(2) and 𝑃(3). In our problem, as
a first step to analyze the asymptotics, we further assume the following condition (A3), which yields
the convexity of 𝜎.

(A3) 𝜎 satisfies 𝜕𝛼𝜎(0) = 0 and 𝜕2𝛼𝜎(𝛼) > 0 for any 𝛼 ∈ R.

The equilibrium of our problem is then a family of the unique Steiner triod and orientations with
0-misorientation. We note that an equilibrium with non-zero misorientations possibly exists if 𝜎
is non-covex (see Remark 3.2). We further note that the monotonicity formula can not be easily
extended to our problem because of the differently development of the surface tensions 𝜎(Δ( 𝑗)𝛼).
Indeed, the monotonicity formula for the flow of just one curve was proved in [35] by applying a
time-rescaling along with the development of the surface tension. In our problem, it may be difficult
to choose a time-rescaling along with the development of the all surface tensions 𝜎(Δ( 𝑗)𝛼). Therefore,
the analysis on the asymptotics as in [32] can not be easily applied to our problem. We thus extend
the exponential 𝐿2-decay estimate of the curvatures as in [15] for the classical curvature flow of triods
with Neumann boundary condition. We also modify the dissipation estimate of the misorientation
as in [12] for the system (1.2) with relaxed the curvature effect to obtain the exponential decay of
the misorientations in our problem. As a result, extending the energy type estimates as in [34] for
our problem, we obtain the smoothing effect, the global existence result and the asymptotic result
under a closeness of initial datum to the equilibrium as follows.

Theorem 1.2. Let 𝛾, 𝜎, 𝑃( 𝑗) ( 𝑗 = 1, 2, 3) satisfy the assumptions (A1)–(A3). Assume that each
initial regular curve Γ( 𝑗) is of class 𝐻2 and connects the fixed point 𝑃( 𝑗) and a junction point ®𝑎(0)
for 𝑗 ∈ {1, 2, 3}. Further assume the pair of the initial triod and the initial orientations {𝛼( 𝑗)

0 } 𝑗∈{1,2,3}
satisfies the Herring condition (1.6) at 𝑡 = 0. Then, there exist 𝑚 > 0 and 𝜀 > 0 such that a geometric

flow governed by (1.3)–(1.7) with the initial datum {Γ( 𝑗)
0 } 𝑗∈{1,2,3} and {𝛼( 𝑗)

0 } 𝑗∈{1,2,3}, whose triod is
smooth at every positive time, exists globally in time if

(1.8)

3∑
𝑗=1

𝜎(Δ( 𝑗)𝛼0)𝐿 ( 𝑗) (0) ≤ 𝜎(0)𝑚,
3∑
𝑗=1

{(
Δ( 𝑗)𝛼0

)2
+

∫
Γ ( 𝑗 )
0

(
𝜎(Δ( 𝑗)𝛼0)

)2
(𝜅 ( 𝑗)0 )2 𝑑𝑠

}
≤ 𝜀,

where 𝑠 is the arc-length for each initial curve Γ( 𝑗)
0 . Furthermore, the triod ∪3

𝑗=1Γ
( 𝑗)
𝑡 converges expo-

nentially fast to the unique Steiner triod connecting the three fixed endpoints 𝑃( 𝑗) in the 𝐶∞ topology

and 𝛼( 𝑗) (𝑡) converges exponentially fast to (𝛼(1)
0 + 𝛼(2)

0 + 𝛼(3)
0 )/3 as 𝑡 → ∞ for any 𝑗 ∈ {1, 2, 3}.
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Here, we note that the uniqueness of the flow is unknown in our method except the case that the
initial triod is of class 𝐶3+𝛽, while we can obtain the Hölder continuity (with respect to the time
variable) of the moving triod at the initial time in 𝐶1+𝛽 topology for arbitrary 𝛽 ∈ (0, 1/2) (see also
Corollary 6.14).

We further refer to other works related to our problem. For the classical curvature flow of triods
with a homogenous Neumann boundary in bounded domain, the asymptotics was studied in [15, 21].
The former study [21] shows that the linear stability of stationary triod depends on the curvature
of the domain at the three end-points of the triod. The latter study [15] gives a proof of the local
exponential stability of the stationary triod when it has linear stability. Some arguments in the
previous studies are adopted in this paper to derive the Poincaré type inequality, which is a key to
prove the exponential 𝐿2-decay of the curvatures. We also note that, for classical curvature flow of
networks with more than 3 fixed boundary points, the local asymptotic stability of the minimizer of
the total length was recently shown by Pluda-Pozzetta [38] by investigating the  Lojasiewicz-Simon
inequality for networks. On the other hand, for the interior behavior of networks with a lot of grains, a
part of grains may vanish in finite time. The shrinking result was first proved in [14, 18] for motion of
Jordan curves and self similar shrinkers were constructed. We also refer to [3, 4, 7] for the examples
of the classification of the self similar shrinkers in the motion of networks. Mantegazza-Novaga-
Tortorelli [34] also studied type I and type II singularities in addition to the existence theorem and
the smoothing effect. Because of the singularities, weak solutions of the multi-phase mean curvature
flow have also been studied well. We here refer to [5, 23, 24] for the existence theory of measure
theoretic solutions, which are so-called the Brakke flow, and [27, 28, 29] for the construction of
distributional solutions in the framework of BV functions. The existence of strong solutions without
the Herring condition at the initial time is also important in view of the analysis of the singularities
since the Herring condition is lost when a grain vanishes. This kind of the existence theory was
studied in [22, 30, 33].

The rest of the paper is organized in the following way. We first introduce a re-formulation of the
geometric flow and prove Theorem 1.1 in Section 2. The equilibriums will be studied in Section 3.
Section 4 lists some geometric properties for the computations in the sequel. The exponential decay
of the misorientations is also prove in this section. The exponential 𝐿2-decay of the curvatures is
proved in Section 5 and higher order estimates are derived in Section 6 to continue to prove Theorem
1.2.
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2. Local existence theory in a smooth setting

In this section, we prove the local existence of the geometric flow in a smooth setting. We first

introduce an angle function of Γ( 𝑗)
𝑡 and re-formulate the problem to apply a classical theory for

parabolic partial differential equations. We note that our re-formulation is different from it in [6, 34]
as we mentioned in the introduction.
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2.1. Parametrization of Γ( 𝑗)
𝑡 and re-formulation of the problem. Let the curve Γ( 𝑗)

𝑡 be
parametrized by a smooth map 𝜉 ( 𝑗) = 𝜉 ( 𝑗) (𝑥, 𝑡) : [0, 1] × [0, 𝑇) → R2 and define an angle func-
tion Θ( 𝑗) = Θ( 𝑗) (𝑥, 𝑡) : [0, 1] × [0, 𝑇) by

(2.1) 𝜏
( 𝑗)
𝑡 =

𝜕𝑥𝜉
( 𝑗)

|𝜕𝑥𝜉 ( 𝑗) |
=

(
cosΘ( 𝑗)

sinΘ( 𝑗)

)
to re-formulate (1.3) and (1.5)–(1.7). Here, the angle Θ is chosen to be continuous with respect to
𝑥 and 𝑡, and to satisfy Θ(1) (0, 0) ∈ [0, 𝜋) and Θ( 𝑗+1) (1, 0) − Θ( 𝑗) (1, 0) ∈ [0, 2𝜋). Therefore, the angle

𝜃 ( 𝑗) (𝑡) between Γ( 𝑗)
𝑡 and Γ( 𝑗+1)

𝑡 at the junction coincides with Θ( 𝑗+1) (1, 𝑡) −Θ( 𝑗) (1, 𝑡) modulo 2𝜋. Let

𝜆
( 𝑗)
𝑡 be the tangent velocity of Γ( 𝑗)

𝑡 . Then we have

𝜕𝑡𝜉
( 𝑗) = 𝑉

( 𝑗)
𝑡 𝜈

( 𝑗)
𝑡 + 𝜆

( 𝑗)
𝑡 𝜏

( 𝑗)
𝑡 = 𝜎(Δ( 𝑗)𝛼(𝑡))𝜅 ( 𝑗)𝑡 𝜈

( 𝑗)
𝑡 + 𝜆

( 𝑗)
𝑡 𝜏

( 𝑗)
𝑡 .

Recall that we have rescaled so that 𝜇 = 1 for (1.2) when we introduce the geometric flow (1.3)–(1.7).

Notice also that the arc-length 𝑠 of Γ( 𝑗)
𝑡 satisfies

(2.2) 𝜕𝑠 =
1

|𝜕𝑥𝜉 ( 𝑗) |
𝜕𝑥 .

We discuss some geometric identities to re-formulate the geometric flow.

Lemma 2.1. Any smooth geometric flow satisfying (1.3)–(1.7) fulfills the following identities.

𝜕𝑡 |𝜕𝑥𝜉 ( 𝑗) | = (−𝑉 ( 𝑗)
𝑡 𝜅

( 𝑗)
𝑡 + 𝜕𝑠𝜆

( 𝑗)
𝑡 ) |𝜕𝑥𝜉 ( 𝑗) | = (−𝜎(Δ( 𝑗)𝛼)(𝜕𝑠Θ( 𝑗))2 + 𝜕𝑠𝜆

( 𝑗)
𝑡 ) |𝜕𝑥𝜉 ( 𝑗) |,(2.3)

𝜕𝑡Θ
( 𝑗) = 𝜕𝑠𝑉

( 𝑗)
𝑡 + 𝜅

( 𝑗)
𝑡 𝜆

( 𝑗)
𝑡 = 𝜎(Δ( 𝑗)𝛼)𝜕2𝑠Θ( 𝑗) + (𝜕𝑠Θ( 𝑗))𝜆( 𝑗)

𝑡 ,(2.4)

for any (𝑥, 𝑡) ∈ [0, 1] × [0, 𝑇) and 𝑗 ∈ {1, 2, 3}. Furthermore,

(2.5) 𝜅
( 𝑗)
𝑡 = 𝜕𝑠Θ

( 𝑗) = 𝜆
( 𝑗)
𝑡 = 0 at 𝑃( 𝑗)

for any 𝑗 ∈ {1, 2, 3} and

3∑
𝑗=1

𝜎(Δ( 𝑗)𝛼)𝑉 ( 𝑗)
𝑡 =

3∑
𝑗=1

(𝜎(Δ( 𝑗)𝛼))2𝜕𝑠Θ( 𝑗) = 0 at ®𝑎(𝑡)(2.6)

for any 𝑗 ∈ {1, 2, 3}.

Proof. The equalities (2.3) and (2.4) can be obtained by a standard argument, (1.3) and 𝜅
( 𝑗)
𝑡 = 𝜕𝑠Θ( 𝑗).

We thus refer to [8, Chapter 1] for the details of the proof. We now prove only (2.5) and (2.6).
From 𝜉 ( 𝑗) (0, 𝑡) = 𝑃( 𝑗) (𝑡) for any 𝑡 ∈ [0, 𝑇) and 𝑗 ∈ {1, 2, 3}, taking the time derivatives on both

sides, we have

𝑉
( 𝑗)
𝑡 𝜈

( 𝑗)
𝑡 + 𝜆

( 𝑗)
𝑡 𝜏

( 𝑗)
𝑡 = 𝜕𝑡𝜉

( 𝑗) (0, 𝑡) = 0

at the boundary point. Since 𝜈
( 𝑗)
𝑡 and 𝜏

( 𝑗)
𝑡 are linearly independent, we have (2.5).

Since 𝜉 (1) (1, 𝑡) = 𝜉 (2) (1, 𝑡) = 𝜉 (3) (1, 𝑡) at the junction point ®𝑎(𝑡), those time derivatives are also
same. We thus have by taking inner product 𝜕𝑡𝜉

(𝑖) (1, 𝑡) with (1.6) rotated by 90 degrees counter-
clockwise

0 =

〈
3∑
𝑗=1

𝜎(Δ( 𝑗)𝛼)𝜈( 𝑗)𝑡 , 𝜕𝑡𝜉
(𝑖) (1, 𝑡)

〉
=

3∑
𝑗=1

〈𝜎(Δ( 𝑗)𝛼)𝜈( 𝑗)𝑡 , 𝑉
( 𝑗)
𝑡 𝜈

( 𝑗)
𝑡 + 𝜆

( 𝑗)
𝑡 𝜏

( 𝑗)
𝑡 〉 =

3∑
𝑗=1

𝜎(Δ( 𝑗)𝛼)𝑉 ( 𝑗)
𝑡
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at the junction point ®𝑎(𝑡). □

We will derive a representation formula of 𝜆
( 𝑗)
𝑡 and substitute it into (2.4). The following lemma

shows a representation formula of 𝜆
( 𝑗)
𝑡 at the junction point.

Lemma 2.2. Any smooth geometric flow satisfying (1.3)–(1.7) fulfills

(2.7)
©­­«
𝜆(1)
𝑡

𝜆(2)
𝑡

𝜆(3)
𝑡

ª®®¬ = − 1

1 − 𝑐(1)𝑐(2)𝑐(3)
©­«
𝑐(1)𝑐(2)𝑠(3) 𝑠(1) 𝑐(1)𝑠(2)

𝑐(2)𝑠(3) 𝑠(1)𝑐(2)𝑐(3) 𝑠(2)

𝑠(3) 𝑠(1)𝑐(3) 𝑐(1)𝑠(2)𝑐(3)

ª®¬ ©­«
𝜎(Δ(1)𝛼)𝜕𝑠Θ(1)

𝜎(Δ(2)𝛼)𝜕𝑠Θ(2)

𝜎(Δ(3)𝛼)𝜕𝑠Θ(3)

ª®¬
at ®𝑎(𝑡) (or at 𝑥 = 1), where 𝑐( 𝑗) = cos(Θ( 𝑗+1) − Θ( 𝑗)) and 𝑠( 𝑗) = sin(Θ( 𝑗+1) − Θ( 𝑗)) for 𝑗 = 1, 2, 3.

Proof. We have by (1.5)

𝜕𝑡 ®𝑎(𝑡) = 𝑉
( 𝑗)
𝑡 𝜈

( 𝑗)
𝑡 + 𝜆

( 𝑗)
𝑡 𝜏

( 𝑗)
𝑡 = 𝑉

( 𝑗+1)
𝑡 𝜈

( 𝑗+1)
𝑡 + 𝜆

( 𝑗+1)
𝑡 𝜏

( 𝑗+1)
𝑡 ,

which implies by taking the inner product with 𝜏
( 𝑗)
𝑡

(2.8) 𝜆
( 𝑗)
𝑡 = −𝑠( 𝑗)𝑉 ( 𝑗+1)

𝑡 + 𝑐( 𝑗)𝜆( 𝑗+1)
𝑡 .

We thus obtain by a simple calculation©­­«
𝜆(1)
𝑡

𝜆(2)
𝑡

𝜆(3)
𝑡

ª®®¬ = − 1

1 − 𝑐(1)𝑐(2)𝑐(3)
©­«
𝑐(1)𝑐(2)𝑠(3) 𝑠(1) 𝑐(1)𝑠(2)

𝑐(2)𝑠(3) 𝑠(1)𝑐(2)𝑐(3) 𝑠(2)

𝑠(3) 𝑠(1)𝑐(3) 𝑐(1)𝑠(2)𝑐(3)

ª®¬
©­­«
𝑉 (1)
𝑡

𝑉 (2)
𝑡

𝑉 (3)
𝑡

ª®®¬ .
Apply (1.3) and 𝜕𝑠Θ( 𝑗) = 𝜅

( 𝑗)
𝑡 to obtain (2.7). □

Since the tangent velocity 𝜆
( 𝑗)
𝑡 depends on the choice of the parametrization of Γ( 𝑗)

𝑡 , we thus restrict
the parametrization to satisfy

(2.9) |𝜕𝑥𝜉 ( 𝑗) (𝑥, 𝑡) | = 𝐿 ( 𝑗) (𝑡) for 𝑥 ∈ [0, 1] .
A similar restriction can be seen in [9]. Note that we will construct a geometric flow satisfying (2.9)

later (see also Remark 2.6). Then, 𝜆
( 𝑗)
𝑡 can be determined uniquely and we obtain the following

formula.

Lemma 2.3. For any smooth geometric flow, let 𝜉 ( 𝑗) : [0, 1] × [0, 𝑇) be a parametrization of Γ( 𝑗)
𝑡

satisfying (2.9). Then,

(2.10) 𝜆
( 𝑗)
𝑡 (𝑥) = 𝜎(Δ( 𝑗)𝛼(𝑡))

𝐿 ( 𝑗) (𝑡)

∫ 𝑥

0
(𝜕𝑥Θ( 𝑗) (𝑥, 𝑡))2 𝑑𝑥 + 𝑥

𝑑

𝑑𝑡
𝐿 ( 𝑗) (𝑡)

for (𝑥, 𝑡) ∈ [0, 1] × [0, 𝑇) and 𝑗 ∈ {1, 2, 3}.
Proof. Taking the time derivative on the both sides of the square of (2.9) and dividing the equality
by 2, we have by Frenet-Serret formulas

𝐿 ( 𝑗) (𝑡) 𝑑
𝑑𝑡

𝐿 ( 𝑗) (𝑡) = 〈𝜕𝑥𝜉 ( 𝑗) , 𝜕𝑥𝜕𝑡𝜉 ( 𝑗)〉

= 〈𝜕𝑥𝜉 ( 𝑗) , 𝜕𝑥 (𝑉 ( 𝑗)
𝑡 𝜈

( 𝑗)
𝑡 + 𝜆

( 𝑗)
𝑡 𝜏

( 𝑗)
𝑡 )〉

= (𝐿 ( 𝑗) (𝑡))2〈𝜕𝑠𝜉 ( 𝑗) , 𝜕𝑠 (𝑉 ( 𝑗)
𝑡 𝜈

( 𝑗)
𝑡 + 𝜆

( 𝑗)
𝑡 𝜏

( 𝑗)
𝑡 )〉

= (𝐿 ( 𝑗) (𝑡))2(−𝜅 ( 𝑗)𝑡 𝑉
( 𝑗)
𝑡 + 𝜕𝑠𝜆

( 𝑗)
𝑡 ),
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which implies

𝜕𝑥𝜆
( 𝑗)
𝑡 =

𝜎(Δ( 𝑗)𝛼(𝑡))
𝐿 ( 𝑗) (𝑡)

(𝜕𝑥Θ( 𝑗))2 + 𝑑

𝑑𝑡
𝐿 ( 𝑗) (𝑡)

due to (1.3) and 𝜕𝑠Θ( 𝑗) = 𝜅
( 𝑗)
𝑡 . Integrating it with respect to 𝑥 and applying (2.5), we have (2.10). □

Plugging (2.10) into (2.4), we obtain a differential equation which involves 𝐿 ( 𝑗) (𝑡) in the coefficients.
We thus have to derive a differential equation of 𝐿 ( 𝑗) (𝑡) to re-formulate the geometric flow into a
system of Θ( 𝑗) , 𝛼( 𝑗) and 𝐿 ( 𝑗). We obtain immediately the following equation by substituting 𝑥 = 1
into (2.10).

Lemma 2.4. Any smooth geometric flow satisfying (2.9) fulfills

(2.11)
𝑑

𝑑𝑡
𝐿 ( 𝑗) (𝑡) = −𝜎(Δ( 𝑗)𝛼)

𝐿 ( 𝑗)

∫ 1

0
(𝜕𝑥Θ( 𝑗))2 𝑑𝑥 + 𝜆

( 𝑗)
𝑡 (1).

Summarizing the results so far, we obtain the following system. Hereafter, let ®Θ = (Θ(1) ,Θ(2) ,Θ(3)),
®𝐿 = (𝐿 (1) , 𝐿 (2) , 𝐿 (3)) and ®𝛼 = (𝛼(1) , 𝛼(2) , 𝛼(3)) for simplicity.

Proposition 2.5. Any smooth geometric flow satisfying (1.3)–(1.7) and (2.9) fulfills the following

system of ®Θ, ®𝐿 and ®𝛼.

(2.12)



𝜕𝑡Θ( 𝑗) = 𝜎(Δ( 𝑗 )𝛼)
(𝐿 ( 𝑗 ) )2 𝜕2𝑥Θ

( 𝑗) + 𝑓 ( 𝑗) ( ®Θ, ®𝐿, ®𝛼), (𝑥, 𝑡) ∈ (0, 1) × (0, 𝑇), 𝑗 = 1, 2, 3,

𝜕𝑥Θ( 𝑗) (0, 𝑡) = 0, 𝑡 ∈ (0, 𝑇), 𝑗 = 1, 2, 3,∑3
𝑗=1 𝜎(Δ( 𝑗)𝛼(𝑡)) cosΘ( 𝑗) (1, 𝑡) = 0, 𝑡 ∈ (0, 𝑇),∑3
𝑗=1 𝜎(Δ( 𝑗)𝛼(𝑡)) sinΘ( 𝑗) (1, 𝑡) = 0, 𝑡 ∈ (0, 𝑇),∑3
𝑗=1

(𝜎(Δ( 𝑗 )𝛼(𝑡)))2
𝐿 ( 𝑗 ) (𝑡) 𝜕𝑥Θ( 𝑗) (1, 𝑡) = 0, 𝑡 ∈ (0, 𝑇),

𝜕𝑡𝐿
( 𝑗) = −𝜎(Δ( 𝑗 )𝛼)

𝐿 ( 𝑗 )

∫ 1

0
(𝜕𝑥Θ( 𝑗))2 𝑑𝑥 + 𝑔( 𝑗) ( ®Θ, ®𝛼), 𝑡 ∈ (0, 𝑇), 𝑗 = 1, 2, 3,

𝜕𝑡𝛼
( 𝑗) = −𝛾{𝜕𝛼𝜎(Δ( 𝑗+1)𝛼)𝐿 ( 𝑗+1) − 𝜕𝛼𝜎(Δ( 𝑗)𝛼)𝐿 ( 𝑗)}, 𝑡 ∈ (0, 𝑇), 𝑗 = 1, 2, 3,

where

(2.13)

𝑓 ( 𝑗) ( ®Θ, ®𝐿, ®𝛼)(𝑥, 𝑡) = 𝜎(Δ( 𝑗)𝛼)𝜕𝑥Θ( 𝑗) (𝑥, 𝑡)
(𝐿 ( 𝑗))2

{∫ 𝑥

0
(𝜕𝑥Θ( 𝑗) (𝑥, 𝑡))2 𝑑𝑥 − 𝑥

∫ 1

0
(𝜕𝑥Θ( 𝑗) (𝑥, 𝑡))2 𝑑𝑥

}
+ 𝑥𝜕𝑥Θ( 𝑗) (𝑥, 𝑡)

𝐿 ( 𝑗) 𝑔( 𝑗) ( ®Θ, ®𝛼),

(𝜆( 𝑗)
𝑡 (1) =)𝑔( 𝑗) ( ®Θ, ®𝛼)(𝑡) = − 1

1 − 𝑐(1)𝑐(2)𝑐(3)

{
𝑐( 𝑗)𝑐( 𝑗+1)𝑠( 𝑗+2)

𝜎(Δ( 𝑗)𝛼)
𝐿 ( 𝑗) 𝜕𝑥Θ

( 𝑗) (1, 𝑡)

+ 𝑠( 𝑗)
𝜎(Δ( 𝑗+1)𝛼)

𝐿 ( 𝑗+1) 𝜕𝑥Θ
( 𝑗+1) (1, 𝑡)

+ 𝑐( 𝑗)𝑠( 𝑗+1)
𝜎(Δ( 𝑗+2)𝛼)

𝐿 ( 𝑗+2) 𝜕𝑥Θ
( 𝑗+2) (1, 𝑡)

}
,

𝑐( 𝑗) (𝑡) = cos(Θ( 𝑗+1) (1, 𝑡) − Θ( 𝑗) (1, 𝑡)), 𝑠( 𝑗) (𝑡) = sin(Θ( 𝑗+1) (1, 𝑡) − Θ( 𝑗) (1, 𝑡)).

Proof. We have (2.12) except the third and forth equalities by combining Lemma 2.1, Lemma 2.2,
Lemma 2.3 and Lemma 2.4. The remained equalities follow from (1.6) and the definition of Θ( 𝑗). □
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Remark 2.6. For any smooth functions Θ( 𝑗) : [0, 1] × [0, 𝑇) → R and 𝐿 ( 𝑗) : [0, 𝑇) → (0,∞), and
also the fixed end-points 𝑃( 𝑗), we can construct uniquely a moving curve satisfying (2.1) and (2.9) as

𝜉 ( 𝑗) (𝑥, 𝑡) :=

(∫ 𝑥

0
𝐿 ( 𝑗) (𝑡) cosΘ( 𝑗) (𝑥, 𝑡) 𝑑𝑥,

∫ 𝑥

0
𝐿 ( 𝑗) (𝑡) sinΘ( 𝑗) (𝑥, 𝑡) 𝑑𝑥

)
+ 𝑃( 𝑗) ,

where 𝜉 ( 𝑗) is the parametrization of the moving curve. Therefore, our aim can be achieved to construct
a geometric flow governed by (1.3)–(1.7) from a solution to (2.12) applying the above representation
formula of 𝜉 ( 𝑗).

2.2. Linearized system. We introduce a linearized problem of ®Θ to apply a standard existence
theory for the system as in [26]. A solution to (2.12) will be found by constructing a contraction map

from the linearized problem and the differential equations of ®𝐿 and ®𝛼 in (2.12). We thus consider

the following linearized problem around initial datum ®Θ0, ®𝐿0 and ®𝛼0 of ®Θ, ®𝐿 and ®𝛼, respectively, for

the differential equation of ®Θ in (2.12).

(2.14)



𝜕𝑡Θ( 𝑗) − 𝜎(Δ( 𝑗 )𝛼0)
(𝐿 ( 𝑗 )

0 )2
𝜕2𝑥Θ

( 𝑗) = 𝐹 ( 𝑗) (𝑥, 𝑡), (𝑥, 𝑡) ∈ (0, 1) × (0, 𝑇), 𝑗 ∈ {1, 2, 3},

𝜕𝑥Θ( 𝑗) (0, 𝑡) = 0, 𝑡 ∈ (0, 𝑇), 𝑗 ∈ {1, 2, 3}∑3
𝑗=1

(
𝜎(Δ( 𝑗)𝛼0) sinΘ( 𝑗)

0 (1)
)
Θ( 𝑗) (1, 𝑡) = 𝑏1(𝑡), 𝑡 ∈ (0, 𝑇),∑3

𝑗=1

(
𝜎(Δ( 𝑗)𝛼0) cosΘ( 𝑗)

0 (1)
)
Θ( 𝑗) (1, 𝑡) = 𝑏2(𝑡), 𝑡 ∈ (0, 𝑇),∑3

𝑗=1
(𝜎(Δ( 𝑗 )𝛼0))2

𝐿
( 𝑗 )
0

𝜕𝑥Θ( 𝑗) (1, 𝑡) = 𝑏3(𝑡), 𝑡 ∈ (0, 𝑇),

where 𝐹 ( 𝑗) and 𝑏𝑖 are given function for 𝑗 = 1, 2, 3 and 𝑖 = 1, 2. We note that if we choose 𝐹 ( 𝑗) and
𝑏𝑖 are as

(2.15)

𝐹 ( 𝑗) (𝑥, 𝑡) =
(
𝜎(Δ( 𝑗)𝛼)
(𝐿 ( 𝑗))2

− 𝜎(Δ( 𝑗)𝛼0)
(𝐿 ( 𝑗)

0 )2

)
𝜕2𝑥Θ

( 𝑗) + 𝑓 ( 𝑗) ( ®Θ, ®𝐿, ®𝛼),

𝑏1(𝑡) =
3∑
𝑗=1

{
𝜎(Δ( 𝑗)𝛼) cosΘ( 𝑗) (1, 𝑡) +

(
𝜎(Δ( 𝑗)𝛼0) sinΘ( 𝑗)

0 (1)
)
Θ( 𝑗) (1, 𝑡)

}
,

𝑏2(𝑡) =
3∑
𝑗=1

{(
𝜎(Δ( 𝑗)𝛼0) cosΘ( 𝑗)

0 (1)
)
Θ( 𝑗) (1, 𝑡) − 𝜎(Δ( 𝑗)𝛼) sinΘ( 𝑗) (1, 𝑡)

}
,

𝑏3(𝑡) =
3∑
𝑗=1

(
(𝜎(Δ( 𝑗)𝛼0))2

𝐿
( 𝑗)
0

− (𝜎(Δ( 𝑗)𝛼))2
𝐿 ( 𝑗) (𝑡)

)
𝜕𝑥Θ

( 𝑗) (1, 𝑡),

then the system of (2.14) the last two equations (2.12) is equivalent to (2.12). We here construct a

solution to (2.14) for general functions 𝐹 ( 𝑗) , 𝑏𝑖 and initial datum ®Θ0, ®𝐿0 and ®𝛼0. In order to apply
a standard existence theory for systems as in [26], the parabolicity, complementing condition and
compatibility condition should be satisfied. For our system (2.14), since the parabolicity obviously
holds, we will discuss the other conditions. We refer to [26, p.601, Definition 4] for the detail of
the definition of the parabolicity for systems. First, we show that the complementing condition is
satisfied (see [26, Section 9 in Chapter VII] for the detail of the complementing condition).

Lemma 2.7. The boundary conditions in (2.14) satisfy the complementing condition if Θ( 𝑗+1)
0 (1) −

Θ( 𝑗)
0 (1) ∈ (0, 𝜋) for 𝑗 = 1, 2, 3.
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Proof. We demonstrate according to Bronsard and Reitich [6] (see also Eidelman and Zhitarashu
[10]). We will discuss the complementing condition at 𝑥 = 1 since the condition at 𝑥 = 0 is obviously
satisfied. To describe the complementing condition at 𝑥 = 1, let L(𝑥, 𝑡, 𝜕𝑥 , 𝜕𝑡) and B(1, 𝑡, 𝜕𝑥 , 𝜕𝑡) be the
3× 3 matrix of the differential equation and the boundary conditions at 𝑥 = 1 in (2.14), respectively,
i.e.,

L(𝑥, 𝑡, 𝜕𝑥 , 𝜕𝑡) ®Θ = (𝐹 (1) , 𝐹 (2) , 𝐹 (3))𝑇 , B(1, 𝑡, 𝜕𝑥 , 𝜕𝑡) ®Θ = (𝑏1, 𝑏2, 𝑏3)𝑇 ,
where ®Θ = (Θ(1) ,Θ(2) ,Θ(3))𝑇 . Then, for 𝑝 ∈ C \ {0} with Re(𝑝) ≥ 0,

L(1, 𝑡, 𝜕𝑥 , 𝑝) =
©­­­­­«
𝑝 − 𝜎(Δ(1)𝛼0)

(𝐿 (1)
0 )2

𝜕2𝑥 0 0

0 𝑝 − 𝜎(Δ(2)𝛼0)
(𝐿 (2)

0 )2
𝜕2𝑥 0

0 0 𝑝 − 𝜎(Δ(3)𝛼0)
(𝐿 (3)

0 )2
𝜕2𝑥

ª®®®®®¬
,

B(1, 𝑡, 𝜕𝑥 , 𝑝) =
©­­­«
𝜎(Δ(1)𝛼0) sinΘ(1)

0 (1) 𝜎(Δ(2)𝛼0) sinΘ(2)
0 (1) 𝜎(Δ(3)𝛼0) sinΘ(3)

0 (1)
𝜎(Δ(1)𝛼0) cosΘ(1)

0 (1) 𝜎(Δ(2)𝛼0) cosΘ(2)
0 (1) 𝜎(Δ(3)𝛼0) cosΘ(3)

0 (1)
(𝜎(Δ(1)𝛼0))2

𝐿
(1)
0

𝜕𝑥
(𝜎(Δ(2)𝛼0))2

𝐿
(2)
0

𝜕𝑥
(𝜎(Δ(3)𝛼0))2

𝐿
(3)
0

𝜕𝑥

ª®®®¬ .
Let 𝑧 be the distance parameter from the boundary 𝑥 = 1 directing the interior of [0, 1]. Then we
have 𝜕𝑥 = −𝜕𝑧. A general solution of L(1, 𝑡,−𝜕𝑧, 𝑝)𝑊 (𝑧; 𝑝) = 0 for 𝑧 ∈ [0,∞) satisfying |𝑊 (𝑧; 𝑝) | → 0
as 𝑧 → ∞ is

𝑊 (𝑧; 𝑝) =
(
𝑎1𝑒

−𝐿 (1)
0

√
𝑝

𝜎 (Δ(1) 𝛼0 )
𝑧
, 𝑎2𝑒

−𝐿 (2)
0

√
𝑝

𝜎 (Δ(2) 𝛼0 )
𝑧
, 𝑎3𝑒

−𝐿 (3)
0

√
𝑝

𝜎 (Δ(3) 𝛼0 )
𝑧
)𝑇

for any ®𝑎 = (𝑎1, 𝑎2, 𝑎3) ∈ C3, where we choose the square roots so that the real part of them is
positive. Let a 3 × 3 matrix D(𝑝) be defined by

D(𝑝) ®𝑎𝑇 =
(
B(1, 𝑡,−𝜕𝑧, 𝑝)𝑊 (𝑧; 𝑝)

���
𝑧=0

)
.

Applying [10, Lemma I.1], the complementing condition is satisfied if detD(𝑝) ≠ 0 for 𝑝 ∈ C \ {0}
with Re(𝑝) ≥ 0. By a simple calculation, we can see that

detD(𝑝) = √
𝑝

(
3∏
𝑗=1

𝜎(Δ( 𝑗)𝛼0)
)

det
©­­«

sinΘ(1)
0 (1) sinΘ(2)

0 (1) sinΘ(3)
0 (1)

cosΘ(1)
0 (1) cosΘ(2)

0 (1) cosΘ(3)
0 (1)√

𝜎(Δ(1)𝛼0)
√
𝜎(Δ(2)𝛼0)

√
𝜎(Δ(3)𝛼0)

ª®®¬
= − √

𝑝

(
3∏
𝑗=1

𝜎(Δ( 𝑗)𝛼0)
) (

3∑
𝑗=1

√
𝜎(Δ( 𝑗+2)𝛼0) sin

(
Θ( 𝑗+1)
0 (1) − Θ( 𝑗)

0 (1)
))

≠ 0

due to the positivity of 𝜎 and the assumption Θ( 𝑗+1)
0 (1) − Θ( 𝑗)

0 (1) ∈ (0, 𝜋) for 𝑗 = 1, 2, 3. □

We next discuss the compatibility conditions for the system (2.14). The conditions are related to
the regularity of the solution, we thus define the following standard Hölder spaces and the norms.

Definition 2.8. Let 𝐼 and 𝐽 be open intervals in R and 𝑙 ∈ (0,∞) \ N. We denote

𝐶 𝑙 (𝐼) = { 𝑓 ∈ 𝐶 [𝑙] (𝐼) | ‖ 𝑓 ‖𝐶𝑙 (𝐼) < ∞},
where

‖ 𝑓 ‖𝐶𝑙 (𝐼) = ‖ 𝑓 ‖𝐶 [𝑙 ] (𝐼) + sup
𝑥,𝑦∈𝐼,𝑥≠𝑦

|𝜕 [𝑙]
𝑥 𝑓 (𝑥) − 𝜕 [𝑙]

𝑥 𝑓 (𝑦) |
|𝑥 − 𝑦 |𝑙−[𝑙]

.
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For simplicity, we denote 𝐶 𝑙 ( [0, 1]) and 𝐶 𝑙 ([0, 𝑇]) by 𝐶 𝑙
𝑥 and 𝐶 𝑙

𝑡 , respectively. In addition, we define

𝐶 𝑙, 𝑙2 (𝐼 × 𝐽) = { 𝑓 ∈ 𝐶 (𝐼 × 𝐽) | 𝜕𝑟𝑡 𝜕𝑠𝑥 𝑓 ∈ 𝐶 (𝐼 × 𝐽) if 2𝑟 + 𝑠 < 𝑙, ‖ 𝑓 ‖
𝐶𝑙, 𝑙2 (𝐼×𝐽)

< ∞},

where

‖ 𝑓 ‖
𝐶𝑙, 𝑙2 (𝐼×𝐽)

=
[𝑙]∑
𝑗=0

∑
2𝑟+𝑠= 𝑗

‖𝜕𝑟𝑡 𝜕𝑠𝑥 𝑓 ‖𝐶 (𝐼×𝐽) +
∑

2𝑟+𝑠=[𝑙]
sup

𝑥,𝑦∈𝐼,𝑡∈𝐽,𝑥≠𝑦

|𝜕𝑟𝑡 𝜕𝑠𝑥 𝑓 (𝑥, 𝑡) − 𝜕𝑟𝑡 𝜕
𝑠
𝑥 𝑓 (𝑦, 𝑡) |

|𝑥 − 𝑦 |𝑙−[𝑙]

+
∑

0<(𝑙−2𝑟−𝑠)/2<1
sup

𝑥∈𝐼,𝑡,𝑠∈𝐽,𝑡≠𝑠

|𝜕𝑟𝑡 𝜕𝑠𝑥 𝑓 (𝑥, 𝑡) − 𝜕𝑟𝑡 𝜕
𝑠
𝑥 𝑓 (𝑥, 𝑠) |

|𝑡 − 𝑠 | (𝑙−2𝑟−𝑠)/2
.

As before, we denote 𝐶 𝑙, 𝑙2 ( [0, 1] × [0, 𝑇]) by 𝐶
𝑙, 𝑙2
𝑥,𝑡 , for simplicity.

Definition 2.9. Let functions 𝐹 ( 𝑗) , 𝑏1, 𝑏2 and 𝑏3 in (2.14) be smooth. Let also a solution ®Θ to

(2.14) starting from ®Θ0 be of class (𝐶2+𝛽, 2+𝛽2
𝑥,𝑡 ( [0, 1] × [0, 𝑇]))3. Then, due to (2.14), the solution

should satisfy

𝜕𝑥Θ
( 𝑗)
0 (0) = 0,(2.16)

𝑏1(0) −
3∑
𝑗=1

(
𝜎(Δ( 𝑗)𝛼0) sinΘ( 𝑗)

0 (1)
)
Θ( 𝑗)
0 (1) = 0,(2.17)

𝑏2(0) −
3∑
𝑗=1

(
𝜎(Δ( 𝑗)𝛼0) cosΘ( 𝑗)

0 (1)
)
Θ( 𝑗)
0 (1) = 0,(2.18)

𝑏3(0) −
3∑
𝑗=1

(𝜎(Δ( 𝑗)𝛼0))2

𝐿
( 𝑗)
0

𝜕𝑥Θ
( 𝑗)
0 (1) = 0(2.19)

and

(2.20)

0 = 𝜕𝑡

(
𝑏1(𝑡) −

3∑
𝑗=1

(
𝜎(Δ( 𝑗)𝛼0) sinΘ( 𝑗)

0 (1)
)
Θ( 𝑗) (1, 𝑡)

) ���
𝑡=0

= 𝜕𝑡𝑏1(0) −
3∑
𝑗=1

(
𝜎(Δ( 𝑗)𝛼0) sinΘ( 𝑗)

0 (1)
) (

𝜎(Δ( 𝑗)𝛼0)
(𝐿 ( 𝑗)

0 )2
𝜕2𝑥Θ

( 𝑗)
0 (1) + 𝐹 ( 𝑗) (1, 0)

)
.

We have similarly

𝐹 ( 𝑗) (0, 0) − 𝜎(Δ( 𝑗)𝛼0)
(𝐿 ( 𝑗)

0 )2
𝜕𝑥Θ

( 𝑗)
0 (0) = 0,(2.21)

𝜕𝑡𝑏2(0) −
3∑
𝑗=1

(
𝜎(Δ( 𝑗)𝛼0) cosΘ( 𝑗)

0 (1)
) (

𝜎(Δ( 𝑗)𝛼0)
(𝐿 ( 𝑗)

0 )2
𝜕2𝑥Θ

( 𝑗)
0 (1) + 𝐹 ( 𝑗) (1, 0)

)
= 0.(2.22)

These equalities can be regarded as boundary conditions of the initial data ®Θ0. Notice that the

boundary conditions in (2.14) also should be satisfied at 𝑡 = 0. We say that an initial data ®Θ0 ∈
(𝐶2+𝛽

𝑥 ([0, 1]))3 satisfies the compatibility condition of order 𝑘 ∈ N for (2.14) if the initial data ®Θ0

fulfills all boundary conditions of ®Θ0 which can be derived from a solution ®Θ ∈ (𝐶𝑘+𝛽, 𝑘+𝛽2
𝑥,𝑡 ([0, 1] ×
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[0, 𝑇]))3 to (2.14) starting from ®Θ0 by combining equations in (2.14) and those time derivatives.
Note that the formulas (2.16)–(2.22) are the compatibility condition of order 2. The compatibility
conditions for (2.12) and the geometric flow (1.3)–(1.7) are similarly defined.

We then obtain the existence theorem for (2.14) due to [26, Theorem 10.1 in Chapter VII].

Proposition 2.10. Let 𝑇 > 0, 𝛽 ∈ (0, 1) and 𝑘 ∈ N with 𝑘 ≥ 2. Assume that 𝜎 is a posi-

tive smooth function and 𝛼
( 𝑗)
0 ∈ R and 𝐿

( 𝑗)
0 > 0 are given constants for 𝑗 ∈ {1, 2, 3}. Let 𝐹 ( 𝑗) ∈

𝐶
(𝑘−2)+𝛽, (𝑘−2)+𝛽2
𝑥,𝑡 ( [0, 1] × [0, 𝑇]) for 𝑗 ∈ {1, 2, 3}, 𝑏1, 𝑏2 ∈ 𝐶

𝑘+𝛽
2 ([0, 𝑇]) and 𝑏3 ∈ 𝐶

(𝑘−1)+𝛽
2

𝑡 ( [0, 𝑇]). As-

sume also ®Θ0 = (Θ(1)
0 ,Θ(2)

0 ,Θ(3)
0 ) ∈ (𝐶𝑘+𝛽

𝑥 ([0, 1]))3 satisfy the compatibility condition of order 𝑘 for

(2.14) and Θ( 𝑗+1)
0 (1) −Θ( 𝑗)

0 (1) ∈ (0, 𝜋) for 𝑗 = 1, 2, 3. Then, there exists 𝑐1 > 0 such that (2.14) has a

unique solution ®Θ = (Θ(1) ,Θ(2) ,Θ(3)) ∈ (𝐶𝑘+𝛽, 𝑘+𝛽2
𝑥,𝑡 ( [0, 1] × [0, 𝑇]))3 with ®Θ(·, 0) = ®Θ0 and the following

estimate holds.

(2.23)

3∑
𝑗=1

‖Θ( 𝑗) ‖
𝐶

𝑘+𝛽, 𝑘+𝛽2
𝑥,𝑡

≤ 𝑐1

(
3∑
𝑗=1

(
‖𝐹 ( 𝑗) ‖

𝐶
(𝑘−2)+𝛽, (𝑘−2)+𝛽2
𝑥,𝑡

+ ‖Θ( 𝑗)
0 ‖

𝐶
𝑘+𝛽
𝑥

)
+ ‖𝑏1‖

𝐶
𝑘+𝛽
2

𝑡

+ ‖𝑏2‖
𝐶

𝑘+𝛽
2

𝑡

+ ‖𝑏3‖
𝐶

(𝑘−1)+𝛽
2

𝑡

)
.

2.3. Short-time existence. In this section, we will construct a solution to (2.12) starting from

an initial data ( ®Θ0, ®𝐿0, ®𝛼0) by applying Proposition 2.10. In the construction of the solution, we
have to introduce compatibility conditions for the following reasons, which are different from the
compatibility conditions defined in Definition 2.9. Our purpose here is to construct a map

( ®Θ, ®𝐿, ®𝛼) ↦→ ( ®Θ, ®𝐿, ®𝛼),

where ®Θ = ®Θ(𝑥, 𝑡) : [0, 1] × [0, 𝑇] → R, ®𝐿 = ®𝐿 (𝑡) : [0, 𝑇] → R and ®𝛼 = ®𝛼(𝑡) : [0, 𝑇] → R are functions

and ( ®Θ, ®𝐿, ®𝛼) is a solution to (2.14) with 𝐹 ( 𝑗) and 𝑏 𝑗 defined by (2.15) with ( ®Θ, ®𝐿, ®𝛼) instead of

( ®Θ, ®𝐿, ®𝛼) (see also (2.27) for the form of 𝐹 ( 𝑗) and 𝑏 𝑗), and to prove that the map is a contraction
map. As a result, we can obtain a solution to (2.12) as the fixed point of the contraction map. To

construct this map, the initial data ( ®Θ0, ®𝐿0, ®𝛼0) needs to satisfy the compatibility condition for (2.14)
with 𝐹 ( 𝑗) and 𝑏 𝑗 chosen above. On the other hand, we consider to solve the initial value problem

for (2.12) starting from the initial data ( ®Θ0, ®𝐿0, ®𝛼0), and thus we have to fix the initial data. Since

𝐹 ( 𝑗) and 𝑏 𝑗 are constructed from ( ®Θ, ®𝐿, ®𝛼), for the given initial data ( ®Θ0, ®𝐿0, ®𝛼0), we must choose

suitable functions ( ®Θ, ®𝐿, ®𝛼) so that the given initial data satisfies the compatibility conditions for

(2.14). New compatibility conditions below are related to the suitability of ( ®Θ, ®𝐿, ®𝛼). We note that,

in this paper, the former compatibility conditions are defined for the initial data ( ®Θ0, ®𝐿0, ®𝛼0) and the

new compatibility conditions will be defined for general functions ®Θ, ®𝐿 and ®𝛼.
We now introduce the new compatibility conditions. Let 𝑘 ∈ N with 𝑘 ≥ 2 and 𝛽 ∈ (0, 1). If

®Θ ∈ (𝐶𝑘+𝛽, 𝑘+𝛽2
𝑥,𝑡 ( [0, 1] × [0, 𝑇]))3, ®𝐿 ∈ (𝐶

𝑘+𝛽
2

𝑡 ([0, 𝑇]))3 and ®𝛼 ∈ (𝐶
𝑘+𝛽
2

𝑡 ( [0, 𝑇]))3 are solution to (2.12)

starting from initial datum ®Θ0, ®𝐿0 and ®𝛼0, then 𝜕𝑖𝑡Θ
( 𝑗) (·, 0), 𝜕𝑖𝑡 𝐿 ( 𝑗) (0) and 𝜕𝑖𝑡𝛼

( 𝑗) (0) can be represented

by the initial datum and the derivatives of ®Θ0 for 𝑗 = 1, 2, 3 and 𝑖 = 1, 2, · · · , [ 𝑘2 ] due to the first and

last two equalities in (2.12). For example, if 𝑘 = 2, the representations of 𝜕𝑡Θ( 𝑗) (𝑥, 0), 𝜕𝑡𝐿 ( 𝑗) (0) and
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𝜕𝑡𝛼
( 𝑗) (0) are

(2.24)

𝜕𝑡Θ
( 𝑗) (𝑥, 0) = 𝜎(Δ( 𝑗)𝛼0)

(𝐿 ( 𝑗)
0 )2

𝜕2𝑥Θ
( 𝑗)
0 (𝑥) + 𝑓 ( 𝑗) ( ®Θ0, ®𝐿0, ®𝛼0)(𝑥),

𝜕𝑡𝐿
( 𝑗) (0) = −𝜎(Δ( 𝑗)𝛼0)

𝐿
( 𝑗)
0

∫ 1

0
(𝜕𝑥Θ( 𝑗)

0 )2 𝑑𝑥 + 𝑔( 𝑗) ( ®Θ0, ®𝛼0),

𝜕𝑡𝛼
( 𝑗) (0) = −𝛾{𝜕𝛼𝜎(Δ( 𝑗+1)𝛼0)𝐿 ( 𝑗+1)

0 − 𝜕𝛼𝜎(Δ( 𝑗)𝛼0)𝐿 ( 𝑗)
0 }

which can be obtained by substituting 𝑡 = 0 into the first and last two equalities in (2.12). As a higher
order example, we calculate only the representation of 𝜕2𝑡 𝛼

( 𝑗) (0). Due to the last two equations in
(2.12), we have

𝜕2𝑡 𝛼
( 𝑗) (0) = 𝜕𝑡

(
−𝛾{𝜕𝛼𝜎(Δ( 𝑗+1)𝛼(𝑡))𝐿 ( 𝑗+1) (𝑡) − 𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡))𝐿 ( 𝑗) (𝑡)}

) ���
𝑡=0

= − 𝛾
{
𝜕2𝛼𝜎(Δ( 𝑗+1)𝛼(𝑡))𝐿 ( 𝑗+1) (𝑡)

(
𝜕𝑡𝛼

( 𝑗) (𝑡) − 𝜕𝑡𝛼
( 𝑗+1) (𝑡)

)
+ 𝜕𝛼𝜎(Δ( 𝑗+1)𝛼(𝑡))𝜕𝑡𝐿 ( 𝑗+1) (𝑡)

− 𝜕2𝛼𝜎(Δ( 𝑗)𝛼(𝑡))𝐿 ( 𝑗) (𝑡)
(
𝜕𝑡𝛼

( 𝑗−1) (𝑡) − 𝜕𝑡𝛼
( 𝑗) (𝑡)

)
− 𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡))𝜕𝑡𝐿 ( 𝑗) (𝑡)

}���
𝑡=0

= − 𝛾
{
𝜕2𝛼𝜎(Δ( 𝑗+1)𝛼0)𝐿 ( 𝑗+1)

0

·
(
𝛾
(
𝜕𝛼𝜎(Δ( 𝑗+1)𝛼0)𝐿 ( 𝑗+1)

0 − 2𝜕𝛼𝜎(Δ( 𝑗)𝛼0)𝐿 ( 𝑗)
0 + 𝜕𝛼𝜎(Δ( 𝑗−1)𝛼0)𝐿 ( 𝑗−1)

0

) )
− 𝜕𝛼𝜎(Δ( 𝑗+1)𝛼0)

𝜎(Δ( 𝑗+1)𝛼0)
𝐿
( 𝑗+1)
0

∫ 1

0
(𝜕𝑥Θ( 𝑗+1)

0 (𝑥))2 𝑑𝑥 + 𝑔( 𝑗+1) ( ®Θ0, ®𝛼0)

− 𝜕2𝛼𝜎(Δ( 𝑗)𝛼0)𝐿 ( 𝑗)

·
(
𝛾
(
𝜕𝛼𝜎(Δ( 𝑗)𝛼0)𝐿 ( 𝑗)

0 − 2𝜕𝛼𝜎(Δ( 𝑗−1)𝛼0)𝐿 ( 𝑗−1)
0 + 𝜕𝛼𝜎(Δ( 𝑗+1)𝛼0)𝐿 ( 𝑗+1)

0

) )
+ 𝜕𝛼𝜎(Δ( 𝑗)𝛼0)

𝜎(Δ( 𝑗)𝛼0)
𝐿
( 𝑗)
0

∫ 1

0
(𝜕𝑥Θ( 𝑗)

0 (𝑥))2 𝑑𝑥 + 𝑔( 𝑗) ( ®Θ0, ®𝛼0)
}
.

We say that general functions, which are not necessary to satisfy any differential equations, ®Θ ∈
(𝐶𝑘+𝛽, 𝑘+𝛽2

𝑥,𝑡 ( [0, 1] × [0, 𝑇 ′]))3, ®𝐿 ∈ (𝐶
𝑘+𝛽
2

𝑡 ( [0, 𝑇 ′]))3 and ®𝛼 ∈ (𝐶
𝑘+𝛽
2

𝑡 ([0, 𝑇 ′]))3 satisfy a compatibility

condition of order 𝑘 for (2.12) at the initial time with initial datum ®Θ0 ∈ (𝐶𝑘+𝛽
𝑥 ([0, 1]))3, ®𝐿0 ∈

{(0,∞)}3 and ®𝛼0 ∈ R3 if ( ®Θ, ®𝐿, ®𝛼) |𝑡=0 = ( ®Θ0, ®𝐿0, ®𝛼0) holds and the derivatives 𝜕𝑖𝑡Θ
( 𝑗) (·, 0), 𝜕𝑖𝑡 𝐿 ( 𝑗) (0)

and 𝜕𝑖𝑡𝛼
( 𝑗) (0) satisfy the representations of 𝜕𝑖𝑡Θ

( 𝑗) (·, 0), 𝜕𝑖𝑡 𝐿 ( 𝑗) (0) and 𝜕𝑖𝑡𝛼
( 𝑗) (0) by the initial datum

for 𝑗 = 1, 2, 3 and 𝑖 = 1, 2, · · · , [ 𝑘2 ], which follow from the first and last two equalities in (2.12) as

above (for example, functions ( ®Θ, ®𝐿, ®𝛼) satisfy the compatibility condition of order 2 for (2.12) if the

functions satisfy ( ®Θ, ®𝐿, ®𝛼) |𝑡=0 = ( ®Θ0, ®𝐿0, ®𝛼0) and (2.24) replaced 𝜕𝑡Θ( 𝑗) (𝑥, 0), 𝜕𝑡𝐿 ( 𝑗) (0) and 𝜕𝑡𝛼
( 𝑗) (0)

by 𝜕𝑡Θ( 𝑗) (𝑥, 0), 𝜕𝑡𝐿 ( 𝑗) (0) and 𝜕𝑡𝛼
( 𝑗) (0), respectively).

We next discuss the relation between the former compatibility conditions and the new compatibility
conditions.

Lemma 2.11. Let 𝑘 ∈ N with 𝑘 ≥ 2 and 𝛽, 𝛽′ ∈ (0, 1) with 0 < 𝛽 < 𝛽′ < 1. Assume ®Θ0 ∈
(𝐶𝑘+𝛽

𝑥 ( [0, 1]))3, ®𝐿0 ∈ {(0,∞)}3 and ®𝛼0 ∈ R3 satisfy the compatibility condition of order 𝑘 for (2.12).
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Let

(2.25) 𝑚1 := max
𝑗=1,2,3

‖Θ( 𝑗)
0 ‖

𝐶
𝑘+𝛽
𝑥 ( [0,1]) + max

𝑗=1,2,3
𝐿
( 𝑗)
0 + max

𝑗=1,2,3
|𝛼( 𝑗)

0 |, 𝑚2 := min
𝑗=1,2,3

𝐿
( 𝑗)
0 .

Then, there exists 𝑐2 > 0 depending only on 𝛾, 𝜎, 𝑘, 𝛽, 𝑚1 and 𝑚2 such that

(2.26)
𝑋𝑀
𝑇 := {( ®Θ, ®𝐿, ®𝛼) ∈ (𝐶𝑘+𝛽, 𝑘+𝛽2

𝑥,𝑡 ( [0, 1] × [0, 𝑇]))3 × (𝐶
𝑘+𝛽′
2

𝑡 ([0, 𝑇]))3 × (𝐶
𝑘+𝛽′
2

𝑡 ([0, 𝑇]))3 :

®Θ, ®𝐿 and ®𝛼 satisfy conditions (i) and (ii)},

where

(i) max
𝑗=1,2,3

‖Θ( 𝑗) ‖
𝐶

𝑘+𝛽
𝑥,𝑡

+ max
𝑗=1,2,3

‖𝐿 ( 𝑗) ‖
𝐶

𝑘+𝛽′
2

𝑡

+ max
𝑗=1,2,3

‖𝛼( 𝑗) ‖
𝐶

𝑘+𝛽′
2

𝑡

≤ 𝑀 and min
𝑗=1,2,3, 𝑡∈[0,𝑇]

𝐿 ( 𝑗) ≥ 𝑚2/2

(ii) ( ®Θ, ®𝐿, ®𝛼) satisfies the compatibility condition of order 𝑘 for (2.12) at the initial time with

( ®Θ0, ®𝐿0, ®𝛼0),
is non-empty for any 𝑇 > 0 and 𝑀 > 𝑐2. Furthermore, for any ( ®Θ, ®𝐿, ®𝛼) ∈ 𝑋𝑀

𝑇 , the initial data ®Θ0

satisfies the compatibility condition of order 𝑘 for (2.14) with

(2.27)

𝐹 ( 𝑗) = 𝐹 ( 𝑗) (𝑥, 𝑡; ®Θ, ®𝐿, ®𝛼) =
(
𝜎(Δ( 𝑗)𝛼)
(𝐿 ( 𝑗))2

− 𝜎(Δ( 𝑗)𝛼0)
(𝐿 ( 𝑗)

0 )2

)
𝜕2𝑥Θ

( 𝑗) + 𝑓 ( 𝑗) ( ®Θ, ®𝐿, ®𝛼),

𝑏1 = 𝑏1(𝑡; ®Θ, ®𝐿, ®𝛼) =
3∑
𝑗=1

{
𝜎(Δ( 𝑗)𝛼) cosΘ( 𝑗) (1, 𝑡) +

(
𝜎(Δ( 𝑗)𝛼0) sinΘ( 𝑗)

0 (1)
)
Θ( 𝑗) (1, 𝑡)

}
,

𝑏2 = 𝑏2(𝑡; ®Θ, ®𝐿, ®𝛼) =
3∑
𝑗=1

{(
𝜎(Δ( 𝑗)𝛼0) cosΘ( 𝑗)

0 (1)
)
Θ( 𝑗) (1, 𝑡) − 𝜎(Δ( 𝑗)𝛼) sinΘ( 𝑗) (1, 𝑡)

}
,

𝑏3 = 𝑏3(𝑡; ®Θ, ®𝐿, ®𝛼) =
3∑
𝑗=1

(
(𝜎(Δ( 𝑗)𝛼0))2

𝐿
( 𝑗)
0

−
(𝜎(Δ( 𝑗)𝛼))2

𝐿 ( 𝑗) (𝑡)

)
𝜕𝑥Θ

( 𝑗) (1, 𝑡),

where 𝑓 ( 𝑗) is the function defined by (2.13).

Proof. We construct a typical element of 𝑋𝑀
𝑇 when 𝑘 = 2 since a similar argument works even if

𝑘 > 2. Let expand Θ( 𝑗)
0 on R so that Θ( 𝑗)

0 ∈ 𝐶
2+𝛽
𝑥 (R) in the following argument and denoted by

𝜌𝜀 (𝑥) = 𝜌(𝑥/𝜀)/𝜀 the mollifier with a positive parameter 𝜀 > 0. Fix sufficiently small 𝛿. Letting

Θ( 𝑗) (𝑥, 𝑡) := Θ( 𝑗)
0 (𝑥) +

∫ 𝑡

0
𝜌
𝑡̃
1
2 −𝛿 ∗

(
𝜎(Δ( 𝑗)𝛼0)
(𝐿 ( 𝑗)

0 )2
𝜕2𝑥Θ

( 𝑗)
0 + 𝑓 ( 𝑗) ( ®Θ0, ®𝐿0, ®𝛼0)

)
(𝑥) 𝑑𝑡̃,

𝐿 ( 𝑗) (𝑡) := 𝐿
( 𝑗)
0 +

(
−𝜎(Δ( 𝑗)𝛼0)

𝐿
( 𝑗)
0

∫ 1

0
(𝜕𝑥Θ( 𝑗)

0 )2 𝑑𝑥 + 𝑔( 𝑗) ( ®Θ0, ®𝛼0)
)
𝑡,

𝛼( 𝑗) (𝑡) := 𝛼
( 𝑗)
0 − 𝛾

(
𝜕𝛼𝜎(Δ( 𝑗+1)𝛼0)𝐿 ( 𝑗+1)

0 − 𝜕𝛼𝜎(Δ( 𝑗)𝛼0)𝐿 ( 𝑗)
0

)
𝑡

for sufficiently small 𝑡 > 0, we then see that ( ®Θ, ®𝐿, ®𝛼) satisfies the compatibility condition of order 2
at the initial time for (2.12). Note that, due to the choice of the parameter of the mollifier, we can

see Θ( 𝑗) ∈ 𝐶
2+𝛽, 2+𝛽2
𝑥,𝑡 ([0, 1] × [0, 𝑇]) for sufficient small 𝑇 > 0. For example, the Hölder continuity of
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𝜕2𝑥Θ
( 𝑗) (·, 𝑡) can be obtained as

‖𝜕2𝑥Θ( 𝑗) (·, 𝑡)‖
𝐶

𝛽
𝑥
≤ ‖Θ( 𝑗)

0 ‖
𝐶
2+𝛽
𝑥

+
∫ 𝑡

0

1

𝑡̃1−2𝛿

∫
R
|𝜕2𝑥 𝜌(𝑥) | 𝑑𝑥𝑑𝑡̃






𝜎(Δ( 𝑗)𝛼0)
(𝐿 ( 𝑗)

0 )2
𝜕2𝑥Θ

( 𝑗)
0 + 𝑓 ( 𝑗) ( ®Θ0, ®𝐿0, ®𝛼0)







𝐶

𝛽
𝑥

≤ ‖Θ( 𝑗)
0 ‖

𝐶
2+𝛽
𝑥

+ 𝐶






𝜎(Δ( 𝑗)𝛼0)
(𝐿 ( 𝑗)

0 )2
𝜕2𝑥Θ

( 𝑗)
0 + 𝑓 ( 𝑗) ( ®Θ0, ®𝐿0, ®𝛼0)







𝐶

𝛽
𝑥

𝑡2𝛿

for small 𝑡 > 0 and some constant 𝐶 depending only on 𝛿 and 𝜌. Therefore, choosing 𝑐2 large enough

and adjusting ( ®Θ, ®𝐿, ®𝛼) away from 𝑡 = 0 to satisfy the condition (i), we see that 𝑋𝑀
𝑇 is non-empty for

any 𝑀 > 𝑐2 and 𝑇 > 0.
The remained statement can be seen easily from the definition of the two kind of compatibility con-

ditions. Indeed, since ( ®Θ, ®𝐿, ®𝛼) ∈ 𝑋𝑀
𝑇 satisfies the compatibility condition of order 2, the conditions

( ®Θ, ®𝐿, ®𝛼) |𝑡=0 = ( ®Θ0, ®𝐿0, ®𝛼0) and (2.24) replaced 𝜕𝑡 ®Θ(·, 0), 𝜕𝑡 ®𝐿 (0), 𝜕𝑡 ®𝛼(0) by 𝜕𝑡 ®Θ(·, 0), 𝜕𝑡 ®𝐿 (0), 𝜕𝑡 ®𝛼(0) can
be applied to obtain

𝐹 ( 𝑗) (1, 0; ®Θ, ®𝐿, ®𝛼) =
𝜕𝑥Θ

( 𝑗)
0 (1)
𝐿
( 𝑗)
0

𝑔( 𝑗) ( ®Θ0, ®𝛼0),(2.28)

𝜕𝑡𝑏1(0; ®Θ, ®𝐿, ®𝛼) = −𝛾
3∑
𝑗=1

𝜕𝛼𝜎(Δ( 𝑗)𝛼0)(𝜕𝛼𝜎(Δ( 𝑗+1)𝛼0)𝐿 ( 𝑗+1)
0 − 𝜕𝛼𝜎(Δ( 𝑗)𝛼0)𝐿 ( 𝑗)

0 ) cosΘ( 𝑗)
0 (1),(2.29)

where 𝑔( 𝑗) is the function defined by (2.13). On the other hand, since the initial data ( ®Θ0, ®𝐿0, ®𝛼0)
satisfies the compatibility condition of order 2 for (2.12), one identity of the compatibility condition

3∑
𝑗=1

{
−

(
𝜎(Δ( 𝑗)𝛼0) sinΘ( 𝑗)

0

) (
𝜎(Δ( 𝑗)𝛼0)
(𝐿 ( 𝑗)

0 )2
𝜕2𝑥Θ

( 𝑗)
0 (1) +

𝜕𝑥Θ
( 𝑗)
0 (1)
𝐿
( 𝑗)
0

𝑔( 𝑗) ( ®Θ0, ®𝛼0)
)

+ 𝛾𝜕𝛼𝜎(Δ( 𝑗)𝛼0)
(
𝜕𝛼𝜎(Δ( 𝑗+1)𝛼0)𝐿 ( 𝑗+1)

0 + 𝜕𝛼𝜎(Δ( 𝑗−1)𝛼0)𝐿 ( 𝑗−1)
0 − 2𝜕𝛼𝜎(Δ( 𝑗)𝛼0)𝐿 ( 𝑗)

0

)
cosΘ( 𝑗)

0 (1)
}
= 0

holds. By substituting (2.28) and (2.29) into it, we have (2.20) if 𝐹 ( 𝑗) and 𝑏 𝑗 are chosen as in

(2.27). The other identities (2.16)–(2.19), (2.21) and (2.22) can be obtained similarly if 𝐹 ( 𝑗) and

𝑏 𝑗 are chosen as in (2.27). Therefore, the initial data ®Θ0 satisfies the compatibility condition of

order 2 for (2.14) if 𝐹 ( 𝑗) and 𝑏 𝑗 are chosen as in (2.27). When the initial data ( ®Θ0, ®𝐿0, ®𝛼0) satisfies

the compatibility condition of order 𝑘 for (2.12), we can similarly prove that ®Θ0 satisfies also the
compatibility condition of order 𝑘 for (2.14) with the choice (2.27). □

We next construct a map defined on 𝑋𝑀
𝑇 .

Definition 2.12. Let 𝑘 ∈ N with 𝑘 ≥ 2 and 𝛽, 𝛽′ ∈ (0, 1) with 0 < 𝛽 < 𝛽′ < 1. Assume ®Θ0 ∈
(𝐶𝑘+𝛽

𝑥 ( [0, 1]))3, ®𝐿0 ∈ {(0,∞)}3 and ®𝛼0 ∈ R3 satisfy the compatibility condition of order 𝑘 for (2.12)

and Θ( 𝑗+1)
0 (1) −Θ( 𝑗)

0 (1) ∈ (0, 𝜋) for 𝑗 = 1, 2, 3. Let 𝑐2 be the constant in Lemma 2.11. Define 𝑋𝑇 and



CURVATURE FLOW OF NETWORKS WITH MISORIENTATIONS 17

𝑋𝑀
𝑇 by

𝑋𝑇 := {( ®Θ, ®𝐿, ®𝛼) ∈ (𝐶𝑘+𝛽, 𝑘+𝛽2
𝑥,𝑡 ( [0, 1] × [0, 𝑇]))3 × (𝐶

𝑘+𝛽′
2

𝑡 ( [0, 𝑇]))3 × (𝐶
𝑘+𝛽′
2

𝑡 ([0, 𝑇]))3 :

®Θ(·, 0) = ®Θ0, ®𝐿 (0) = ®𝐿0, ®𝛼(0) = ®𝛼0}

and (2.26), respectively, for any 𝑇 > 0 and 𝑀 > 𝑐2. Define also a map Φ : 𝑋𝑀
𝑇 → 𝑋𝑇 by, for

( ®Θ, ®𝐿, ®𝛼) ∈ 𝑋𝑀
𝑇 ,

Φ(𝑥, 𝑡; ®Θ, ®𝐿, ®𝛼) :=
(
®Θ(𝑥, 𝑡; ®Θ, ®𝐿, ®𝛼), ®𝐿 (𝑡; ®Θ, ®𝐿, ®𝛼), ®𝛼(𝑡; ®Θ, ®𝐿, ®𝛼)

)
,

where ®Θ is the solution to (2.14) with (2.27) obtained by Proposition 2.10, and ®𝐿, ®𝛼 are defined by

𝐿 ( 𝑗) (𝑡; ®Θ, ®𝐿, ®𝛼) := 𝐿
( 𝑗)
0 +

∫ 𝑡

0

(
𝑔( 𝑗) ( ®Θ, ®𝛼)(𝑡̃) −

𝜎(Δ( 𝑗)𝛼(𝑡̃))
𝐿 ( 𝑗) (𝑡̃)

∫ 1

0
(𝜕𝑥Θ( 𝑗) (𝑥, 𝑡̃))2 𝑑𝑥

)
𝑑𝑡̃

𝛼( 𝑗) (𝑡; ®Θ, ®𝐿, ®𝛼) = 𝛼
( 𝑗)
0 − 𝛾

∫ 𝑡

0

(
𝜕𝛼𝜎(Δ( 𝑗+1)𝛼(𝑡̃))𝐿 ( 𝑗+1) (𝑡̃) − 𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡̃))𝐿 ( 𝑗) (𝑡̃)

)
𝑑𝑡̃.

Here, 𝑔( 𝑗) is the function defined by (2.13).

We will show that Φ is a contraction map on 𝑋𝑀
𝑇 for sufficiently small 𝑇 > 0 and sufficiently large

𝑀 > 0. We then obtain a unique fixed point of Φ in 𝑋𝑀
𝑇 and it is easily seen that the fixed point is

a solution to (2.12) due to the definition of Φ.

Lemma 2.13. There exists 𝑇 > 0 and 𝑀 > 0 such that the map Φ defined in Definition 2.12 satisfies
Φ(𝑋𝑀

𝑇 ) ⊂ 𝑋𝑀
𝑇 and is a contraction map.

Proof. For any 𝑇 > 0, 𝑀 > 𝑐2 and ( ®Θ, ®𝐿, ®𝛼) ∈ 𝑋𝑀
𝑇 , where 𝑐2 is the constant in Lemma 2.11,

the function Φ( ®Θ, ®𝐿, ®𝛼) obviously satisfies the condition (ii) in Lemma 2.11 since the first and last

two equalities in (2.12) replaced Θ( 𝑗) , 𝐿 ( 𝑗) and 𝛼( 𝑗) on the right hand side by Θ( 𝑗) , 𝐿 ( 𝑗) and 𝛼( 𝑗),

respectively, and Θ( 𝑗) (·, 0) = Θ( 𝑗)
0 , 𝐿 ( 𝑗) (0) = 𝐿

( 𝑗)
0 and 𝛼( 𝑗) (0) = 𝛼

( 𝑗)
0 . Therefore, it is sufficient to

prove that Φ( ®Θ, ®𝐿, ®𝛼) satisfies the condition (i) in Lemma 2.11 and is a contraction map for any

( ®Θ, ®𝐿, ®𝛼) ∈ 𝑋𝑀
𝑇 if 𝑇 > 0 is sufficiently small and 𝑀 > 𝑐2 is sufficiently large.

To show Φ(𝑋𝑀
𝑇 ) ⊂ 𝑋𝑀

𝑇 , we first prove that there exist 𝑀 > 𝑐2 and 𝑇 > 0 such that

max
𝑗=1,2,3

‖Θ( 𝑗) ‖
𝐶

𝑘+𝛽, 𝑘+𝛽2
𝑥,𝑡 ([0,1]×[0,𝑇])

≤ 𝑀

3
.

Repeating the same argument as in (2.23), we need to prove

(2.30) 𝑐1

(
3∑
𝑗=1

(
‖𝐹 ( 𝑗) ‖

𝐶
(𝑘−2)+𝛽, (𝑘−2)+𝛽2
𝑥,𝑡

+ ‖Θ( 𝑗)
0 ‖

𝐶
𝑘+𝛽
𝑥

)
+ ‖𝑏1‖

𝐶
𝑘+𝛽
2

𝑡

+ ‖𝑏2‖
𝐶

𝑘+𝛽
2

𝑡

+ ‖𝑏3‖
𝐶

(𝑘−1)+𝛽
2

𝑡

)
≤ 𝑀

3
.
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Now we prove (2.30) for 𝑘 = 2. We compute that





(
𝜎(Δ( 𝑗)𝛼)
(𝐿 ( 𝑗))2

− 𝜎(Δ( 𝑗)𝛼0)
(𝐿 ( 𝑗)

0 )2

)
𝜕2𝑥Θ

( 𝑗)







𝐶

𝛽,
𝛽
2

𝑥,𝑡 ([0,1]×[0,𝑇])

≤𝑀 ‖𝜎(Δ( 𝑗)𝛼)‖
𝐶

𝛽
2
𝑡 ( [0,𝑇])






 1

(𝐿 ( 𝑗))2
− 1

(𝐿 ( 𝑗)
0 )2







𝐶

𝛽
2
𝑡 ([0,𝑇])

+ 𝑀

𝑚2
2

‖𝜎(Δ( 𝑗)𝛼) − 𝜎(Δ( 𝑗)𝛼0)‖
𝐶

𝛽
2
𝑡 ([0,𝑇])

≤𝑀𝐶𝑚1






 1

(𝐿 ( 𝑗))2
− 1

(𝐿 ( 𝑗)
0 )2







𝐶

𝛽
2
𝑡 ( [0,𝑇])

+ 𝑀

𝑚2
2

‖𝜎(Δ( 𝑗)𝛼) − 𝜎(Δ( 𝑗)𝛼0)‖
𝐶

𝛽
2
𝑡 ([0,𝑇])

,

where 𝐶 > 0 is a constant depending only on 𝜎 and 𝑀 (if 𝜎(𝑥) → ∞ as |𝑥 | → ∞, 𝐶 will depend on
𝑀). By ����� 1

(𝐿 ( 𝑗))2
− 1

(𝐿 ( 𝑗)
0 )2

����� ≤ 4

𝑚4
2

|𝐿 ( 𝑗) + 𝐿
( 𝑗)
0 | |𝐿 ( 𝑗) − 𝐿

( 𝑗)
0 | ≤ 4(𝑚1 + 𝑀)

𝑚4
2

|𝐿 ( 𝑗) − 𝐿
( 𝑗)
0 |

and ����� 1

(𝐿 ( 𝑗) (𝑠))2
− 1

(𝐿 ( 𝑗) (𝑡))2

����� ≤ 8

𝑚4
2

|𝐿 ( 𝑗) (𝑠) + 𝐿 ( 𝑗) (𝑡) | |𝐿 ( 𝑗) (𝑠) − 𝐿 ( 𝑗) (𝑡) | ≤ 16𝑀

𝑚4
2

|𝐿 ( 𝑗) (𝑠) − 𝐿 ( 𝑗) (𝑡) |,

we have 




 1

(𝐿 ( 𝑗))2
− 1

(𝐿 ( 𝑗)
0 )2







𝐶

𝛽
2
𝑡 ([0,𝑇])

≤ 20(𝑚1 + 𝑀)
𝑚4

2

{
‖𝐿 ( 𝑗) − 𝐿

( 𝑗)
0 ‖𝐶0 ( [0,𝑇]) + sup

𝑡,𝑠∈[0,𝑇],𝑡≠𝑠

|𝐿 ( 𝑗) (𝑠) − 𝐿 ( 𝑗) (𝑡) |
|𝑠 − 𝑡 |

𝛽
2

}
≤ 20(𝑚1 + 𝑀)

𝑚4
2

{
‖𝐿 ( 𝑗) ‖

𝐶
𝛽′
2 ([0,𝑇])

𝑇
𝛽′
2 + sup

𝑡,𝑠∈[0,𝑇],𝑡≠𝑠

|𝐿 ( 𝑗) (𝑠) − 𝐿 ( 𝑗) (𝑡) |

|𝑠 − 𝑡 |
𝛽′
2

|𝑠 − 𝑡 |
𝛽′−𝛽
2

}
≤ 20(𝑚1 + 𝑀)

𝑚4
2

‖𝐿 ( 𝑗) ‖
𝐶

𝛽′
2 ([0,𝑇])

{
𝑇

𝛽′
2 + 𝑇

𝛽′−𝛽
2

}
.

(2.31)

Similarly, there exists 𝐶 = 𝐶 (𝑚1, 𝑚2, 𝑀, 𝜎) > 0 such that

‖𝜎(Δ( 𝑗)𝛼) − 𝜎(Δ( 𝑗)𝛼0)‖
𝐶

𝛽
2
𝑡 ( [0,𝑇])

≤ 𝐶
{
𝑇

𝛽′
2 + 𝑇

𝛽′−𝛽
2

}
.

Therefore 





(
𝜎(Δ( 𝑗)𝛼)
(𝐿 ( 𝑗))2

− 𝜎(Δ( 𝑗)𝛼0)
(𝐿 ( 𝑗)

0 )2

)
𝜕2𝑥Θ

( 𝑗)







𝐶

𝛽,
𝛽
2

𝑥,𝑡 ( [0,1]×[0,𝑇])

≤ 𝐶
{
𝑇

𝛽′
2 + 𝑇

𝛽′−𝛽
2

}
,

where 𝐶 > 0 depends only on 𝑚1, 𝑚2, 𝑀, and 𝜎. By repeating the same argument for 𝑓 ( 𝑗) and 𝑏𝑖,
there exist 𝐶 = 𝐶 (𝑚1, 𝑚2, 𝑀, 𝜎) > 0, 𝐶′ = 𝐶′(𝑚1, 𝑚2, 𝜎) > 0, and 𝛾 = 𝛾(𝛽, 𝛽′) > 0 such that

3∑
𝑗=1

‖𝐹 ( 𝑗) ‖
𝐶

𝛽,
𝛽
2

𝑥,𝑡

+ ‖𝑏1‖
𝐶

𝛽
2
𝑡

+ ‖𝑏2‖
𝐶

𝛽
2
𝑡

+ ‖𝑏3‖
𝐶

𝛽
2
𝑡

≤ 𝐶𝑇𝛾 + 𝐶′.
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Note that 𝐶′ is independent of 𝑀. For the readers’ convenience, we explain why 𝐶′ is necessary and
is independent of 𝑀. For 𝑡 ∈ (0, 𝑇], in order to estimate the 𝐶𝛽 norm of 𝜕𝑥Θ( 𝑗) (𝑥, 𝑡) with respect to
𝑥, we have

|𝜕𝑥Θ( 𝑗) (𝑥, 𝑡) − 𝜕𝑥Θ( 𝑗) (𝑦, 𝑡) |
|𝑥 − 𝑦 |𝛽

≤ |𝜕𝑥Θ( 𝑗) (𝑥, 0) − 𝜕𝑥Θ( 𝑗) (𝑦, 0) |
|𝑥 − 𝑦 |𝛽 + |𝜕𝑥Θ( 𝑗) (𝑥, 𝑡) − 𝜕𝑥Θ( 𝑗) (𝑥, 0) |

|𝑥 − 𝑦 |𝛽 + |𝜕𝑥Θ( 𝑗) (𝑦, 𝑡) − 𝜕𝑥Θ( 𝑗) (𝑦, 0) |
|𝑥 − 𝑦 |𝛽

≤𝑚1 +
|𝜕𝑥Θ( 𝑗) (𝑥, 𝑡) − 𝜕𝑥Θ( 𝑗) (𝑥, 0) |

|𝑥 − 𝑦 |𝛽 + |𝜕𝑥Θ( 𝑗) (𝑦, 𝑡) − 𝜕𝑥Θ( 𝑗) (𝑦, 0) |
|𝑥 − 𝑦 |𝛽

(2.32)

for any 0 ≤ 𝑥 < 𝑦 ≤ 1. In the case of 𝑦 − 𝑥 >
√
𝑡, we have

|𝜕𝑥Θ( 𝑗) (𝑥, 𝑡) − 𝜕𝑥Θ( 𝑗) (𝑥, 0) |
|𝑥 − 𝑦 |𝛽 ≤ 𝑀𝑡

1+𝛽
2 − 𝛽

2 = 𝑀𝑡
1
2 ,

where we used sup0≤𝑡<𝑠≤𝑇,𝑥∈[0,1]
|𝜕𝑥Θ( 𝑗 ) (𝑥,𝑠)−𝜕𝑥Θ( 𝑗 ) (𝑥,𝑡) |

|𝑠−𝑡 |
1+𝛽
2

≤ 𝑀. On the other hand, if 𝑦 − 𝑥 ≤
√
𝑡,

|𝜕𝑥Θ( 𝑗) (𝑥, 𝑡) − 𝜕𝑥Θ( 𝑗) (𝑦, 𝑡) |
|𝑥 − 𝑦 |𝛽 ≤ 𝑀 |𝑥 − 𝑦 |1−𝛽 ≤ 𝑀𝑡

1−𝛽
2 ,

where we used ‖𝜕𝑥𝑥Θ( 𝑗) ‖𝐶0
𝑥,𝑡

≤ 𝑀. Thus we obtain

sup
𝑥,𝑦∈[0,1],𝑥≠𝑦

|𝜕𝑥Θ( 𝑗) (𝑥, 𝑡) − 𝜕𝑥Θ( 𝑗) (𝑦, 𝑡) |
|𝑥 − 𝑦 |𝛽 ≤ 𝑀 (𝑡 12 + 𝑡

1−𝛽
2 ) + 𝑚1.

The second term of the right hand side corresponds to 𝐶′ above. For nonlinear terms, similar
estimates hold. Note that for sufficiently small 𝑇 > 0 there exists 𝐶 > 0 depending only on 𝑀 such
that 𝐶 < 1 − 𝑐(1)𝑐(2)𝑐(3) ≤ 1. Since ‖𝜙(1, ·)‖

𝐶
𝛽
2
𝑡

≤ ‖𝜙‖
𝐶

𝛽,
𝛽
2

𝑥,𝑡

for 𝜙 = 𝜙(𝑥, 𝑡), the estimate ‖𝑏𝑖‖
𝐶

𝛽
2
𝑡

(𝑖 = 1, 2, 3) can be done as above.
Therefore, we obtain (2.30) with 𝑘 = 2 for sufficiently small 𝑇 > 0 and sufficiently large 𝑀 > 0.

Repeating the same argument above, we may obtain (2.30) and

max
𝑗=1,2,3

‖Θ( 𝑗) ‖
𝐶

𝑘+𝛽
𝑥,𝑡

+ max
𝑗=1,2,3

‖𝐿 ( 𝑗) ‖
𝐶

𝑘+𝛽′
2

𝑡

+ max
𝑗=1,2,3

‖𝛼( 𝑗) ‖
𝐶

𝑘+𝛽′
2

𝑡

≤ 𝑀

for the case of 𝑘 ≥ 3. In addition, there exists 𝐶 > 0 depending only on 𝑀 such that

sup
𝑡̃∈[0,𝑇)

�����𝑔( 𝑗) ( ®Θ, ®𝛼) (𝑡̃) − 𝜎(Δ( 𝑗)𝛼(𝑡̃))
𝐿 ( 𝑗) (𝑡̃)

∫ 1

0
(𝜕𝑥Θ( 𝑗) (𝑥, 𝑡̃))2 𝑑𝑥

����� ≤ 𝐶.

Therefore inf 𝑡∈[0,𝑇] 𝐿
( 𝑗) (𝑡) ≥ 𝑚2

2 for sufficiently small 𝑇 > 0. Hence we obtain Φ(𝑋𝑀
𝑇 ) ⊂ 𝑋𝑀

𝑇 .

Finally we show that Φ is a contraction mapping. Assume that ( ®Θ𝑖, ®𝐿𝑖, ®𝛼𝑖) ∈ 𝑋𝑀
𝑇 and ( ®Θ𝑖, ®𝐿𝑖, ®𝛼𝑖) =

Φ( ®Θ𝑖, ®𝐿𝑖, ®𝛼𝑖) for 𝑖 = 1, 2. Set ( ®Θ, ®𝐿, ®𝛼) := ( ®Θ1, ®𝐿1, ®𝛼1) − ( ®Θ2, ®𝐿2, ®𝛼2). Then ( ®Θ, ®𝐿, ®𝛼) := ( ®Θ1, ®𝐿1, ®𝛼1) −
( ®Θ2, ®𝐿2, ®𝛼2) is a solution of (2.14) with 𝐹 ( 𝑗) = 𝐹 ( 𝑗) ( ®Θ1, ®𝐿1, ®𝛼1)−𝐹 ( 𝑗) ( ®Θ2, ®𝐿2, ®𝛼2) and 𝑏 𝑗 = 𝑏 𝑗 ( ®Θ1, ®𝐿1, ®𝛼1)−
𝑏 𝑗 ( ®Θ2, ®𝐿2, ®𝛼2) for 𝑗 = 1, 2, 3. We prove that for sufficiently small 𝑇 > 0 it holds that

max
𝑗=1,2,3

‖Θ( 𝑗) ‖
𝐶

𝑘+𝛽
𝑥,𝑡

+ max
𝑗=1,2,3

‖𝐿 ( 𝑗) ‖
𝐶

𝑘+𝛽′
2

𝑡

+ max
𝑗=1,2,3

‖𝛼( 𝑗) ‖
𝐶

𝑘+𝛽′
2

𝑡

≤ 𝑀′

2
,(2.33)
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where
𝑀′ = max

𝑗=1,2,3
‖Θ( 𝑗) ‖

𝐶
𝑘+𝛽
𝑥,𝑡

+ max
𝑗=1,2,3

‖𝐿 ( 𝑗) ‖
𝐶

𝑘+𝛽′
2

𝑡

+ max
𝑗=1,2,3

‖𝛼( 𝑗) ‖
𝐶

𝑘+𝛽′
2

𝑡

.

By (2.23), we have

3∑
𝑗=1

‖Θ( 𝑗) ‖
𝐶

𝑘+𝛽, 𝑘+𝛽2
𝑥,𝑡

≤ 𝑐1

(
3∑
𝑗=1

‖𝐹 ( 𝑗) ‖
𝐶

(𝑘−2)+𝛽, (𝑘−2)+𝛽2
𝑥,𝑡

+ ‖𝑏1‖
𝐶

𝑘+𝛽
2

𝑡

+ ‖𝑏2‖
𝐶

𝑘+𝛽
2

𝑡

+ ‖𝑏3‖
𝐶

(𝑘−1)+𝛽
2

𝑡

)
,

where we used ( ®Θ, ®𝐿, ®𝛼) |𝑡=0 = ®0. By ( ®Θ, ®𝐿, ®𝛼) |𝑡=0 = ®0, there exists 𝛾 > 0 such that

(2.34)
3∑
𝑗=1

‖𝐹 ( 𝑗) ‖
𝐶

(𝑘−2)+𝛽, (𝑘−2)+𝛽2
𝑥,𝑡

+ ‖𝑏1‖
𝐶

𝑘+𝛽
2

𝑡

+ ‖𝑏2‖
𝐶

𝑘+𝛽
2

𝑡

+ ‖𝑏3‖
𝐶

(𝑘−1)+𝛽
2

𝑡

≤ 𝑐3𝑀
′𝑇𝛾,

where 𝑐3 = 𝑐3(𝑚1, 𝑚2, 𝑀, 𝜎) > 0. For example, in the case of 𝑘 = 2, we have

‖𝐹 ( 𝑗) ‖
𝐶

𝛽,
𝛽
2

𝑥,𝑡

= ‖𝐹 ( 𝑗) ( ®Θ1, ®𝐿1, ®𝛼1) − 𝐹 ( 𝑗) ( ®Θ2, ®𝐿2, ®𝛼2)‖
𝐶

𝛽,
𝛽
2

𝑥,𝑡

≤ ‖𝐹 ( 𝑗) ( ®Θ1, ®𝐿1, ®𝛼1) − 𝐹 ( 𝑗) ( ®Θ2, ®𝐿1, ®𝛼1)‖
𝐶

𝛽,
𝛽
2

𝑥,𝑡

+ ‖𝐹 ( 𝑗) ( ®Θ2, ®𝐿1, ®𝛼1) − 𝐹 ( 𝑗) ( ®Θ2, ®𝐿2, ®𝛼1)‖
𝐶

𝛽,
𝛽
2

𝑥,𝑡

+ ‖𝐹 ( 𝑗) ( ®Θ2, ®𝐿2, ®𝛼1) − 𝐹 ( 𝑗) ( ®Θ2, ®𝐿2, ®𝛼2)‖
𝐶

𝛽,
𝛽
2

𝑥,𝑡

.

Now we calculate

F :=

(
𝜎(Δ( 𝑗)𝛼1)
(𝐿1

( 𝑗))2
− 𝜎(Δ( 𝑗)𝛼0)

(𝐿 ( 𝑗)
0 )2

)
𝜕2𝑥Θ1

( 𝑗) −
(
𝜎(Δ( 𝑗)𝛼1)
(𝐿1

( 𝑗))2
− 𝜎(Δ( 𝑗)𝛼0)

(𝐿 ( 𝑗)
0 )2

)
𝜕2𝑥Θ2

( 𝑗)

contained in 𝐹 ( 𝑗) ( ®Θ1, ®𝐿1, ®𝛼1)−𝐹 ( 𝑗) ( ®Θ2, ®𝐿1, ®𝛼1). By an argument similar to that in (2.31), we compute

‖F ‖
𝐶

𝛽,
𝛽
2

𝑥,𝑡

=







(
𝜎(Δ( 𝑗)𝛼1)
(𝐿1

( 𝑗))2
− 𝜎(Δ( 𝑗)𝛼0)

(𝐿 ( 𝑗)
0 )2

)
(𝜕2𝑥Θ1

( 𝑗) − 𝜕2𝑥Θ2
( 𝑗))







𝐶

𝛽,
𝛽
2

𝑥,𝑡

≤





𝜎(Δ( 𝑗)𝛼1)

(𝐿1
( 𝑗))2

− 𝜎(Δ( 𝑗)𝛼0)
(𝐿 ( 𝑗)

0 )2







𝐶

𝛽
2
𝑡




𝜕2𝑥Θ( 𝑗)




𝐶

𝛽,
𝛽
2

𝑥,𝑡

≤ 𝐶𝑀′
{
𝑇

𝛽′
2 + 𝑇

𝛽′−𝛽
2

}
.

Similar computation leads (2.34). Then we choose 𝑇 > 0 such that 𝑐3𝑇
𝛾 ≤ 𝑀 ′

10𝑐1
. Therefore we have

max 𝑗=1,2,3 ‖Θ( 𝑗) ‖
𝐶

𝑘+𝛽, 𝑘+𝛽2
𝑥,𝑡

≤ 𝑀 ′

10 . Similarly we can obtain (2.33). □

The following existence theory for the system (2.12) immediately follows since we constructed the
contraction map associated to the system.

Proposition 2.14. Let 𝑘 ∈ N with 𝑘 ≥ 2 and 𝛽 ∈ (0, 1). Assume ®Θ0 ∈ (𝐶𝑘+𝛽
𝑥 ([0, 1]))3, ®𝐿0 ∈ {(0,∞)}3

and ®𝛼0 ∈ R3 satisfy the compatibility condition of order 𝑘 for (2.12) and Θ( 𝑗+1)
0 (1) − Θ( 𝑗)

0 (1) ∈ (0, 𝜋)
for 𝑗 = 1, 2, 3. Then, there exist 𝑇 > 0 such that the system (2.12) have a unique solution ( ®Θ, ®𝐿, ®𝛼) ∈
(𝐶𝑘+𝛽, 𝑘+𝛽2

𝑥,𝑡 ( [0, 1] × [0, 𝑇]))3 × (𝐶
𝑘+𝛽
2

𝑡 ( [0, 𝑇]))3 × (𝐶
𝑘+𝛽
2

𝑡 ([0, 𝑇]))3 starting from ( ®Θ0, ®𝐿0, ®𝛼0).

The system (2.12) was derived from the geometric flow (1.3)–(1.7) and, conversely, the geometric
flow can be constructed from the solution to the system. We thus obtain the existence theorem for
the geometric flow as in Theorem 1.1.
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Proof of Theorem 1.1. Let 𝐿
( 𝑗)
0 be the length of Γ( 𝑗)

0 and parametrize Γ( 𝑗)
0 by 𝑥 = 𝑠/𝐿 ( 𝑗)

0 , where 𝑠 is

the arc-length of Γ( 𝑗)
0 . Define the angle function Θ( 𝑗)

0 of Γ( 𝑗)
0 as in (2.1). We then easily see that Θ( 𝑗)

0

is of class 𝐶
(𝑘−1)+𝛽
𝑥 ([0, 1]), Θ( 𝑗+1)

0 (1) −Θ( 𝑗)
0 (1) is positive and less than 𝜋, and ( ®Θ0, ®𝐿0, ®𝛼0) satisfies the

compatibility condition of order 𝑘 − 1 for (2.12). Therefore, for any 𝛽′ ∈ (𝛽, 1) and some 𝑇 > 0, the

unique solution ( ®Θ, ®𝐿, ®𝛼) ∈ (𝐶 (𝑘−1)+𝛽, (𝑘−1)+𝛽2
𝑥,𝑡 ([0, 1] × [0, 𝑇]))3× (𝐶

(𝑘−1)+𝛽′
2

𝑡 ([0, 𝑇]))3× (𝐶
(𝑘−1)+𝛽′

2
𝑡 ([0, 𝑇]))3

to (2.12) starting from ( ®Θ0, ®𝐿0, ®𝛼0) can be obtained due to Proposition 2.14. Letting

𝜉 ( 𝑗) (𝑥, 𝑡) :=

(∫ 𝑥

0
𝐿 ( 𝑗) (𝑡) cosΘ( 𝑗) (𝑥, 𝑡) 𝑑𝑥,

∫ 𝑥

0
𝐿 ( 𝑗) (𝑡) sinΘ( 𝑗) (𝑥, 𝑡) 𝑑𝑥

)
+ 𝑃( 𝑗)

for 𝑥 ∈ [0, 1] and 𝑡 ≥ 0, where 𝑃( 𝑗) is the fixed point in (1.7), we can also easily see that the curve

Γ( 𝑗)
𝑡 := 𝜉 ( 𝑗) ([0, 1], 𝑡) starts from Γ( 𝑗)

0 for 𝑗 = 1, 2, 3. We now prove that {Γ( 𝑗)
𝑡 } and ®𝛼 satisfy the

geometric flow equations (1.3)–(1.7) until the time 𝑇 . Since 𝑓 ( 𝑗) defined by (2.13) can be re-written
as, by means of (2.12),

𝑓 ( 𝑗) =

(
𝜎(Δ( 𝑗)𝛼)
(𝐿 ( 𝑗))2

∫ 𝑥

0
(𝜕𝑥Θ( 𝑗) (𝑥, 𝑡))2 𝑑𝑥 + 𝑥

𝐿 ( 𝑗) 𝜕𝑡𝐿
( 𝑗)

)
𝜕𝑥Θ

( 𝑗) ,

we have by (2.12) and integration by parts

𝜕𝑡

∫ 𝑥

0
𝐿 ( 𝑗) (𝑡) cosΘ( 𝑗) (𝑥, 𝑡) 𝑑𝑥

=
∫ 𝑥

0
𝜕𝑡𝐿

( 𝑗) cosΘ( 𝑗) −
{
𝜎(Δ( 𝑗)𝛼)

𝐿 ( 𝑗) 𝜕2𝑥Θ +
(
𝜎(Δ( 𝑗)𝛼)

𝐿 ( 𝑗)

∫ 𝑥

0
(𝜕𝑥Θ( 𝑗))2 𝑑𝑥 + 𝑥𝜕𝑡𝐿

( 𝑗)
)
𝜕𝑥Θ

( 𝑗)
}

sinΘ( 𝑗) 𝑑𝑥

=
∫ 𝑥

0
𝜕𝑡𝐿

( 𝑗)𝜕𝑥 (𝑥 cosΘ( 𝑗)) + 𝜎(Δ( 𝑗)𝛼)
𝐿 ( 𝑗) 𝜕𝑥

(∫ 𝑥

0
(𝜕𝑥Θ( 𝑗))2 𝑑𝑥 cosΘ( 𝑗)

)
𝑑𝑥 − 𝜎(Δ( 𝑗)𝛼)

𝐿 ( 𝑗) 𝜕𝑥Θ
( 𝑗) sinΘ( 𝑗)

= − 𝜎(Δ( 𝑗)𝛼)
𝐿 ( 𝑗) 𝜕𝑥Θ

( 𝑗) sinΘ( 𝑗) +
(
𝜎(Δ( 𝑗)𝛼)

𝐿 ( 𝑗)

∫ 𝑥

0
(𝜕𝑥Θ( 𝑗))2 𝑑𝑥 + 𝑥𝜕𝑡𝐿

( 𝑗)
)

cosΘ( 𝑗) .

Since 𝜕𝑥Θ( 𝑗)/𝐿 ( 𝑗) is the curvature 𝜅
( 𝑗)
𝑡 of Γ( 𝑗)

𝑡 and (2.1) holds for Γ( 𝑗)
𝑡 , we can obtain similarly

𝜕𝑡𝜉
( 𝑗) = 𝜎(Δ( 𝑗)𝛼)𝜅 ( 𝑗)𝑡 𝜈

( 𝑗)
𝑡 + 𝜆

( 𝑗)
𝑡 𝜏

( 𝑗)
𝑡 ,

where

(2.35) 𝜆
( 𝑗)
𝑡 =

(
𝜎(Δ( 𝑗)𝛼)

𝐿 ( 𝑗)

∫ 𝑥

0
(𝜕𝑥Θ( 𝑗))2 𝑑𝑥 + 𝑥𝜕𝑡𝐿

( 𝑗)
)

and 𝜏
( 𝑗)
𝑡 , 𝜈

( 𝑗)
𝑡 are the unit tangent and normal vector of Γ( 𝑗)

𝑡 respectively. Therefore, (1.3) is satisfied.
The equations (1.4), (1.7) hold obviously. Note that the third and forth equations in (2.12) are
equivalent to

(2.36)
3∑
𝑗=1

𝜎(Δ( 𝑗)𝛼)𝜏( 𝑗)𝑡 =
3∑
𝑗=1

𝜎(Δ( 𝑗)𝛼)(cosΘ, sinΘ) = 0 at 𝑥 = 1,

and thus (1.6) is satisfied if (1.5) holds. We now thus prove (1.5). By means of the form (2.35) of

the tangent velocity and the differential equation of 𝐿 ( 𝑗) in (2.12), we can see that 𝜆
( 𝑗)
𝑡 satisfies (2.7).
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Hereafter, we use 𝑉
( 𝑗)
𝑡 as the normal velocity of Γ( 𝑗)

𝑡 and thus

𝑉
( 𝑗)
𝑡 =

𝜎(Δ( 𝑗)𝛼)
𝐿 ( 𝑗) (𝑡)

𝜕𝑥Θ
( 𝑗) = 𝜎(Δ( 𝑗)𝛼)𝜕𝑠Θ( 𝑗) = 𝜎(Δ( 𝑗)𝛼)𝜅 ( 𝑗)𝑡 ,

and also let 𝑐( 𝑗) (𝑡) = cos(Θ( 𝑗+1) (1, 𝑡)−Θ( 𝑗) (1, 𝑡)) and 𝑠( 𝑗) (𝑡) = sin(Θ( 𝑗+1) (1, 𝑡)−Θ( 𝑗) (1, 𝑡)) for simplicity.
We then have by the fifth equality in (2.12) and the sum and difference formulas of trigonometric
functions

3∑
𝑗=1

𝜎(Δ( 𝑗)𝛼)𝑉 ( 𝑗)
𝑡 = 0,(2.37)

𝑐(𝑘) (𝑡) = cos
(
(Θ(𝑘+1) (1, 𝑡) − Θ(𝑘+2) (1, 𝑡)) + (Θ(𝑘+2) (1, 𝑡) − Θ(𝑘) (1, 𝑡))

)
= 𝑐(𝑘+1)𝑐(𝑘+2) − 𝑠(𝑘+1)𝑠(𝑘+2) for 𝑘 ∈ {1, 2, 3}.

(2.38)

Furthermore, taking inner product of (2.36) and 𝜈(𝑘)𝑡 at 𝑥 = 1, we have

(2.39) 𝜎(Δ(𝑘+1)𝛼)𝑠(𝑘) = 𝜎(Δ(𝑘+2)𝛼)𝑠(𝑘+2) for 𝑘 ∈ {1, 2, 3}.
In order to prove (1.5), it is sufficient to prove, for 𝑗 ∈ {1, 2, 3} and 𝑡 ≥ 0, 𝜕𝑡𝜉

( 𝑗) − 𝜕𝑡𝜉
( 𝑗+1) = 0 at

𝑥 = 1, which is equivalent to

(2.40) (𝑉 ( 𝑗)
𝑡 𝜈

( 𝑗)
𝑡 + 𝜆

( 𝑗)
𝑡 𝜏

( 𝑗)
𝑡 ) − (𝑉 ( 𝑗+1)

𝑡 𝜈
( 𝑗+1)
𝑡 + 𝜆

( 𝑗+1)
𝑡 𝜏

( 𝑗+1)
𝑡 ) = 0 at 𝑥 = 1.

Our strategy is to prove that the each inner product of (2.40) and 𝜏
( 𝑗)
𝑡 /𝜈( 𝑗)𝑡 is zero for any 𝑗 ∈ {1, 2, 3}.

The inner product of (2.40) and 𝜏
( 𝑗)
𝑡 is equivalent to 𝜆

( 𝑗)
𝑡 = −𝑠( 𝑗)𝑉 ( 𝑗+1)

𝑡 + 𝑐( 𝑗)𝜆( 𝑗+1)
𝑡 and this identity

obviously holds due to (2.7). We next take inner product of the left hand side of (2.40) and 𝜈
( 𝑗)
𝑡 at

𝑥 = 1 to obtain

〈𝜕𝑡𝜉 ( 𝑗) − 𝜕𝑡𝜉
( 𝑗+1) , 𝜈( 𝑗)𝑡 〉 = 𝑉

( 𝑗)
𝑡 − 𝑐( 𝑗)𝑉 ( 𝑗+1)

𝑡 − 𝑠( 𝑗)𝜆( 𝑗+1)
𝑡

=
1

1 − 𝑐( 𝑗)𝑐( 𝑗+1)𝑐( 𝑗+2)

(
(1 − 𝑐( 𝑗)𝑐( 𝑗+1)𝑐( 𝑗+2) + 𝑠( 𝑗)𝑐( 𝑗+1)𝑠( 𝑗+2))𝑉 ( 𝑗)

+ (−𝑐( 𝑗) (1 − 𝑐( 𝑗)𝑐( 𝑗+1)𝑐( 𝑗+2)) + (𝑠( 𝑗))2𝑐( 𝑗+1)𝑐( 𝑗+2))𝑉 ( 𝑗+1) + 𝑠( 𝑗)𝑠( 𝑗+1)𝑉 ( 𝑗+2)
)

at 𝑥 = 1. Here, the following identity, which follows from (2.7), have been used:

𝜆
( 𝑗+1)
𝑡 =

−1

1 − 𝑐( 𝑗)𝑐( 𝑗+1)𝑐( 𝑗+2)
(𝑐( 𝑗+1)𝑠( 𝑗+2)𝑉 ( 𝑗)

𝑡 + 𝑠( 𝑗)𝑐( 𝑗+1)𝑐( 𝑗+2)𝑉 ( 𝑗+1)
𝑡 + 𝑠( 𝑗+1)𝑉 ( 𝑗+2)

𝑡 ) at 𝑥 = 1.

Since (2.38) implies

1 − 𝑐( 𝑗)𝑐( 𝑗+1)𝑐( 𝑗+2) + 𝑠( 𝑗)𝑐( 𝑗+1)𝑠( 𝑗+2) = 1 − (𝑐( 𝑗+1))2 = (𝑠( 𝑗+1))2,
− 𝑐( 𝑗) (1 − 𝑐( 𝑗)𝑐( 𝑗+1)𝑐( 𝑗+2)) + (𝑠( 𝑗))2𝑐( 𝑗+1)𝑐( 𝑗+2) = 𝑐( 𝑗+1)𝑐( 𝑗+2) − 𝑐( 𝑗) = 𝑠( 𝑗+1)𝑠( 𝑗+2) ,

by means of (2.37) and (2.39), we have

〈𝜕𝑡𝜉 ( 𝑗) − 𝜕𝑡𝜉
( 𝑗+1) , 𝜈( 𝑗)𝑡 〉 = 1

1 − 𝑐( 𝑗)𝑐( 𝑗+1)𝑐( 𝑗+2)
((𝑠( 𝑗+1))2𝑉 ( 𝑗)

𝑡 + 𝑠( 𝑗+1)𝑠( 𝑗+2)𝑉 ( 𝑗+1)
𝑡 + 𝑠( 𝑗)𝑠( 𝑗+1)𝑉 ( 𝑗+2)

𝑡 )

=
𝑠( 𝑗)𝑠( 𝑗+1)

𝜎(Δ( 𝑗+2)𝛼)(1 − 𝑐( 𝑗)𝑐( 𝑗+1)𝑐( 𝑗+2))

3∑
𝑘=1

𝜎(Δ(𝑘)𝛼)𝑉 (𝑘)
𝑡 = 0 at 𝑥 = 1.
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Therefore, 𝜕𝑡𝜉
( 𝑗) − 𝜕𝑡𝜉

( 𝑗+1) is zero at 𝑥 = 1 in each direction 𝜈
( 𝑗)
𝑡 and 𝜏

( 𝑗)
𝑡 , and thus (2.40) holds since

𝜈
( 𝑗)
𝑡 and 𝜏

( 𝑗)
𝑡 are linearly independent. Since the initial triod satisfies (1.5), the identity (2.40) show

that (1.5) holds for any positive time 𝑡.

Next, to prove the uniqueness of the geometric flow, assume that a family of Γ̃( 𝑗)
𝑡 and 𝛼̃( 𝑗), starting

from Γ( 𝑗)
0 and 𝛼

( 𝑗)
0 respectively, is another solution to (1.3)–(1.7). We then see that the family of

the angle function Θ̃( 𝑗) of Γ̃( 𝑗)
𝑡 , the length 𝐿̃ ( 𝑗) of Γ̃( 𝑗)

𝑡 and the orientation parameter 𝛼̃( 𝑗) satisfy

(2.12) with the variables 𝑥 = 𝑠̃/𝐿̃ ( 𝑗) on Γ̃( 𝑗)
𝑡 , where 𝑠̃ is the arc-length of Γ̃( 𝑗)

𝑡 . Due to the uniqueness

result for (2.12), we obtain Θ̃( 𝑗) ≡ Θ( 𝑗), 𝐿̃ ( 𝑗) ≡ 𝐿 ( 𝑗) and 𝛼̃( 𝑗) ≡ 𝛼( 𝑗), which implies coincidence of two
geometric flows.

Finally, we prove that the geometric flow is smooth if Γ( 𝑗)
0 is smooth and the pair of {Γ( 𝑗)

0 } 𝑗∈{1,2,3}
and {𝛼( 𝑗)

0 } 𝑗∈{1,2,3} satisfies the compatibility condition of any order for the geometric flow (1.3)–(1.7).
Proposition 2.14 shows that, for any integer 𝑘 ≥ 2, there exists 𝑇𝑘 > 0 such that the angle function

Θ( 𝑗) of Γ( 𝑗)
𝑡 satisfies

(2.41) Θ( 𝑗) ∈ 𝐶
𝑘+𝛽, 𝑘+𝛽2
𝑥,𝑡 ( [0, 1] × [0, 𝑇𝑘 ]) for 𝑗 ∈ {1, 2, 3}, 𝑘 ∈ N with 𝑘 ≥ 2.

Note that, by means of the differential equations of 𝐿 ( 𝑗) and 𝛼( 𝑗) in (2.12), we also see that

(2.42) 𝐿 ( 𝑗) ∈ 𝐶
𝑘+1/2+𝛽

2
𝑡 ([0, 𝑇𝑘 ]), 𝛼( 𝑗) ∈ 𝐶

𝑘+3/2+𝛽
2

𝑡 ( [0, 𝑇𝑘 ]), for 𝑗 ∈ {1, 2, 3}, 𝑘 ∈ N with 𝑘 ≥ 2.

Therefore, it is sufficient to prove that there exists 𝑇 ′ > 0 such that 𝑇𝑘 ≥ 𝑇 ′ for any 𝑘. Letting
𝑣( 𝑗) := 𝜕𝑡Θ( 𝑗), it follows from the regularity results (2.41), (2.42) and the differential equations of Θ( 𝑗)

in (2.12) that 𝑣 satisfies

(2.43)



𝜕𝑡𝑣
( 𝑗) = 𝜎(Δ( 𝑗 )𝛼)

(𝐿 ( 𝑗 ) )2 𝜕2𝑥 𝑣 + 𝐹 ( 𝑗) , (𝑥, 𝑡) ∈ (0, 1) × (0, 𝑇𝑘 ], 𝑗 = 1, 2, 3,

𝜕𝑥𝑣
( 𝑗) (0, 𝑡) = 0, 𝑡 ∈ (0, 𝑇𝑘 ], 𝑗 = 1, 2, 3,∑3

𝑗=1

(
𝜎(Δ( 𝑗)𝛼(𝑡)) sinΘ( 𝑗) (1, 𝑡)

)
𝑣( 𝑗) (1, 𝑡) = 𝑏1(𝑡), 𝑡 ∈ (0, 𝑇𝑘 ],∑3

𝑗=1

(
𝜎(Δ( 𝑗)𝛼(𝑡)) cosΘ( 𝑗) (1, 𝑡)

)
𝑣( 𝑗) (1, 𝑡) = 𝑏2(𝑡), 𝑡 ∈ (0, 𝑇𝑘 ],∑3

𝑗=1
(𝜎(Δ( 𝑗 )𝛼(𝑡)))2

𝐿 ( 𝑗 ) (𝑡) 𝜕𝑥𝑣
( 𝑗) (1, 𝑡) = 𝑏3(𝑡), 𝑡 ∈ (0, 𝑇𝑘 ],

where 𝐹 ( 𝑗) , 𝑏 𝑗 are some functions of class

𝐹 ( 𝑗) ∈ 𝐶
𝑘−3+𝛽, 𝑘−3+𝛽2
𝑥,𝑡 ([0, 1] × [0, 𝑇𝑘 ]) for 𝑗 ∈ {1, 2, 3},

𝑏 𝑗 ∈ 𝐶
𝑘+𝛽
2

𝑡 ([0, 𝑇𝑘 ]) for 𝑗 ∈ {1, 2}, 𝑏3 ∈ 𝐶
𝑘−1+𝛽

2
𝑡 ([0, 𝑇𝑘 ]),

for any 𝑘 ≥ 4. While some coefficients in (2.43) depend on 𝑡, we can prove that, by a similar argument
as in Section 2.2, the system (2.43) satisfies the parabolicity and the complementing condition when-
ever Θ( 𝑗+1) (1, 𝑡) −Θ( 𝑗) (1, 𝑡) ∈ (0, 𝜋). The condition Θ( 𝑗+1) (1, 𝑡) −Θ( 𝑗) (1, 𝑡) ∈ (0, 𝜋) holds on some time
interval [0, 𝑇0] since Θ( 𝑗) is continuous and the condition is satisfied at initial time. Furthermore,
due to the assumptions on the initial datum for the geometric flow, 𝑣(·, 0) satisfies the compati-
bility condition of any order for (2.43). It is thus possible to apply [26, Theorem 10.1 in Chapter

VII], as in Proposition 2.10, to conclude that 𝑣( 𝑗) ∈ 𝐶
𝑘−1+𝛽, 𝑘−1+𝛽2
𝑥,𝑡 ([0, 1] × [0, 𝑇𝑘 ]) for 𝑗 ∈ {1, 2, 3}

and 𝑘 ≥ 4. Since 𝜕2𝑥Θ
( 𝑗) can be represented by a summation of some terms containing 𝑣( 𝑗) and

𝜕𝑥Θ( 𝑗) as in the first differential equation in (2.12), 𝜕2𝑥Θ
( 𝑗) has same regularity with 𝑣. Therefore,



24 TAKASHI KAGAYA, MASASHI MIZUNO, AND KEISUKE TAKASAO

we obtain Θ( 𝑗) ∈ 𝐶
𝑘+1+𝛽, 𝑘+1+𝛽2
𝑥,𝑡 ([0, 1] × [0, 𝑇𝑘 ]) for 𝑗 ∈ {1, 2, 3} and 𝑘 ≥ 4 (see also [31, Theorem 2.2]

for the regularity result of Θ( 𝑗) from it of 𝑣( 𝑗) and 𝜕2𝑥Θ
( 𝑗)). It shows 𝑇𝑘+1 ≥ min{𝑇𝑘 , 𝑇0} and further

𝑇𝑘 ≥ min{𝑇4, 𝑇0} for any 𝑘 ≥ 4. □

3. Equilibrium

In this section, we study the equilibrium state for (1.3)–(1.7) to continue to prove the local ex-
ponential stability of the steady state. In particular, we show that the steady state is unique up to
constant difference for (𝛼(1) , 𝛼(2) , 𝛼(3)) under the assumptions (A1)–(A3).

Proposition 3.1. Let 𝛾, 𝜎, 𝑃( 𝑗) ( 𝑗 = 1, 2, 3) satisfy the assumptions (A1)–(A3). Let also (Γ( 𝑗)
∞ , 𝛼

( 𝑗)
∞ )

be a stationary solution to (1.3)–(1.7). Then, ∪3
𝑗=1Γ

( 𝑗)
∞ is the unique Steiner triod connectiong the

three boundary points 𝑃( 𝑗) and 𝛼(1)
∞ = 𝛼(2)

∞ = 𝛼(3)
∞ .

The latter property for 𝛼
( 𝑗)
∞ can be obtain by a quite similar argument in [11, Proposition 5.1]. We

however give the proof of the property for self-contained arguments.

Proof. Let 𝐿
( 𝑗)
∞ be the length of Γ( 𝑗)

∞ . We first prove that 𝛼(1)
∞ = 𝛼(2)

∞ = 𝛼(3)
∞ . Since (Γ( 𝑗)

∞ , 𝛼
( 𝑗)
∞ ) is a

stationary solution, we have

(3.1) 𝜕𝛼𝜎(Δ(1)𝛼∞)𝐿 (1)
∞ = 𝜕𝛼𝜎(Δ(2)𝛼∞)𝐿 (2)

∞ = 𝜕𝛼𝜎(Δ(3)𝛼∞)𝐿 (3)
∞ ,

which is derived from (1.4). We also note that the assumption (A3) implies

(3.2) 𝜕𝛼𝜎(𝛼)𝛼 ≥ 0 for 𝛼 ∈ R.
Multiplying Δ(2)𝛼∞ and Δ(3)𝛼∞ to (3.1) and using convexity of 𝜎 as in (3.2), we find

(3.3) 𝜕𝛼𝜎(Δ(1)𝛼∞)Δ(2)𝛼∞𝐿
(1)
∞ ≥ 0, and 𝜕𝛼𝜎(Δ(1)𝛼∞)Δ(3)𝛼∞𝐿

(1)
∞ ≥ 0,

which imply 𝜕𝛼𝜎(Δ(1)𝛼∞)Δ(1)𝛼∞ ≤ 0 by taking the summation and dividing by 𝐿 (1)
∞ . Combining it

and (3.2), we obtain 𝜕𝛼𝜎(Δ(1)𝛼∞)Δ(1)𝛼∞ = 0, which implies Δ(1)𝛼∞ = 0 due to the assumption (A3).

As a similar argument, we obtain Δ(2)𝛼∞ = Δ(3)𝛼∞ = 0 and thus 𝛼(1)
∞ = 𝛼(2)

∞ = 𝛼(3)
∞ holds.

We next prove that the network ∪3
𝑗=1Γ

( 𝑗)
∞ is the unique Steiner triod connecting the three boundary

points 𝑃( 𝑗). Since (Γ( 𝑗)
∞ , 𝛼

( 𝑗)
∞ ) is a stationary solution, the curvature of Γ( 𝑗)

∞ is 0 for any 𝑗 ∈ {1, 2, 3}
in view of (1.3). Therefore, Γ( 𝑗)

∞ is a line segment for 𝑗 ∈ {1, 2, 3} and the line segments generate a
network connecting 𝑃(1) , 𝑃(2) , 𝑃(3) and a junction point 𝑝∞. Furthermore, due to Δ(1)𝛼∞ = Δ(2)𝛼∞ =
Δ(3)𝛼∞ = 0, the each pair of line segments in {Γ( 𝑗)

∞ } 𝑗∈{1,2,3} generates 120 degree contact angle at the
junction point 𝑝∞ in view of (1.6). We thus conclude that the network is the unique Steiner triod
connecting the three boundary points 𝑃( 𝑗) due to the assumption (A2). □

Remark 3.2. If the assumption (A3) is dropped in Proposition 3.1, we possibly obtain more than
two networks of equilibrium. One of the most simple case losing the uniqueness of the network is
that 𝜕𝛼𝜎 has other zero points 𝑎, 𝑏 with 2𝑎 + 𝑏 = 0 besides 𝛼 = 0. In this case, we can choose the
orientation parameters to satisfy Δ(1)𝛼∞ = Δ(2)𝛼∞ = 𝑎 and Δ(3)𝛼∞ = 𝑏. Furthremore, if we take an

appropriate function 𝜎 and the fixed points 𝑃( 𝑗), there is a network consists of line segments Γ( 𝑗)
∞

between a junction point ®𝑎∞ and 𝑃( 𝑗) satisfying

3∑
𝑗=1

𝜎(Δ( 𝑗)𝛼∞)𝜏( 𝑗)∞ = 0.
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Since this triod is obviously different from the Steiner triod if 𝜎(𝑎) ≠ 𝜎(𝑏), we can see the non-
uniqueness of the geometric form of the equilibrium. We note additionally that an equilibrium
satisfying 𝜕𝛼𝜎(Δ( 𝑗)𝛼∞) ≠ 0 for 𝑗 ∈ {1, 2, 3} also can be constructed if we choose 𝜎 and 𝑃( 𝑗) properly.

4. Geometric properties and exponential decay of misorientations

In this section, we assume that a smooth geometric flow governed by (1.3)–(1.7) exists until a time

𝑇 > 0. Let 𝜉 ( 𝑗) be the parametrization of Γ( 𝑗)
𝑡 defined as in Section 2.1 without the restriction (2.9).

According to the discussions in Section 2, the uniformly boundedness of 𝐿 ( 𝑗) from below and above is
required to ensure the uniform parabolicity of the problem, and we thus first study the boundedness.
The boundedness of 𝐿 ( 𝑗) from above can be obtained from the energy dissipation.

Lemma 4.1. Assume (A1). Let

𝐸 (𝑡) :=
3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

𝜎(Δ( 𝑗)𝛼(𝑡)) 𝑑𝑠.

Then,

(4.1)
𝑑

𝑑𝑡
𝐸 (𝑡) = −

3∑
𝑗=1

(∫
Γ ( 𝑗 )
𝑡

(𝑉 ( 𝑗)
𝑡 )2 𝑑𝑠 + (𝜕𝑡𝛼( 𝑗) (𝑡))2

𝛾

)
.

Proof. Applying (2.3), we have by 𝑉
( 𝑗)
𝑡 = 𝜎(Δ( 𝑗)𝛼(𝑡))𝜕𝑠Θ( 𝑗)

(4.2)

𝑑

𝑑𝑡
𝐸 (𝑡) =

3∑
𝑗=1

𝑑

𝑑𝑡

∫ 1

0
𝜎(Δ( 𝑗)𝛼(𝑡)) |𝜕𝑥𝜉 ( 𝑗) (𝑥, 𝑡) | 𝑑𝑥

=
3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡))𝜕𝑡 (Δ( 𝑗)𝛼(𝑡)) − (𝑉 ( 𝑗)
𝑡 )2 + 𝜎(Δ( 𝑗)𝛼(𝑡))𝜕𝑠𝜆( 𝑗)

𝑡 𝑑𝑠.

It follows from the definition of Δ( 𝑗)𝛼 = 𝛼( 𝑗−1) − 𝛼( 𝑗) and (1.4) that

(4.3)

3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡))𝜕𝑡 (Δ( 𝑗)𝛼(𝑡)) 𝑑𝑠

=
3∑
𝑗=1

𝐿 ( 𝑗) (𝑡)𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡)) (𝜕𝑡𝛼( 𝑗−1) (𝑡) − 𝜕𝑡𝛼
( 𝑗) (𝑡))

=
3∑
𝑗=1

(
𝜕𝛼𝜎(Δ( 𝑗+1)𝛼(𝑡))𝐿 ( 𝑗+1) (𝑡) − 𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡))𝐿 ( 𝑗) (𝑡)

)
𝜕𝑡𝛼

( 𝑗) (𝑡)

= −
3∑
𝑗=1

(𝜕𝑡𝛼( 𝑗) (𝑡))2
𝛾

.

We also have by (1.6), (2.5) and 𝜆
( 𝑗)
𝑡 = 〈𝜕𝑡 ®𝑎, 𝜏 ( 𝑗)𝑡 〉 at the junction point ®𝑎

(4.4)
3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

𝜎(Δ( 𝑗)𝛼(𝑡))𝜕𝑠𝜆( 𝑗)
𝑡 𝑑𝑠 =

3∑
𝑗=1

𝜎(Δ( 𝑗)𝛼(𝑡))〈𝜕𝑡 ®𝑎, 𝜏 ( 𝑗)𝑡 〉bat ®𝑎= 0.

Combining (4.2)–(4.4), we obtain (4.1). □
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We next give a sufficient condition to obtain the boundedness of 𝐿 ( 𝑗) from below.

Lemma 4.2. Assume (A1)–(A3). Then, there exist constants 𝐿min > 0 and 𝑚3 > 0 such that

𝐿 ( 𝑗) (𝑡) ≥ 𝐿min for 𝑗 ∈ {1, 2, 3}, 𝑡 ∈ [0, 𝑇)
if 𝐸 (0) ≤ 𝜎(0)𝑚3.

Proof. First, we introduce a functional 𝐸 ( ®𝑎) for ®𝑎 ∈ R2 as

𝐸 ( ®𝑎) := | ®𝑎 − 𝑃(1) | + | ®𝑎 − 𝑃(2) | + | ®𝑎 − 𝑃(3) |.
Let ®𝑎0 be the Fermat point of the triangle generated by the boundary points {𝑃( 𝑗)} 𝑗∈{1,2,3}, then ®𝑎0
is the unique minimizer of 𝐸 . Then, we can see that the following three properties hold; 𝐸 ( ®𝑎) → ∞
as | ®𝑎 | → ∞; 𝐸 is continuous; ®𝑎0 is an interior point in the triangle with vertexes 𝑃(1) , 𝑃(2) , 𝑃(3), in
particular, ®𝑎0 is away from 𝑃( 𝑗) for 𝑗 = 1, 2, 3. Therefore, we can choose a constant 𝑚3 > 𝐸 ( ®𝑎0)
sufficiently close to 𝐸 ( ®𝑎0) so that

𝑆𝑚3 := { ®𝑎 ∈ R2 : 𝐸 ( ®𝑎) ≤ 𝑚3}
is contained in the triangle generated by {𝑃( 𝑗)} 𝑗∈{1,2,3}. Let 𝐿min > 0 be the shortest of the three

distances between 𝑆𝑚3 and 𝑃( 𝑗) for 𝑗 = 1, 2, 3.
Since 𝜎(𝛼) ≥ 𝜎(0) for any 𝛼 ∈ R and the distance | ®𝑎(𝑡) −𝑃( 𝑗) | is not larger than the length 𝐿 ( 𝑗) (𝑡),

we can see
𝐸 (𝑡) ≥ 𝜎(0)𝐸 ( ®𝑎(𝑡)).

Thus, by the monotonicity of 𝐸 (𝑡) as in (4.1), we have

𝐸 ( ®𝑎(𝑡)) ≤ 𝐸 (0)/𝜎(0) ≤ 𝑚3

if 𝐸 (0) ≤ 𝜎(0)𝑚1. By the choice of 𝑚1, we can see that ®𝑎(𝑡) ∈ 𝑆𝑚1 and

𝐿 ( 𝑗) (𝑡) ≥ | ®𝑎(𝑡) − 𝑃( 𝑗) | ≥ dist(𝑆𝑚3 , {𝑃( 𝑗)} 𝑗∈{1,2,3}) = 𝐿min

for any 𝑡 ∈ [0, 𝑇). □

In order to prove the global existence of the geometric flow later, we have to prove that the
boundary conditions of the linearized system of the geometric flow as in Section 2.2 around an
arbitrary positive time 𝑡 > 0 satisfy the complementing condition. According to Lemma 2.7, the
complementarity of the boundary conditions are ensured if Θ( 𝑗+1) −Θ( 𝑗) ∈ (0, 𝜋) holds at the junction
point ®𝑎 for any positive time, where Θ( 𝑗) is the angle function defined as in (2.1). Therefore, we next
study the relation between the angles Θ( 𝑗+1) − Θ( 𝑗) at the junction point ®𝑎 and the surface tensions
𝜎(Δ( 𝑗)𝛼(𝑡)).
Lemma 4.3. For any geometric flow governed by (1.3)–(1.7), the equality

(4.5) 〈𝜏( 𝑗)𝑡 , 𝜏
( 𝑗+1)
𝑡 〉 = (𝜎(Δ( 𝑗−1)𝛼(𝑡)))2 − (𝜎(Δ( 𝑗)𝛼(𝑡)))2 − (𝜎(Δ( 𝑗+1)𝛼(𝑡)))2

2𝜎(Δ( 𝑗)𝛼(𝑡))𝜎(Δ( 𝑗+1)𝛼(𝑡))
holds at the junction point ®𝑎(𝑡) for 𝑗 ∈ {1, 2, 3} and 𝑡 > 0.

Proof. For simplicity, we write 𝜎 ( 𝑗) as 𝜎(Δ( 𝑗)𝛼(𝑡)) for 𝑗 ∈ {1, 2, 3}. Taking the inner product of (1.6)

and 𝜏(𝑖)𝑡 for 𝑖 = 1, 2, 3, we have

©­«
𝜎 (2) 0 𝜎 (3)

𝜎 (1) 𝜎 (3) 0
0 𝜎 (2) 𝜎 (1)

ª®¬
©­­«
〈𝜏(1)𝑡 , 𝜏 (2)𝑡 〉
〈𝜏(2)𝑡 , 𝜏 (3)𝑡 〉
〈𝜏(3)𝑡 , 𝜏 (1)𝑡 〉

ª®®¬ = − ©­«
𝜎 (1)

𝜎 (2)

𝜎 (3)

ª®¬
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at the junction point ®𝑎(𝑡). Thus, (4.5) can be obtained by calculating the inverse of the matrix. □

Remark 4.4. It immediately follows from Lemma 4.3 that

| cos(Θ( 𝑗+1) − Θ( 𝑗)) | = |〈𝜏( 𝑗)𝑡 , 𝜏
( 𝑗+1)
𝑡 〉| < 1

holds if and only if

(4.6) (𝜎(Δ( 𝑗)𝛼(𝑡)) − 𝜎(Δ( 𝑗+1)𝛼(𝑡)))2 < (𝜎(Δ( 𝑗−1)𝛼(𝑡)))2 < (𝜎(Δ( 𝑗)𝛼(𝑡)) + 𝜎(Δ( 𝑗+1)𝛼(𝑡)))2

holds for any 𝑗 ∈ {1, 2, 3} and 𝑡 ∈ [0, 𝑇]. We thus see that a geometric flow governed by (1.3)–

(1.7) and starting from {Γ( 𝑗)
0 } 𝑗∈{1,2,3}, ®𝛼0 satisfying Θ( 𝑗+1)

0 (0) −Θ( 𝑗)
0 (0) ∈ (0, 𝜋) preserves the property

Θ( 𝑗+1) (0, 𝑡) − Θ( 𝑗) (0, 𝑡) ∈ (0, 𝜋) for any 𝑡 ∈ [0, 𝑇] if and only if ®𝛼 satisfies (4.6) for any 𝑡 ∈ [0, 𝑇].

We here also discuss the following formula of 〈𝜏( 𝑗)𝑡 , 𝜈
( 𝑗+1)
𝑡 〉 to apply in the 𝐿2 or higher order

estimate of curvatures later.

Lemma 4.5. For any geometric flow governed by (1.3)–(1.7), if Θ( 𝑗+1) −Θ( 𝑗) ∈ (0, 𝜋) at the junction
point ®𝑎(𝑡) for 𝑗 ∈ {1, 2, 3} and 𝑡 > 0, the equality

(4.7) 〈𝜏( 𝑗)𝑡 , 𝜈
( 𝑗+1)
𝑡 〉 = −

√{∑
𝑖<𝑘 2(𝜎(Δ(𝑖)𝛼(𝑡)))2(𝜎(Δ(𝑘)𝛼(𝑡)))2

}
−

{∑3
𝑖=1(𝜎(Δ(𝑖)𝛼(𝑡)))4

}
2𝜎(Δ( 𝑗)𝛼(𝑡))𝜎(Δ( 𝑗+1)𝛼(𝑡))

holds at the junction point ®𝑎(𝑡) for 𝑗 ∈ {1, 2, 3} and 𝑡 > 0.

Proof. Since the curves Γ( 𝑗)
𝑡 are numbered counter-clockwise around the junction point, we have by

Θ( 𝑗+1) − Θ( 𝑗) ∈ (0, 𝜋) at the junction point ®𝑎(𝑡)

〈𝜏( 𝑗)𝑡 , 𝜈
( 𝑗+1)
𝑡 〉 = cos(Θ( 𝑗+1) − Θ( 𝑗) + 𝜋/2) = − sin(Θ( 𝑗+1) − Θ( 𝑗))

= −
√

1 − cos2(Θ( 𝑗+1) − Θ( 𝑗)) = −
√

1 − (〈𝜏( 𝑗)𝑡 , 𝜏
( 𝑗+1)
𝑡 〉)2

due to the choice of the direction of 𝜏
( 𝑗)
𝑡 and 𝜈

( 𝑗)
𝑡 . Substituting (4.5) into the above equality, we

obtain

〈𝜏( 𝑗)𝑡 , 𝜈
( 𝑗+1)
𝑡 〉 = −

√
4(𝜎 ( 𝑗))2(𝜎 ( 𝑗+1))2 − {(𝜎 ( 𝑗−1))2 − (𝜎 ( 𝑗))2 − (𝜎 ( 𝑗+1))2}2

2𝜎 ( 𝑗)𝜎 ( 𝑗+1)

= −

√
2
{
(𝜎 ( 𝑗))2(𝜎 ( 𝑗+1))2 + (𝜎 ( 𝑗−1))2(𝜎 ( 𝑗))2 + (𝜎 ( 𝑗−1))2(𝜎 ( 𝑗+1))2

}
−

{∑3
𝑖=1(𝜎 (𝑖))4

}
2𝜎 ( 𝑗)𝜎 ( 𝑗+1) ,

where 𝜎 (𝑖) = 𝜎(Δ𝛼(𝑖) (𝑡)) for 𝑖 = 1, 2, 3. This equality is equivalent to (4.7). □

Since the right hand side of (4.5) consists of only 𝜎(Δ( 𝑗)𝛼(𝑡)), we can estimate the angle Θ( 𝑗+1) (0, 𝑡)−
Θ( 𝑗) (0, 𝑡) by 𝜎(Δ( 𝑗)𝛼(𝑡)). We thus continue to estimate the orientation parameters 𝛼( 𝑗). We note
that the estimates of 𝛼( 𝑗) will be also used to obtain 𝐿2 or higher order estimate of the curvatures.
We first prove the dissipation of the orientations and misorientations.

Lemma 4.6. Assume (A1) and (A3). Then,

𝑑

𝑑𝑡

3∑
𝑗=1

(𝛼( 𝑗) (𝑡))2 ≤ 0,(4.8)
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𝑑

𝑑𝑡

3∑
𝑗=1

(Δ( 𝑗)𝛼(𝑡))2 ≤ 0(4.9)

for any 𝑡 ∈ [0, 𝑇).

Proof. Multiplying (1.4) by 𝛼( 𝑗) and taking the sum for 𝑗 = 1, 2, 3, we obtain

1

2

𝑑

𝑑𝑡

3∑
𝑗=1

(𝛼( 𝑗) (𝑡))2 = − 𝛾
3∑
𝑗=1

(
𝜕𝛼𝜎(Δ( 𝑗+1)𝛼(𝑡))𝐿 ( 𝑗+1) (𝑡) − 𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡))𝐿 ( 𝑗) (𝑡)

)
𝛼( 𝑗) (𝑡)

= − 𝛾
3∑
𝑗=1

(
𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡))𝐿 ( 𝑗) (𝑡)

)
(𝛼( 𝑗−1) (𝑡) − 𝛼( 𝑗) (𝑡))

= − 𝛾
3∑
𝑗=1

Δ( 𝑗)𝛼(𝑡)𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡))𝐿 ( 𝑗) (𝑡) ≤ 0.

Here, the inequality 𝜎𝛼 (𝛼)𝛼 ≥ 0 for 𝛼 ∈ R have been used, which follows from the assumption (A3).
Thus, (4.8) holds.

We have by a simple calculation and (1.4)

𝑑

𝑑𝑡
Δ( 𝑗)𝛼(𝑡) = 𝛾

{
−2𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡))𝐿 ( 𝑗) (𝑡) + 𝜕𝛼𝜎(Δ( 𝑗−1)𝛼(𝑡))𝐿 ( 𝑗−1) (𝑡) + 𝜕𝛼𝜎(Δ( 𝑗+1)𝛼(𝑡))𝐿 ( 𝑗+1) (𝑡)

}
Multiplying the equality by Δ( 𝑗)𝛼 and taking the sum for 𝑗 = 1, 2, 3 we obtain

(4.10)
1

2

𝑑

𝑑𝑡

3∑
𝑗=1

(Δ( 𝑗)𝛼(𝑡))2 = −3𝛾
3∑
𝑗=1

Δ( 𝑗)𝛼𝜕𝛼 (Δ( 𝑗)𝛼(𝑡))𝐿 ( 𝑗) (𝑡) ≤ 0.

Thus, (4.9) holds. □

The exponential decay of the misorientations and derivatives of the orientations or surface tensions
can be obtained assuming additional condition (A2) and the smallness of the energy as follows.

Corollary 4.7. Assume (A1)–(A3). Let 𝑚3 be the constant defined in Lemma 4.2 and 𝑚4 be an
arbitrary positive constant. Then, there exist constants 𝑐4, 𝑐5, 𝑐6 > 0 such that if 𝐸 (0) ≤ 𝜎(0)𝑚3 and

(4.11)
3∑
𝑗=1

(Δ( 𝑗)𝛼(0))2 ≤ 𝑚4

then,

3∑
𝑗=1

(Δ( 𝑗)𝛼(𝑡))2 ≤ 𝑒−𝑐4𝑡
3∑
𝑗=1

(Δ( 𝑗)𝛼(0))2 for 𝑡 ∈ [0, 𝑇),(4.12)

|𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡)) | ≤ 𝑐5𝑒
− 𝑐4𝑡

2

√√√ 3∑
𝑗=1

(Δ( 𝑗)𝛼(0))2 for 𝑡 ∈ [0, 𝑇), 𝑗 ∈ {1, 2, 3},(4.13)

|𝜕𝑡𝛼( 𝑗) (𝑡) | ≤ 𝑐6𝑒
− 𝑐4𝑡

2

√√√ 3∑
𝑗=1

(Δ( 𝑗)𝛼(0))2 for 𝑡 ∈ [0, 𝑇), 𝑗 ∈ {1, 2, 3}.(4.14)
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Proof. First, we prove (4.12). From (4.9) and (4.11), we have |Δ(𝑖)𝛼(𝑡) | ≤ 𝑚1/2
4 for 𝑡 > 0 and

𝑖 ∈ {1, 2, 3}. Due to the assumption (A3), we can see by the boundedness of |Δ(𝑖)𝛼(𝑡) | and the Taylor
expansion

𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡))Δ( 𝑗)𝛼(𝑡) ≥
(

min
|𝛼 |≤𝑚1/2

4

𝜕2𝛼𝜎(𝛼)
)
(Δ( 𝑗)𝛼(𝑡))2.

Note that min|𝛼 |≤𝑚1/2
4

𝜕2𝛼𝜎(𝛼) is positive due to the assumption (A3). Applying this inequality and

Lemma 4.2 to (4.10), we obtain

𝑑

𝑑𝑡

3∑
𝑗=1

(Δ( 𝑗)𝛼(𝑡))2 ≤ −𝑐4
3∑
𝑗=1

(Δ( 𝑗)𝛼(𝑡))2

for some 𝑐4 > 0 and hence
∑3

𝑗=1(Δ( 𝑗)𝛼(𝑡))2 decreases exponentially.

Next, we prove (4.13) and (4.14). Due to (4.1) and 𝜎(𝛼) ≥ 𝜎(0), we have

(4.15) 𝐸 (0) ≥ 𝐸 (𝑡) ≥ 𝜎(0)
3∑
𝑗=1

𝐿 ( 𝑗) (𝑡).

It also follows from the boundedness of |Δ( 𝑗)𝛼(𝑡) |, the Taylor expansion, the assumption (A3) and
the inequality (4.12) that

(4.16) |𝜕𝛼𝜎(Δ(𝑖)𝛼(𝑡)) | ≤
(

max
|𝛼 |≤𝑚1/2

4

𝜕2𝛼𝜎(𝛼)
)
𝑒−

𝑐4𝑡
2

√√√ 3∑
𝑗=1

(Δ( 𝑗)𝛼(0))2

for any 𝑖 ∈ {1, 2, 3}. We thus obtain (4.13) by letting 𝑐5 := max|𝛼 |≤𝑚1/2
4

𝜕2𝛼𝜎(𝛼). Applying (4.15) and

(4.16) to (1.4), we obtain (4.14). □

Remark 4.8. The boundedness of 𝛼( 𝑗) and Δ( 𝑗)𝛼 can be obtained assuming only (A1) and (A3) since
the boundedness immediately follows from Lemma 4.6. Even if one wants to get only the boundedness
of 𝜕𝛼𝜎(Δ( 𝑗)𝛼) and 𝜕𝑡𝛼

( 𝑗), but not the exponential decay as in Corollary 4.7, the assumptions (A2)
and 𝐸 (0) ≤ 𝜎(0)𝑚4 are not necessary.

Due to the exponential decay of the misorientations, as shown in the following lemma, we can see
the exponential stability of the angle condition of the Steiner triod at the junction point. In other
word, Θ( 𝑗+1) −Θ( 𝑗) exponentially converges to 2𝜋/3 at the junction point if the initial misorientations
are sufficiently small.

Lemma 4.9. Assume (A1)–(A3). Let 𝑚3 be the constant in Lemma 4.2. Then, there exist 𝜀1, 𝑐7 > 0
such that if 𝐸 (0) ≤ 𝜎(0)𝑚3 and

3∑
𝑗=1

(Δ( 𝑗)𝛼(0))2 ≤ 𝜀1,

then the unit tangent vectors 𝜏(𝑖)𝑡 and 𝜏
( 𝑗)
𝑡 of the geometric flow satisfy

(4.17)

����〈𝜏(𝑖)𝑡 , 𝜏
( 𝑗)
𝑡 〉 + 1

2

���� ≤ 𝑐7𝑒
− 𝑐4

2 𝑡

√√√ 3∑
𝑗=1

(Δ( 𝑗)𝛼(0))2 for vary 𝑖, 𝑗 ∈ {1, 2, 3}, 𝑡 ∈ [0, 𝑇)

at the junction point ®𝑎, where 𝑐4 is the constant defined in Corollary 4.7 replaced 𝑚4 by 𝜀1.
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Proof. Let

𝜀 :=

√√√ 3∑
𝑗=1

(Δ( 𝑗)𝛼(0))2

in this proof for simplicity. By (4.11) and (4.12), we have

(4.18) |𝜎(0) − 𝜎(Δ( 𝑗)𝛼(𝑡)) | ≤ max
|𝛼 |≤𝜀1/21

|𝜕𝛼𝜎(𝛼) | |Δ( 𝑗)𝛼(𝑡) | ≤ 𝐶𝑒−
𝑐4
2 𝑡𝜀

for any 𝑗 and some 𝐶 > 0. We thus obtain by (4.5), (4.18) and 𝜀 ≤ 𝜀1/21

− 〈𝜏( 𝑗)𝑡 , 𝜏
( 𝑗+1)
𝑡 〉

=
(𝜎(Δ( 𝑗)𝛼(𝑡)))2 + (𝜎(Δ( 𝑗+1)𝛼(𝑡)))2 − (𝜎(Δ( 𝑗−1)𝛼(𝑡)))2

2𝜎(Δ( 𝑗)𝛼(𝑡))𝜎(Δ( 𝑗+1)𝛼(𝑡))

≥ 2(𝜎(0) − 𝐶𝑒−
𝑐4
2 𝑡𝜀)2 − (𝜎(0) + 𝐶𝑒−

𝑐4
2 𝑡𝜀)2

2(𝜎(0) + 𝐶𝑒−
𝑐4
2 𝑡𝜀1/21 )2

=
2{(𝜎(0) + 𝐶𝑒−

𝑐4
2 𝑡𝜀) − 2𝐶𝑒−

𝑐4
2 𝑡𝜀}2 − (𝜎(0) + 𝐶𝑒−

𝑐4
2 𝑡𝜀)2

2(𝜎(0) + 𝐶𝑒−
𝑐4
2 𝑡𝜀1/21 )2

=
(𝜎(0) + 𝐶𝑒−

𝑐4
2 𝑡𝜀)2 − 8(𝜎(0) + 𝐶𝑒−

𝑐4
2 𝑡𝜀)𝐶𝑒−

𝑐4
2 𝑡𝜀 + 8(𝐶𝑒−

𝑐4
2 𝑡𝜀)2

2(𝜎(0) + 𝐶𝑒−
𝑐4
2 𝑡𝜀1/21 )2

≥ 1

2
− 4𝐶𝑒−

𝑐4
2 𝑡𝜀

𝜎(0) + 𝐶𝑒−
𝑐4
2 𝑡𝜀1

+ 4(𝐶𝑒−
𝑐4
2 𝑡)2𝜀

(𝜎(0) + 𝐶𝑒−
𝑐4
2 𝑡𝜀1/21 )2

≥ 1

2
− 𝐶′𝑒−

𝑐4
2 𝑡𝜀,

where 𝐶′ > 0 depends only on 𝜎(0) and 𝐶 (we may choose 𝜀1 small so that 𝐶′ > 0 if necessary).

Therefore we have 〈𝜏( 𝑗)𝑡 , 𝜏
( 𝑗+1)
𝑡 〉 ≤ −1

2+𝐶′𝑒−
𝑐4
2 𝑡𝜀. Similarly we can obtain 〈𝜏( 𝑗)𝑡 , 𝜏

( 𝑗+1)
𝑡 〉 ≥ −1

2−𝐶′′𝑒−
𝑐4
2 𝑡𝜀

for some constant 𝐶′′ > 0. □

Note that Lemma 4.9 also implies that Θ( 𝑗+1)
0 − Θ( 𝑗)

0 ∈ (0, 𝜋) holds at the junction point ®𝑎(0) if
(1.6) at 𝑡 = 0 are satisfied and the initial misorientations is sufficiently small. Although we already

obtained a sufficient condition to obtain that |〈𝜏(𝑖)𝑡 , 𝜏
( 𝑗)
𝑡 〉| is uniformly less than 1 at the junction

point as in Lemma 4.9, this kind of the boundedness will be applied also to the 𝐿2 or higher order
estimate of the curvatures that . We thus note it as the following corollary to make it easier to cite.

Corollary 4.10. Assume (A1)–(A3). Let 𝑚3 be the constant in Lemma 4.2 and 𝑚5 ∈ (1/2, 1) be
arbitrary. Then, there exists 𝜀2 such that if 𝐸 (0) ≤ 𝜎(0)𝑚3 and

(4.19)
3∑
𝑗=1

(Δ( 𝑗)𝛼(0))2 ≤ 𝜀2,

then the unit tangent vectors 𝜏(𝑖)𝑡 and 𝜏
( 𝑗)
𝑡 of the geometric flow satisfy

(4.20)
���〈𝜏(𝑖)𝑡 , 𝜏

( 𝑗)
𝑡 〉

��� ≤ 𝑚5 for vary 𝑖, 𝑗 , 𝑘 ∈ {1, 2, 3}, 𝑡 ∈ [0, 𝑇)

at the junction point ®𝑎.
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5. Exponential 𝐿2-decay of the curvatures

In this section, we prove the exponential 𝐿2-decay of the curvatures assuming the closeness of the
family of the initial datum to the equilibrium, namely, assuming smallness of the misorientations
and the 𝐿2-norm of the curvatures. The exponential decay will be applied to obtain higher order
estimates of the curvatures which correspond to a smoothing effect and it also ensures the local
exponential stability of the equilibrium in 𝐶∞-topology.

We assume that a smooth geometric flow governed by (1.3)–(1.7) exists until a time 𝑇 > 0 as in
Section 4. We note that the restriction (2.9) is not assumed also in this section. The basic idea for the
𝐿2-estimate is based on the energy method as in [15]. In order to obtain energy type inequality, we
use the geometric identities in Lemma 2.1 and Lemma 2.2, and also additional identities as follows.

Lemma 5.1. Any smooth geometric flow governed by (1.3)–(1.7) fulfills the following identities.

𝜕𝑡𝜏
( 𝑗)
𝑡 = (𝜎(Δ( 𝑗)𝛼(𝑡))𝜕𝑠𝜅 ( 𝑗)𝑡 + 𝜅

( 𝑗)
𝑡 𝜆

( 𝑗)
𝑡 )𝜈( 𝑗)𝑡 ,(5.1)

𝜕𝑡𝜅
( 𝑗)
𝑡 = 𝜎(Δ( 𝑗)𝛼(𝑡))𝜕2𝑠 𝜅

( 𝑗)
𝑡 + 𝜎(Δ( 𝑗)𝛼(𝑡)) (𝜅 ( 𝑗)𝑡 )3 + 𝜆( 𝑗)𝜕𝑠𝜅

( 𝑗)
𝑡(5.2)

for any (𝑥, 𝑡) ∈ [0, 1] × [0, 𝑇) and 𝑗 ∈ {1, 2, 3}.

The proof is standard and thus we refer to [8, Chapter 1] for the details of the proof. An additional
boundary identity at the junction point will be needed to control the boundary terms in the energy
type inequality.

Lemma 5.2. For any smooth geometric flow governed by (1.3)–(1.7), there exists a smooth function
𝑓 ( 𝑗) : [0, 𝑇) → R for 𝑗 ∈ {1, 2, 3} such that

(5.3)
(𝜎(Δ( 𝑗)𝛼(𝑡))𝜕𝑠𝜅 ( 𝑗)𝑡 + 𝜅

( 𝑗)
𝑡 𝜆

( 𝑗)
𝑡 ) − (𝜎(Δ( 𝑗+1)𝛼(𝑡))𝜕𝑠𝜅 ( 𝑗+1)𝑡 + 𝜅

( 𝑗+1)
𝑡 𝜆

( 𝑗+1)
𝑡 )

= 𝑓 ( 𝑗) (𝜎(Δ(1)𝛼(𝑡)), 𝜎(Δ(2)𝛼(𝑡)), 𝜎(Δ(3)𝛼(𝑡)))

at the junction point ®𝑎(𝑡). Furthermore, under the assumptions (A1)–(A3), there exist 𝜀3, 𝑐8 > 0
such that if 𝐸 (0) ≤ 𝜎(0)𝑚3, where 𝑚3 is the constant in Lemma 4.2, and

(5.4)
3∑
𝑗=1

(
Δ( 𝑗)𝛼0

)2
≤ 𝜀3,

then

(5.5) | 𝑓 ( 𝑗) (𝜎(Δ(1)𝛼(𝑡)), 𝜎(Δ(2)𝛼(𝑡)), 𝜎(Δ(3)𝛼(𝑡))) | ≤ 𝑐8𝑒
− 𝑐4

2 𝑡

√√√ 3∑
𝑗=1

(
Δ( 𝑗)𝛼0

)2
for any 𝑗 ∈ {1, 2, 3} and 𝑡 ∈ [0, 𝑇), where 𝑐4 is the constant defined in Corollary 4.7 replaced 𝑚4 by
𝜀3.

Proof. Let 𝜎 ( 𝑗) = 𝜎(Δ( 𝑗)𝛼(𝑡)) for simplicity. Due to (5.1) at the junction point, we have for any
𝑗 ∈ {1, 2, 3}

𝜕𝑡 〈𝜏( 𝑗)𝑡 , 𝜏
( 𝑗+1)
𝑡 〉 = (𝜎 ( 𝑗)𝜕𝑠𝜅

( 𝑗)
𝑡 + 𝜅

( 𝑗)
𝑡 𝜆

( 𝑗)
𝑡 )〈𝜈( 𝑗)𝑡 , 𝜏

( 𝑗+1)
𝑡 〉 + (𝜎 ( 𝑗+1)𝜕𝑠𝜅

( 𝑗+1)
𝑡 + 𝜅

( 𝑗+1)
𝑡 𝜆

( 𝑗+1)
𝑡 )〈𝜏( 𝑗)𝑡 , 𝜈

( 𝑗+1)
𝑡 〉

=
(
(𝜎 ( 𝑗)𝜕𝑠𝜅

( 𝑗)
𝑡 + 𝜅

( 𝑗)
𝑡 𝜆

( 𝑗)
𝑡 ) − (𝜎 ( 𝑗+1)𝜕𝑠𝜅

( 𝑗+1)
𝑡 + 𝜅

( 𝑗+1)
𝑡 𝜆

( 𝑗+1)
𝑡 )

)
〈𝜈( 𝑗)𝑡 , 𝜏

( 𝑗+1)
𝑡 〉.
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We can see that Θ( 𝑗+1) − Θ( 𝑗) ∈ (0, 𝜋) at the function point ®𝑎 for any 𝑡 > 0 from Lemma 4.9 and,
additionally, (4.20) also implies

(5.6) 〈𝜈( 𝑗)𝑡 , 𝜏
( 𝑗+1)
𝑡 〉 =

√
1 − 〈𝜏( 𝑗)𝑡 , 𝜏

( 𝑗+1)
𝑡 〉2 ≥

√
1 − 𝑚2

5

for a fixed constant 𝑚5 ∈ (1/2, 1) if 𝜀3 is sufficiently small. Letting

(5.7) 𝑓 ( 𝑗) (𝜎 (1) , 𝜎 (2) , 𝜎 (3)) :=
1√

1 − 〈𝜏( 𝑗)𝑡 , 𝜏
( 𝑗+1)
𝑡 〉2

𝜕𝑡

(
(𝜎 ( 𝑗−1))2 − (𝜎 ( 𝑗))2 − (𝜎 ( 𝑗+1))2

2𝜎 ( 𝑗)𝜎 ( 𝑗+1)

)
,

we have (5.3) due to (4.5). The time derivative term can be formulated as

(5.8) 𝜕𝑡

(
(𝜎 ( 𝑗−1))2 − (𝜎 ( 𝑗))2 − (𝜎 ( 𝑗+1))2

2𝜎 ( 𝑗)𝜎 ( 𝑗+1)

)
=

3∑
𝑘=1

𝑃
( 𝑗)
𝑘 (𝜎 (1) , 𝜎 (2) , 𝜎 (3))(

2𝜎 ( 𝑗)𝜎 ( 𝑗+1) )2 𝜕𝛼𝜎(Δ(𝑘)𝛼(𝑡))𝜕𝑡Δ(𝑘)𝛼(𝑡),

where 𝑃
( 𝑗)
𝑘 are polynomials in 𝜎 (1) , 𝜎 (2) and 𝜎 (3) with finite degree. Since 𝜎 (𝑘) and 𝜕𝛼𝜎(Δ(𝑘)𝛼(𝑡))

are bounded and 𝜎 (𝑘) ≥ 𝜎(0), we thus have the boundedness of the absolute value of the coefficient
of 𝜕𝑡Δ(𝑘)𝛼(𝑡) in (5.8), which yields (5.5) due to (4.14) and (5.6). □

Another key to control boundary terms in the energy type inequality is the following estimate of
the tangent velocity by the curvatures at the junction point, which enable us to derive an energy
type inequality consists of only geometric values independent of change of parametrizations. The
estimate of the tangent velocity can be obtained from Lemma 2.2 and Corollary 4.10 immediately.

Lemma 5.3. Assume (A1)–(A3). Let 𝑚5 ∈ (1/2, 1) be an arbitrary constant. Let 𝑚3 be the constant
in Lemma 4.2 and 𝜀2 be the constant in Corollary 4.10. If 𝐸 (0) ≤ 𝜎(0)𝑚3 and (4.19) holds, then

(5.9) |𝜆( 𝑗)
𝑡 | ≤ 3

1 − 𝑚3
5

3∑
𝑖=1

𝜎(Δ(𝑖)𝛼(𝑡)) |𝜅 (𝑖)𝑡 |

at the junction point for any 𝑗 ∈ {1, 2, 3} and 𝑡 ∈ (0, 𝑇).

We now derive an energy type equality from the geometric identities obtained above. The formula-
tion and the calculation will be long, and thus we simplify the notions 𝜎(Δ( 𝑗)𝛼(𝑡)) and 𝜕𝛼𝜎(Δ( 𝑗)𝛼(𝑡))
to 𝜎 ( 𝑗) and 𝜕𝛼𝜎

( 𝑗), respectively, for any 𝑗 ∈ {1, 2, 3}.

Lemma 5.4. Any smooth geometric flow fulfills the following energy type identity:

(5.10)

𝑑

𝑑𝑡

3∑
𝑗=1

∫
Γ ( 𝑗 )

(𝜎 ( 𝑗))2(𝜅 ( 𝑗)𝑡 )2 𝑑𝑠

=
3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

(𝜎 ( 𝑗))3{−2(𝜕𝑠𝜅 ( 𝑗)𝑡 )2 + (𝜅 ( 𝑗)𝑡 )4} + 2𝜎 ( 𝑗) (𝜕𝛼𝜎 ( 𝑗))(𝜕𝑡Δ( 𝑗)𝛼)(𝜅 ( 𝑗)𝑡 )2 𝑑𝑠

+
3∑
𝑗=1

{
2

3

(
(𝜎 ( 𝑗))2𝜅 ( 𝑗)𝑡

) ⌊
at ®𝑎

𝑓 ( 𝑗−1) − 2

3

(
(𝜎 ( 𝑗))2𝜅 ( 𝑗)𝑡

) ⌊
at ®𝑎

𝑓 ( 𝑗) +
(
(𝜎 ( 𝑗))2(𝜅 ( 𝑗)𝑡 )2𝜆( 𝑗)

𝑡

) ⌊
at ®𝑎

}
.
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Proof. We have by (2.3), (2.5), (5.2) and integration by parts

(5.11)

𝑑

𝑑𝑡

∫
Γ ( 𝑗 )
𝑡

(𝜎(Δ( 𝑗)𝛼))2(𝜅 ( 𝑗)𝑡 )2 𝑑𝑠

=
∫
Γ ( 𝑗 )
𝑡

2(𝜎 ( 𝑗))2𝜅 ( 𝑗)𝑡 𝜕𝑡𝜅
( 𝑗)
𝑡 + 2𝜎 ( 𝑗) (𝜕𝛼𝜎 ( 𝑗))(𝜕𝑡Δ( 𝑗)𝛼)(𝜅 ( 𝑗)𝑡 )2

+ (𝜎 ( 𝑗))2(𝜅 ( 𝑗)𝑡 )2(−𝜎 ( 𝑗) (𝜅 ( 𝑗)𝑡 )2 + 𝜕𝑠𝜆
( 𝑗)
𝑡 ) 𝑑𝑠

=
∫
Γ ( 𝑗 )

(𝜎 ( 𝑗))3{2𝜅 ( 𝑗)𝑡 𝜕2𝑠 𝜅
( 𝑗)
𝑡 + (𝜅 ( 𝑗)𝑡 )4} + 2𝜎 ( 𝑗) (𝜕𝛼𝜎 ( 𝑗)) (𝜕𝑡Δ( 𝑗)𝛼) (𝜅 ( 𝑗)𝑡 )2

+ (𝜎 ( 𝑗))2𝜕𝑠 ((𝜅 ( 𝑗)𝑡 )2𝜆( 𝑗)
𝑡 ) 𝑑𝑠

=
∫
Γ ( 𝑗 )

(𝜎 ( 𝑗))3{−2(𝜕𝑠𝜅 ( 𝑗)𝑡 )2 + (𝜅 ( 𝑗)𝑡 )4} + 2𝜎 ( 𝑗) (𝜕𝛼𝜎 ( 𝑗))(𝜕𝑡Δ( 𝑗)𝛼)(𝜅 ( 𝑗)𝑡 )2 𝑑𝑠

+ (𝜎 ( 𝑗))2(2𝜅 ( 𝑗)𝑡 𝜕𝑠𝑉
( 𝑗)
𝑡 + (𝜅 ( 𝑗)𝑡 )2𝜆( 𝑗)

𝑡 ) bat ®𝑎

=
∫
Γ ( 𝑗 )

(𝜎 ( 𝑗))3{−2(𝜕𝑠𝜅 ( 𝑗)𝑡 )2 + (𝜅 ( 𝑗)𝑡 )4} + 2𝜎 ( 𝑗) (𝜕𝛼𝜎 ( 𝑗))(𝜕𝑡Δ( 𝑗)𝛼)(𝜅 ( 𝑗)𝑡 )2 𝑑𝑠

+ 2
(
(𝜎 ( 𝑗))2𝜅 ( 𝑗)𝑡 (𝜕𝑠𝑉 ( 𝑗)

𝑡 + 𝜅
( 𝑗)
𝑡 𝜆

( 𝑗)
𝑡 )

) ⌊
at ®𝑎

−
(
(𝜎 ( 𝑗))2(𝜅 ( 𝑗)𝑡 )2𝜆( 𝑗)

𝑡

) ⌊
at ®𝑎

.

The equalities (2.6) and (5.3) imply

(5.12)

3∑
𝑗=1

(
(𝜎 ( 𝑗))2𝜅 ( 𝑗)𝑡 (𝜕𝑠𝑉 ( 𝑗)

𝑡 + 𝜅
( 𝑗)
𝑡 𝜆

( 𝑗)
𝑡 )

) ⌊
at ®𝑎

=
1

3

3∑
𝑗=1

{(
(𝜎 ( 𝑗))2𝜅 ( 𝑗)𝑡

) ⌊
at ®𝑎

𝑓 ( 𝑗) (𝜎 (1) , 𝜎 (2) , 𝜎 (3)) −
(
(𝜎 ( 𝑗))2𝜅 ( 𝑗)𝑡

) ⌊
at ®𝑎

𝑓 ( 𝑗−1) (𝜎 (1) , 𝜎 (2) , 𝜎 (3))
}
.

We here note that, for 𝐴( 𝑗) , 𝐵( 𝑗) and 𝐹 ( 𝑗) with
∑3

𝑗=1 𝐴 𝑗 = 0 and 𝐵( 𝑗) = 𝐵( 𝑗+1) + 𝐹 ( 𝑗) for 𝑗 ∈ {1, 2, 3},
an identity

(5.13)

3∑
𝑗=1

𝐴( 𝑗)𝐵( 𝑗) =
1

3
(𝐴(1)𝐵(1) + 𝐴(2) (𝐵(1) − 𝐹 (1)) + 𝐴(3) (𝐵(1) + 𝐹 (3)))

+ 1

3
(𝐴(1) (𝐵(2) + 𝐹 (1)) + 𝐴(2)𝐵(2) + 𝐴(3) (𝐵(2) − 𝐹 (2)))

+ 1

3
(𝐴(1) (𝐵(3) − 𝐹 (3)) + 𝐴(2) (𝐵(3) + 𝐹 (2)) + 𝐴(3)𝐵(3)))

=
1

3

3∑
𝑗=1

𝐴( 𝑗) (𝐹 ( 𝑗) − 𝐹 ( 𝑗−1))

has been used. We thus have (5.10) by taking the summation of (5.11) with respect to 𝑗 ∈ {1, 2, 3}. □

In order to obtain the exponential 𝐿2-decay of the curvatures, our aim is to prove that the right
hand side of (5.10) is bounded by sum of exponential decay term and the weighted 𝐿2-norm of
the curvature with negative coefficient. Therefore, the important part in (5.10) is the sum of the

integration of −2(𝜎 ( 𝑗))3(𝜕𝑥𝜅 ( 𝑗)𝑡 )2 appeared since a Poincaré type inequality can be applied to the
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term. Hereafter, we will introduce the Poincaré type inequality under the boundary conditions (2.5)
and (2.6) by applying the Rayleigh quotient.

5.1. Rayleigh quotient. We consider the Rayleigh quotient in the following settings.

Definition 5.5. Let 𝐿̃ ( 𝑗) , 𝜎̃ ( 𝑗) > 0 be fixed constants for 𝑗 ∈ {1, 2, 3} and define the Hilbert spaces
𝐻,𝑉 with inner products 〈·, ·〉𝐻 and 〈·, ·〉𝑉 as

𝐻 := 𝐿2(0, 𝐿̃ (1)) × 𝐿2(0, 𝐿̃ (2)) × 𝐿2(0, 𝐿̃ (3)),
𝑉 := {𝜙 := (𝜙(1) , 𝜙(2) , 𝜙(3)) ∈ 𝐻1(0, 𝐿̃ (1)) × 𝐻1(0, 𝐿̃ (2)) × 𝐻1(0, 𝐿̃ (3)) :

𝜙( 𝑗) (0) = 0, (𝜎̃ (1))2𝜙(1) ( 𝐿̃ (1)) + (𝜎̃ (2))2𝜙(2) ( 𝐿̃ (2)) + (𝜎̃ (3))2𝜙(3) ( 𝐿̃ (3)) = 0},

〈𝜙, 𝜓〉𝐻 :=
3∑
𝑗=1

(𝜎̃ ( 𝑗))2
∫ 𝐿̃ ( 𝑗 )

0
𝜙( 𝑗) (𝑠)𝜓 ( 𝑗) (𝑠) 𝑑𝑠,

〈𝜙, 𝜓〉𝑉 :=
3∑
𝑗=1

(𝜎̃ ( 𝑗))2
(∫ 𝐿̃ ( 𝑗 )

0
𝜙( 𝑗) (𝑠)𝜓 ( 𝑗) (𝑠) 𝑑𝑠 +

∫ 𝐿̃ ( 𝑗 )

0
𝜕𝑠𝜙

( 𝑗) (𝑠)𝜕𝑠𝜓 ( 𝑗) (𝑠) 𝑑𝑠
)
.

The norm of 𝐻 and 𝑉 are denoted by ‖ · ‖𝐻 and ‖ · ‖𝑉 , respectively.

We note that the boundary conditions in the Hilbert space 𝑉 are from the boundary conditions

(2.5) and (2.6) since we will substitute 𝜎(Δ( 𝑗)𝛼(𝑡)) and 𝜅
( 𝑗)
𝑡 for 𝜎̃ ( 𝑗) and 𝜙( 𝑗), respectively. We next

should introduce the following functionals to consider the Rayleigh quotient related to the negative
term in (5.10).

Definition 5.6. We define a bilinear form 𝐽 : 𝑉 ×𝑉 → R and a functional 𝐼 : 𝑉 \ {0} → R by

𝐽 (𝜙, 𝜓) :=
3∑
𝑗=1

(𝜎̃ ( 𝑗))3
∫ 𝐿̃ ( 𝑗 )

0
𝜕𝑠𝜙

( 𝑗)𝜕𝑠𝜓
( 𝑗) 𝑑𝑠,

𝐼 (𝜙) :=
𝐽 (𝜙, 𝜙)
〈𝜙, 𝜙〉𝐻

.

The following linear operator L is naturally leaded from the Euler-Lagrange equation of the
Rayleigh quotient and we consider the weak form of L.

Definition 5.7. For boundary conditions

𝜙( 𝑗) (0) = 0 for 𝑗 ∈ {1, 2, 3},(5.14)

𝜎̃ (1)𝜕𝑠𝜙
(1) ( 𝐿̃ (1)) = 𝜎̃ (2)𝜕𝑠𝜙

(2) ( 𝐿̃ (2)) = 𝜎̃ (3)𝜕𝑠𝜙
(3) ( 𝐿̃ (3)),(5.15)

(𝜎̃ (1))2𝜙(1) ( 𝐿̃ (1)) + (𝜎̃ (2))2𝜙(2) ( 𝐿̃ (2)) + (𝜎̃ (3))2𝜙(3) ( 𝐿̃ (3)) = 0,(5.16)

we define a linear operator L in 𝐻 and its domain D(L) by

L𝜙 := (𝜎̃ (1)𝜕2𝑠 𝜙
(1) , 𝜎̃ (2)𝜕2𝑠 𝜙

(2) , 𝜎̃ (3)𝜕2𝑠 𝜙
(3)),

D(L) := {𝜙 = (𝜙(1) , 𝜙(2) , 𝜙(3)) :

𝜙( 𝑗) ∈ 𝐻2(0, 𝐿̃ ( 𝑗)) ( 𝑗 ∈ {1, 2, 3}) and 𝜙 satisfy (5.14)–(5.16)}.

Lemma 5.8. All eigenvalues of L are nonzero real values.
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Proof. Since L is self-adjoint with respect to the inner product 〈·, ·〉𝐻 and its weight is real, L has
only real eigenvalues. We thus suppose by contradiction that L has a zero eigenvalue. Then, its

eigenfunction 𝜙0 ∈ D(L) \ {0} satisfies 𝜙
( 𝑗)
0 ∈ 𝐶∞( [0, 𝐿̃ ( 𝑗)]) and is of the form

𝜙
( 𝑗)
0 (𝑠) = 𝑎 ( 𝑗)𝑠 + 𝑏 ( 𝑗) for 𝑠 ∈ [0, 𝐿̃ ( 𝑗)],

where 𝑎 ( 𝑗) , 𝑏 ( 𝑗) ∈ R, since 𝜕2𝑠 𝜙
( 𝑗)
0 = 0 in [0, 𝐿̃ ( 𝑗)] for 𝑗 ∈ {1, 2, 3}. Applying the boundary conditions

(5.14)–(5.16), we have

𝑏 ( 𝑗) = 0 for 𝑗 ∈ {1, 2, 3}, 𝜎̃ (1)𝑎 (1) = 𝜎̃ (2)𝑎 (2) = 𝜎̃ (3)𝑎 (3) ,(5.17)

3∑
𝑗=1

(𝜎̃ ( 𝑗))2(𝑎 ( 𝑗) 𝐿̃ ( 𝑗) + 𝑏 ( 𝑗)) = 0.(5.18)

Since 𝜎̃ ( 𝑗) is positive, the equalities in (5.17) yield

sgn𝑎 ( 𝑗) = sgn𝑎 (𝑖) for 𝑖, 𝑗 ∈ {1, 2, 3},
where sgn is the signum function. It however contradicts (5.18) since 𝐿̃ ( 𝑗) is positive. □

Lemma 5.9. The functional 𝐼 (𝜙) has a minimizer 𝜙 = (𝜙(1)
, 𝜙

(2)
, 𝜙

(3)) ∈ 𝑉 \ {0}. Moreover, 𝜙 ∈
D(L), L𝜙 = 𝜁𝜙, 𝜙

( 𝑗) ∈ 𝐶∞( [0, 𝐿̃ ( 𝑗)]) for 𝑗 ∈ {1, 2, 3} and 𝜁 < 0, where 𝜁 = −𝐼 (𝜙).

Proof. It is obvious that 𝐼 (𝜙) ≥ 0 for any 𝜙 ∈ 𝑉 \ {0}. Therefore, there exists a sequence {𝜙𝑛}𝑛∈N ⊂
𝑉 \ {0} such that

lim
𝑛→∞

𝐼 (𝜙𝑛) = inf
𝜙∈𝑉\{0}

𝐼 (𝜙).

We now put

𝜁 := − inf
𝜙∈𝑉\{0}

𝐼 (𝜙).

Without loss of generality we may assume that ‖𝜙𝑛‖𝐻 = 1 for 𝑛 ∈ N. Then

‖𝜙𝑛‖𝑉 ≤
(

min
𝑗∈{1,2,3}

𝜎̃ ( 𝑗)
)−1

𝐼 (𝜙) + 1

and hence {𝜙𝑛}𝑛∈N is a bounded sequence in 𝑉 . By similar discussions to those in [16, Section 8.12],
we can show the existence of 𝜙 ∈ 𝑉 \ {0} such that 𝜙𝑛 → 𝜙 in 𝑉 and 𝐼 (𝜙) = −𝜁 .

Since 𝜙 is a minimizer of 𝐼, for any 𝜓 ∈ 𝑉 it holds that

𝑑𝐼 (𝜙 + 𝑡𝜓)
𝑑𝑡

⌊
𝑡=0

= 0.

Therefore, we obtain

(5.19) 𝐽 (𝜙, 𝜓) + 𝜁 〈𝜙, 𝜓〉𝐻 = 0 for 𝜓 ∈ 𝑉.

Since 𝜙
( 𝑗) ∈ 𝐶∞( [0, 𝐿̃ ( 𝑗)]) by a standard argument, it remains only to prove 𝜙 ∈ D(L) and 𝜁 < 0.

Due to 𝜙 ∈ 𝑉 , the minimizer 𝜙 satisfies the boundary conditions (5.14) and (5.16). By the integration
by parts for (5.19), we see that

3∑
𝑗=1

(𝜎̃ ( 𝑗))3𝜕𝑠𝜙
( 𝑗) ( 𝐿̃ ( 𝑗))𝜓 ( 𝑗) ( 𝐿̃ ( 𝑗)) = 0 for 𝜓 ∈ 𝑉,
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which yields (5.15) for 𝜙 since 𝜓 satisfies the boundary condition (5.16). It thus follows from Lemma
5.8 that 𝜁 ≠ 0. On the other hand, 𝜁 ≤ 0 is obvious due to the definition of 𝐼. Therefore, we have
𝜁 < 0. □

Since −𝜁 depends on 𝐿̃ ( 𝑗) and 𝜎̃ ( 𝑗), we next show the continuity of −𝜁 in terms of 𝐿̃ ( 𝑗) and 𝜎̃ ( 𝑗).

Lemma 5.10. The minimum −𝜁 of 𝐼 in 𝑉 \ {0} is continuous with respect to 𝐿̃ ( 𝑗) , 𝜎̃ ( 𝑗) > 0 for
𝑗 ∈ {1, 2, 3}.

Proof. Fix 𝐿̃
( 𝑗)
0 , 𝜎̃

( 𝑗)
0 > 0 and let 𝐿̃ ( 𝑗) , 𝜎̃ ( 𝑗) > 0 be arbitrary constants to take the limit 𝐿̃ ( 𝑗) → 𝐿̃

( 𝑗)
0

and 𝜎̃ ( 𝑗) → 𝜎̃
( 𝑗)
0 for 𝑗 ∈ {1, 2, 3}. The functional 𝐼0 is defined as 𝐼 in Definition 5.6 for 𝐿̃

( 𝑗)
0 , 𝜎̃

( 𝑗)
0

and let −𝜁0 be its minimum in 𝑉 replaced 𝐿̃ ( 𝑗) , 𝜎̃ ( 𝑗) by 𝐿̃
( 𝑗)
0 , 𝜎̃

( 𝑗)
0 . We will thus prove 𝜁 → 𝜁0 as

𝐿̃ ( 𝑗) → 𝐿̃
( 𝑗)
0 and 𝜎̃ ( 𝑗) → 𝜎̃

( 𝑗)
0 for 𝑗 ∈ {1, 2, 3}.

Let 𝜙 ∈ 𝑉 \ {0} be the minimizer of 𝐼 and thus 𝐼 (𝜙) = −𝜁 . We define 𝜙0 = (𝜙(1)
0 , 𝜙(2)

0 , 𝜙(3)
0 ) as

𝜙
( 𝑗)
0 ( 𝑠̃) :=

𝜎̃ ( 𝑗)

𝜎̃
( 𝑗)
0

𝜙

(
𝐿̃ ( 𝑗)

𝐿̃
( 𝑗)
0

𝑠̃

)
for 𝑠̃ ∈ [0, 𝐿̃ ( 𝑗)

0 ],

and then the boundary conditions (5.14) and (5.16) replaced 𝐿̃ ( 𝑗) , 𝜎̃ ( 𝑗) by 𝐿̃
( 𝑗)
0 , 𝜎̃

( 𝑗)
0 are satisfied, and

hence 𝜙0 is in 𝑉 replaced 𝐿̃ ( 𝑗) , 𝜎̃ ( 𝑗) by 𝐿̃
( 𝑗)
0 , 𝜎̃

( 𝑗)
0 . We also have by a simple calculation

(𝜎̃ ( 𝑗)
0 )3

∫ 𝐿̃
( 𝑗 )
0

0
(𝜕𝑠̃𝜙( 𝑗)

0 )2 𝑑𝑠̃ =
𝜎̃

( 𝑗)
0 𝐿̃ ( 𝑗)

𝜎̃ ( 𝑗) 𝐿̃ ( 𝑗)
0

· (𝜎̃ ( 𝑗))3
∫ 𝐿̃ ( 𝑗 )

0
(𝜕𝑠𝜙( 𝑗))2 𝑑𝑠,

(𝜎̃ ( 𝑗)
0 )2

∫ 𝐿̃
( 𝑗 )
0

0
(𝜙( 𝑗)

0 )2 𝑑𝑠̃ =
𝐿̃
( 𝑗)
0

𝐿̃ ( 𝑗)
· (𝜎̃ ( 𝑗))2

∫ 𝐿̃ ( 𝑗 )

0
(𝜙( 𝑗))2 𝑑𝑠,

which implies by the definition of 𝜁0

−𝜁0 ≤ 𝐼0(𝜙0) ≤
(

max
𝑗∈{1,2,3}

𝜎̃
( 𝑗)
0 𝐿̃ ( 𝑗)

𝜎̃ ( 𝑗) 𝐿̃ ( 𝑗)
0

) (
max

𝑗∈{1,2,3}

𝐿̃ ( 𝑗)

𝐿̃
( 𝑗)
0

)
𝐼 (𝜙) = −

(
max

𝑗∈{1,2,3}

𝜎̃
( 𝑗)
0 𝐿̃ ( 𝑗)

𝜎̃ ( 𝑗) 𝐿̃ ( 𝑗)
0

) (
max

𝑗∈{1,2,3}

𝐿̃ ( 𝑗)

𝐿̃
( 𝑗)
0

)
𝜁 .

We can similarly obtain

−𝜁 ≤ −
(

max
𝑗∈{1,2,3}

𝜎̃ ( 𝑗) 𝐿̃ ( 𝑗)
0

𝜎̃
( 𝑗)
0 𝐿̃ ( 𝑗)

) (
max

𝑗∈{1,2,3}

𝐿̃
( 𝑗)
0

𝐿̃ ( 𝑗)

)
𝜁0.

We thus see 𝜁 → 𝜁0 as 𝐿̃ ( 𝑗) → 𝐿̃
( 𝑗)
0 and 𝜎̃ ( 𝑗) → 𝜎̃

( 𝑗)
0 for 𝑗 ∈ {1, 2, 3}. □

We are now in a position to show the following Poincaré type inequality applying the Rayleigh
quotient to the geometric flow.

Proposition 5.11. Assume (A1)–(A3). Let a pair of {Γ( 𝑗)
𝑡 } 𝑗∈{1,2,3} and ®𝛼 be a smooth geometric

flow governed by (1.3)–(1.7) in the time interval [0, 𝑇). Let also 𝑚3 > 0 be the constant in Lemma
4.2. Assume 𝐸 (0) ≤ 𝜎(0)𝑚3. Then, there exists a constant 𝑐9 > 0 depending only on 𝑚3 and∑3

𝑗=1(𝜎(Δ( 𝑗)𝛼(0)))2 such that

(5.20) 𝑐9

3∑
𝑗=1

∫
Γ ( 𝑗 )

(𝜎(Δ( 𝑗)𝛼(𝑡)))2(𝜅 ( 𝑗)𝑡 )2 𝑑𝑠 ≤
3∑
𝑗=1

∫
Γ ( 𝑗 )

(𝜎(Δ( 𝑗)𝛼(𝑡)))3(𝜕𝑠𝜅 ( 𝑗)𝑡 )2 𝑑𝑠 for 𝑡 ∈ [0, 𝑇).
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Proof. Due to (4.1) and (4.9), we have by the assumption

𝐿min ≤ 𝐿 ( 𝑗) (𝑡) ≤ 𝑚3, 𝜎(0) ≤ 𝜎(Δ( 𝑗)𝛼(𝑡)) ≤

√√√ 3∑
𝑗=1

(𝜎(Δ( 𝑗)𝛼(0)))2

for any 𝑗 ∈ {1, 2, 3} and 𝑡 ∈ [0, 𝑇), where 𝐿min is the constant in Lemma 4.2. We thus have (5.20)
by letting

𝑐9 := min

−𝜁 = inf
𝜙∈𝑉\{0}

𝐼 (𝜙) : 𝐿min ≤ 𝐿̃ ( 𝑗) ≤ 𝑚3, 𝜎(0) ≤ 𝜎̃ ( 𝑗) ≤

√√√ 3∑
𝑗=1

(𝜎(Δ( 𝑗)𝛼(0)))2
 > 0

since −𝜁 is continuous. □

5.2. Proof of the exponential 𝐿2-decay of the curvatures. In this section, we prove the expo-
nential 𝐿2-decay of the curvature for the geometric flow using (5.10). The Poincaré type inequality

stated in Proposition 5.11 will be applied to the negative term
∑−2(𝜎 ( 𝑗))3(𝜕𝑥𝜅 ( 𝑗)𝑡 )2 in the right hand

side of (5.10). In order to control the remined terms in the right hand side of (5.10), we recall the
following inequalities in [15, Lemma 6.2]. We refer to [15] for the proof.

Lemma 5.12 ([15, Lemma 6.2]). For a 𝐶3-curve Γ( 𝑗)
𝑡 , there exist 𝑐10 and 𝑐11 depending only on

𝐿 ( 𝑗) (𝑡) and 1/𝐿 ( 𝑗) (𝑡), respectively, such that∫
Γ ( 𝑗 )
𝑡

(𝜅 ( 𝑗)𝑡 )4 𝑑𝑠 ≤ 2

(
𝐿 ( 𝑗) (𝑡)‖𝜕𝑠𝜅 ( 𝑗)𝑡 ‖2

𝐿2
+ 1

𝐿 ( 𝑗) (𝑡)
‖𝜅 ( 𝑗)𝑡 ‖2

𝐿2

)
‖𝜅 ( 𝑗)𝑡 ‖2

𝐿2
,���𝜅 ( 𝑗)𝑡 b𝑠=0

���3 ≤ 𝑐10‖𝜅 ( 𝑗)𝑡 ‖𝐿2 ‖𝜕𝑠𝜅
( 𝑗)
𝑡 ‖2

𝐿2
+ 𝑐11‖𝜅 ( 𝑗)𝑡 ‖3

𝐿2
.

We can prove the exponential 𝐿2-decay of the curvature for the geometric flow assuming the

smallness of Δ( 𝑗)𝛼(0) and the weighted 𝐿2-norm of 𝜅
( 𝑗)
0 due to the discussion so far.

Proposition 5.13. Assume (A1)–(A3). Let a pair of {Γ( 𝑗)
𝑡 } 𝑗∈{1,2,3} and ®𝛼 be a smooth geometric

flow governed by (1.3)–(1.7) in the time interval [0, 𝑇). Let also 𝑚3 be the constant in Lemma 4.2.
Then, there exist small 𝜀4 > 0 and 𝑐12 > 0 such that if

(5.21) 𝐸 (0) ≤ 𝜎(0)𝑚3,
3∑
𝑗=1

(
Δ( 𝑗)𝛼0

)2
≤ 𝜀4,

3∑
𝑗=1

∫
Γ ( 𝑗 )
0

(
𝜎(Δ( 𝑗)𝛼0)

)2 (
𝜅
( 𝑗)
0

)2
𝑑𝑠 ≤ 𝜀4,

then

(5.22)

3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

(
𝜎(Δ( 𝑗)𝛼(𝑡))

)2 (
𝜅
( 𝑗)
𝑡

)2
𝑑𝑠

≤ 𝑒−𝑐12𝑡


3∑
𝑗=1

∫
Γ ( 𝑗 )
0

(
𝜎(Δ( 𝑗)𝛼0)

)2 (
𝜅
( 𝑗)
0

)2
𝑑𝑠 +

8𝑐
3
2
8

𝑐4

(
3∑
𝑗=1

(
Δ( 𝑗)𝛼0

)2) 3
4 

for 𝑡 ∈ [0, 𝑇), where 𝑐4 and 𝑐8 are the constants defined in Lemma 5.2.

Proof. We simplify the notation 𝜎(Δ( 𝑗)𝛼(𝑡)) to 𝜎 ( 𝑗) for 𝑗 ∈ {1, 2, 3} in this proof. Note that we have
by Lemma 4.1, Lemma 4.2, (4.9) and the definition of 𝐸

(5.23) 𝐿min ≤ 𝐿 ( 𝑗) (𝑡) ≤ 𝑚3, 𝜎(0) ≤ 𝜎 ( 𝑗) ≤ 𝜎
(
𝜀1/24

)
for 𝑡 ∈ [0, 𝑇), 𝑗 ∈ {1, 2, 3}
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due to the first assumption in (5.21). We will choose 𝜀4 in (5.21) small so that Corollary 4.7, Lemma
5.2 and Lemma 5.3 with a fixed constant 𝑚5 ∈ (1/2, 1) can be applied. It then follows from Young’s
inequality, the estimate of 𝜎(Δ( 𝑗)𝛼(𝑡)) in (5.23) and (5.9) that

(5.24)

3∑
𝑗=1

(𝜎 ( 𝑗))2(𝜅 ( 𝑗)𝑡 )2 |𝜆( 𝑗)
𝑡 | ≤ 3

1 − 𝑚3
5

(
3∑
𝑗=1

(𝜎 ( 𝑗))2(𝜅 ( 𝑗)𝑡 )2
) (

3∑
𝑖=1

𝜎 (𝑖) |𝜅 (𝑖)𝑡 |
)

≤ 𝑀1

3∑
𝑗=1

|𝜅 ( 𝑗)𝑡 |3

at the junction point for some constant 𝑀1 > 0. We note also that there exists a constant 𝑀2 > 0
such that

(5.25)
3∑
𝑗=1

����23 (
(𝜎 ( 𝑗))2𝜅 ( 𝑗)𝑡 bat ®𝑎

)
𝑓 ( 𝑗−1) − 2

3

(
(𝜎 ( 𝑗))2𝜅 ( 𝑗)𝑡 bat ®𝑎

)
𝑓 ( 𝑗)

���� ≤ 𝑀2

3∑
𝑗=1

|𝜅 ( 𝑗)𝑡 bat ®𝑎 |3 +
3∑
𝑗=1

| 𝑓 ( 𝑗) |3/2

due to Young’s inequality, where 𝑓 ( 𝑗) is the function appeared in Lemma 5.2.
We first prove that if 𝜀4 is small, then (5.22) holds in any time interval [0, 𝜏] such that

(5.26)
3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

(
𝜎(Δ( 𝑗)𝛼(𝑡))

)2 (
𝜅
( 𝑗)
𝑡

)2
𝑑𝑠 ≤ 𝜀4 +

8𝑐
3
2
8

𝑐4
𝜀

3
4
4 for 𝑡 ∈ [0, 𝜏]

holds. Assume (5.26) holds for a positive constant 𝜀4 to be chosen later. From Corollary 4.7, (5.5),
Lemma 5.4, Lemma 5.12, (5.23), (5.24), (5.25) and (5.26), we obtain

(5.27)

𝑑

𝑑𝑡

3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

(
𝜎 ( 𝑗)

)2 (
𝜅
( 𝑗)
𝑡

)2
𝑑𝑠

≤ (𝑀 (𝜀4) − 2)
3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

(
𝜎 ( 𝑗)

)3 (
𝜕𝑠𝜅

( 𝑗)
𝑡

)2
𝑑𝑠 + 𝑀 (𝜀4)

3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

(
𝜎 ( 𝑗)

)2 (
𝜅
( 𝑗)
𝑡

)2
𝑑𝑠

+ 3𝑐
3
2
8 𝑒

− 3𝑐4
4 𝑡

(
3∑
𝑗=1

(
Δ( 𝑗)𝛼0

)2) 3
4

in the time interval [0, 𝜏], where 𝑀 ∈ 𝐶 ([0,∞)) is a positive function such that 𝑀 (𝜀4) → 0 as
𝜀4 → 0. Note that we used inf𝛼∈R 𝜎(𝛼) > 0 in (5.27). Therefore, due to Proposition 5.11, we can
choose 𝜀4 small to obtain

(5.28)

(𝑀 (𝜀4) − 2𝜇)
3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

(
𝜎 ( 𝑗)

)3 (
𝜕𝑠𝜅

( 𝑗)
𝑡

)2
𝑑𝑠 + 𝑀 (𝜀4)

3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

(
𝜎 ( 𝑗)

)2 (
𝜅
( 𝑗)
𝑡

)2
𝑑𝑠

≤ −𝑐9
3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

(
𝜎 ( 𝑗)

)2 (
𝜅
( 𝑗)
𝑡

)2
𝑑𝑠.

We fix such 𝜀4 and let

𝑐12 := min

{
𝑐9,

3𝑐4
8

}
, 𝑎 :=

8𝑐
3
2
8

𝑐4

(
3∑
𝑗=1

(
Δ( 𝑗)𝛼0

)2) 3
4

.
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We then obtain by (5.27) and (5.28)

𝑑

𝑑𝑡

(
𝑒𝑐12𝑡

3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

(
𝜎 ( 𝑗)

)2 (
𝜅
( 𝑗)
𝑡

)2
𝑑𝑠 + 𝑎𝑒−

3𝑐4
8 𝑡

)

≤ (𝑐12 − 𝑐9)𝑒𝑐12𝑡
3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

(
𝜎 ( 𝑗)

)2 (
𝜅
( 𝑗)
𝑡

)2
𝑑𝑠 +

3𝑐
3
2
8

(
3∑
𝑗=1

(
Δ( 𝑗)𝛼0

)2) 3
4

− 3𝑐4
8

𝑎

 𝑒−
3𝑐4
8 𝑡 ≤ 0,

which yields (5.22) in the time interval [0, 𝜏].
We finally prove that the inequality (5.26) holds whenever the flow exists under the assumption

(5.21). Due to the assumption and the continuity of ‖𝜅 ( 𝑗) ‖𝐿2 , the inequality (5.26) holds a short time
interval [0, 𝜏]. We then have (5.22) in the time interval [0, 𝜏], which yields (5.26) without equality
at time 𝑡 = 𝜏 by virtue of the assumption (5.21). Therefore, applying the continuity of ‖𝜅 ( 𝑗) ‖𝐿2
again, we see that the inequality (5.26) holds in a time interval [0, 𝜏 + 𝜀] for some small 𝜀 > 0. The
argument can be applied whenever the flow exists, and thus the proof is completed. □

6. Higher order decay of the curvatures

In this section, we derive higher order decay of the curvatures and the idea is based on the higher
order energy method as in [34]. Therefore, we will need higher order geometric identities as in Section
5 and let a smooth geometric flow governed by (1.3)–(1.7) exists until a time 𝑇 > 0 also in this section.
Since statements in lemmas and calculations will be long, we simplify the notions 𝜎(Δ( 𝑗)𝛼(𝑡)) and
𝜕𝑘
𝛼𝜎(Δ( 𝑗)𝛼(𝑡)) to 𝜎 ( 𝑗) and 𝜕𝑘

𝛼𝜎
( 𝑗), respectively, for any 𝑗 ∈ {1, 2, 3} and 𝑘 ∈ N. We further introduce

some non standard notions for the computations in the sequel. The notions are extension of those
in [34] to be able to apply the system including the orientation parameters ®𝛼.

Definition 6.1. We denote by 𝑃ℎ (𝜕𝑖𝑠𝜅
( 𝑗)
𝑡 ) a polynomial in 𝜅

( 𝑗)
𝑡 , · · · , 𝜕𝑖𝑠𝜅

( 𝑗)
𝑡 such that every monomial

it contains is of the form

𝐶
𝑖∏

𝑙=0

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴𝑙 with

𝑖∑
𝑙=0

(𝑙 + 1)𝐴𝑙 = ℎ,

where 𝐶 is a constant coefficient. We will write 𝑃′
ℎ (𝜕𝑖𝑠𝜅

( 𝑗)
𝑡 ) if every monomial further satisfies

∑𝑖
𝑙=0 𝐴𝑙 ≥

2. We also denote by 𝑃ℎ (𝜕𝑖𝑠 ®𝜅𝑡) a polynomial in 𝜅
( 𝑗)
𝑡 , · · · , 𝜕𝑖𝑠𝜅

( 𝑗)
𝑡 with any 𝑗 ∈ {1, 2, 3}, such that every

monomial it contains is of the form

𝐶
3∏
𝑗=1

𝑖∏
𝑙=0

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴

( 𝑗 )
𝑙 with

3∑
𝑗=1

𝑖∑
𝑙=0

(𝑙 + 1)𝐴( 𝑗)
𝑙 = ℎ.

We will call ℎ the geometric order of 𝑃ℎ for both polynomials. When we write 𝑃ℎ ( |𝜕𝑖𝑠𝜅
( 𝑗)
𝑡 |) (resp.

𝑃≤ℎ (|𝜕𝑖𝑠𝜅
( 𝑗)
𝑡 |)) we mean a finite sum of terms like

(6.1) 𝐶
𝑖∏

𝑙=0

|𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 |𝐴𝑙 with

𝑖∑
𝑙=0

(𝑙 + 1)𝐴𝑙 = ℎ

(
resp.

𝑖∑
𝑙=0

(𝑙 + 1)𝐴𝑙 ≤ ℎ,
𝑖∑

𝑙=0

𝐴𝑙 > 0

)
,

where 𝐶 is a constant coefficient and the exponents 𝐴𝑙 are non-negative real values. Similarly, let

𝑃ℎ (‖𝜕𝑖𝑠𝜅
( 𝑗)
𝑡 ‖) and 𝑃≤ℎ (‖𝜕𝑖𝑠𝜅

( 𝑗)
𝑡 ‖) be a finite sum of terms like (6.1) replaced |𝜕𝑙𝑠𝜅

( 𝑗)
𝑡 | by ‖𝜕𝑙𝑠𝜅

( 𝑗)
𝑡 ‖𝐿∞ .

These notions will be used for 𝑃ℎ (𝜕𝑖𝑠 ®𝜅𝑡) as 𝑃ℎ ( |𝜕𝑖𝑠 ®𝜅𝑡 |), 𝑃≤ℎ ( |𝜕𝑖𝑠 ®𝜅𝑡 |), 𝑃ℎ (‖𝜕𝑖𝑠 ®𝜅𝑡 ‖) and 𝑃≤ℎ (‖𝜕𝑖𝑠 ®𝜅𝑡 ‖).
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We next denote by 𝑄(®𝜎) a polynomial in 𝜕𝑛𝛼𝜎
( 𝑗) with 𝑛 ∈ N∪ {0}, 𝑗 ∈ {1, 2, 3}, and by 𝑄(®𝜎, 𝜕𝑡Δ®𝛼)

a polynomial in 𝜕𝑛𝛼𝜎
( 𝑗) with 𝑛 ∈ N∪ {0}, 𝑗 ∈ {1, 2, 3} and also in 𝜕𝑡Δ( 𝑗)𝛼 with 𝑗 ∈ {1, 2, 3}. For 𝑖 ∈ N,

let 𝑄ℎ (®𝜎, 𝜕𝑖𝑡Δ®𝛼) denote a polynomial such that every monomial it contains is of the form

𝐶 (®𝜎)
3∏
𝑗=1

𝑖∏
𝑙=1

(𝜕𝑙𝑡Δ( 𝑗)𝛼)𝐴
( 𝑗 )
𝑙 with

3∑
𝑗=1

𝑖∑
𝑙=1

𝑙 𝐴
( 𝑗)
𝑙 = ℎ,

where 𝐶 (®𝜎) is a monomial in 𝜕𝑛𝛼𝜎
( 𝑗) with 𝑛 ∈ N ∪ {0} and 𝑗 ∈ {1, 2, 3}. Let also 𝑅( ®Θ) be a finite

sum of fractions such that every fraction is of the form

𝑃(𝑐(1) , 𝑐(2) , 𝑐(3) , 𝑠(1) , 𝑠(2) , 𝑠(3))
(1 − 𝑐(1)𝑐(2)𝑐(3))𝑛

,

where 𝑛 is an natural number and 𝑃 is a polynomial in 𝑐( 𝑗) = cos(Θ( 𝑗+1) − Θ( 𝑗)) bat ®𝑎 and 𝑠( 𝑗) =
sin(Θ( 𝑗+1) −Θ( 𝑗)) bat ®𝑎. When we write multiplications of above notions, we mean a finite sum of the

multiplication (e.g.: One example of 𝑄(®𝜎)𝑃2(𝜕𝑠 ®𝜅𝑡) is 𝜎 (1) (𝜅 (1)𝑡 )2 + 𝜎 (2)𝜕𝑠𝜅
(2)
𝑡 ).

Remark 6.2. By means of the definitions, we may easily see that 𝑃ℎ (𝜕𝑖𝑡 𝜅
( 𝑗)
𝑡 ) ≤ 𝑃ℎ ( |𝜕𝑖𝑡 𝜅

( 𝑗)
𝑡 |) ≤

𝑃ℎ (‖𝜕𝑖𝑡 𝜅
( 𝑗)
𝑡 ‖). A similar inequality holds also for 𝑃ℎ (𝜕𝑖𝑡 ®𝜅𝑡). The calculus rules as

𝑃ℎ1 (𝜕𝑖1𝑠 𝜅
( 𝑗)
𝑡 ) · 𝑃ℎ2 (𝜕𝑖2𝑠 𝜅

( 𝑗)
𝑡 ) = 𝑃ℎ1+ℎ2 (𝜕

max{𝑖1,𝑖2}
𝑥 𝜅

( 𝑗)
𝑡 ),

𝑄ℎ1 (®𝜎, 𝜕
𝑖1
𝑡 Δ®𝛼) · 𝑄ℎ2 (®𝜎, 𝜕

𝑖2
𝑡 Δ®𝛼) = 𝑄ℎ1+ℎ2 (®𝜎, 𝜕

max{𝑖1,𝑖2}
𝑡 ®𝛼),

and

(6.2) 𝜕𝑡𝑄ℎ (®𝜎, 𝜕𝑖𝑡Δ®𝛼) = 𝑄ℎ+1(®𝜎, 𝜕𝑖+1𝑡 Δ®𝛼)
will be useful to calculate in the sequel. Note that the polynomials 𝑄 is bounded due to Lemma 4.6
and Corollary 4.7 (according to Remark 4.8, (A1) is a sufficient assumption to obtain the boundedness

of 𝑄), while the estimate of 𝑄ℎ (𝜕𝑖𝑡Δ®𝛼) is now not obvious for 𝑖 ≥ 2 and will be considered. The
boundedness of 𝑅 follows from (4.20). Notice also that, (2.7) can be re-writen as

(6.3) 𝜆
( 𝑗)
𝑡 bat ®𝑎= 𝑄(®𝜎)𝑅( ®Θ)𝑃1( ®𝜅𝑡) bat ®𝑎

and the above identity, (2.4) and (5.2) imply
(6.4)

𝜕𝑡𝑅( ®Θ) = 𝑄(®𝜎)𝑅( ®Θ)𝑃2(𝜕𝑠 ®𝜅𝑡) bat ®𝑎, 𝜕𝑡𝜆
( 𝑗)
𝑡 bat ®𝑎= {𝑄1(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ)𝑃1( ®𝜅𝑡) +𝑄(®𝜎)𝑅( ®Θ)𝑃3(𝜕2𝑠 ®𝜅𝑡)}bat ®𝑎 .

We first list higher order geometric identities as follows.

Lemma 6.3. Any smooth geometric flow governed by (1.3)–(1.7) fulfills the following identities.

(6.5) 𝜕𝑡𝜕
𝑛
𝑠 𝜅

( 𝑗)
𝑡 = 𝜎 ( 𝑗)

(
𝜕𝑛+2𝑠 𝜅

( 𝑗)
𝑡 + 𝑃′

𝑛+3(𝜕𝑛𝑠 𝜅
( 𝑗)
𝑡 )

)
+ 𝜆

( 𝑗)
𝑡 𝜕𝑛+1𝑠 𝜅

( 𝑗)
𝑡

for any (𝑥, 𝑡) ∈ [0, 1] × (0, 𝑇), 𝑛 ∈ N ∪ {0} and 𝑗 ∈ {1, 2, 3}. Furthermore,

(6.6) 𝜕2𝑛𝑠 𝜅
( 𝑗)
𝑡

⌊
at 𝑃 ( 𝑗 )

= 0

for any 𝑛 ∈ N ∪ {0} and 𝑗 ∈ {1, 2, 3}.
Proof. Note that we can obtain by (2.3) and 𝜕𝑡𝜕𝑥 = 𝜕𝑥𝜕𝑡

(6.7) 𝜕𝑡𝜕𝑠 = 𝜕𝑡
𝜕𝑥

|𝜕𝑥𝜉 ( 𝑗) |
= 𝜕𝑠𝜕𝑡 + (𝜎 ( 𝑗) (𝜅 ( 𝑗)𝑡 )2 − 𝜕𝑠𝜆

( 𝑗)
𝑡 )𝜕𝑠
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on each Γ( 𝑗)
𝑡 . The identity (6.5) can be proved inductively. When 𝑛 = 0, the identity (6.5) coincides

with (5.2). Assuming that (6.5) holds for some 𝑛 ∈ N ∪ {0}, due to (6.7), we obtain

𝜕𝑡𝜕
𝑛+1
𝑠 𝜅

( 𝑗)
𝑡 = 𝜕𝑠𝜕𝑡𝜕

𝑛
𝑠 𝜅

( 𝑗)
𝑡 + (𝜎 ( 𝑗) (𝜅 ( 𝑗)𝑡 )2 − 𝜕𝑠𝜆

( 𝑗)
𝑡 )𝜕𝑛+1𝑠 𝜅

( 𝑗)
𝑡

= 𝜕𝑠

(
𝜎 ( 𝑗) (𝜕𝑛+2𝑠 𝜅

( 𝑗)
𝑡 + 𝑃′

𝑛+3(𝜕𝑛𝑠 𝜅
( 𝑗)
𝑡 )) + 𝜆

( 𝑗)
𝑡 𝜕𝑛+1𝑠 𝜅

( 𝑗)
𝑡

)
+ (𝜎 ( 𝑗) (𝜅 ( 𝑗)𝑡 )2 − 𝜕𝑠𝜆

( 𝑗)
𝑡 )𝜕𝑛+1𝑠 𝜅

( 𝑗)
𝑡

= 𝜎 ( 𝑗)
(
𝜕𝑛+3𝑠 𝜅

( 𝑗)
𝑡 + 𝑃′

𝑛+4(𝜕𝑛+1𝑠 𝜅
( 𝑗)
𝑡 )

)
+ 𝜆

( 𝑗)
𝑡 𝜕𝑛+2𝑠 𝜅

( 𝑗)
𝑡

which is (6.5) replaced 𝑛 by 𝑛 + 1.
The boundary condition (6.6) also can be proved inductively. When 𝑛 = 0, the condition (6.6) is

proved by (2.5). Assume that (6.6) holds for any 0 ≤ 𝑛 ≤ 𝑚. We then obtain applying (6.5)

𝜕2(𝑚+1)
𝑠 𝜅

( 𝑗)
𝑡 =

1

𝜎 ( 𝑗)

(
𝜕𝑡𝜕

2𝑚
𝑠 𝜅

( 𝑗)
𝑡 − 𝜆

( 𝑗)
𝑡 𝜕2𝑚+1

𝑠 𝜅
( 𝑗)
𝑡

)
+ 𝑃′

2𝑚+3(𝜕2𝑚𝑠 𝜅
( 𝑗)
𝑡 ) = 𝑃′

2𝑚+3(𝜕2𝑚𝑠 𝜅
( 𝑗)
𝑡 )

since 𝜕𝑡𝜕
2𝑚
𝑠 𝜅

( 𝑗)
𝑡 = 0 can be obtained by taking time derivative of (6.6) with 𝑛 = 𝑚 and 𝜆

( 𝑗)
𝑡 = 0 is

already proved in (2.5). We now note that, for each monomial 𝐶
∏(𝜕𝑙𝑠𝜅

( 𝑗)
𝑡 )𝐴𝑙 in 𝑃′

2𝑚+3, the exponent

𝐴𝑙 is nonzero at least for one even 𝑙 since
∑(𝑙+1)𝐴𝑙 = 2𝑚+3 is odd, which implies 𝑃′

2𝑚+3(𝜕2𝑚𝑠 𝜅
( 𝑗)
𝑡 ) = 0

due to (6.6) with 0 ≤ 𝑛 ≤ 𝑚. We thus obtain the conclusion. □

We next introduce some identities to extend (2.6) and (5.3) to higher order boundary conditions
at the junction point. Since we will take higher order time derivatives of the original boundary
conditions, we will need some formulas of time derivatives of 𝜎 ( 𝑗) , 𝑓 ( 𝑗) , 𝐿 ( 𝑗) and so on.

We here note a formula to make later calculations simple as follows.

Lemma 6.4. For any smooth function 𝑓 (𝑡) and non-negative integers 𝐴0, · · · , 𝐴𝑖 ∈ N ∪ {0} with∑𝑖
𝑙=0(𝑙 + 1)𝐴𝑙 = ℎ, a smooth geometric flow governed by (1.3)–(1.7) fulfills

(6.8)

𝜕𝑡

∫
Γ ( 𝑗 )
𝑡

𝑓 (𝑡)
𝑖∏

𝑙=0

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴𝑙 𝑑𝑠

=
∫
Γ ( 𝑗 )
𝑡

𝜕𝑡 𝑓 (𝑡)
𝑖∏

𝑙=0

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴𝑙 + 𝜎 ( 𝑗) 𝑓 (𝑡)𝑃ℎ+2(𝜕𝑖+2𝑠 𝜅

( 𝑗)
𝑡 ) 𝑑𝑠 + 𝑓 (𝑡)𝜆( 𝑗)

𝑡

𝑖∏
𝑙=0

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴𝑙

⌊
at ®𝑎

.

Proof. By means of (2.3) and (6.5), we have by a simple calculation

𝜕𝑡

∫
Γ ( 𝑗 )
𝑡

𝑓 (𝑡)
𝑖∏

𝑙=0

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴𝑙 𝑑𝑠

=
∫
Γ ( 𝑗 )
𝑡

𝜕𝑡 𝑓 (𝑡)
𝑖∏

𝑙=0

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴𝑙 + 𝑓 (𝑡)

𝑖∑
𝑛=0

(∏
𝑗≠𝑛

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴𝑙

)
𝐴𝑛 (𝜕𝑛𝑠 𝜅

( 𝑗)
𝑡 )𝐴𝑛−1𝜕𝑡𝜕

𝑛
𝑠 𝜅

( 𝑗)
𝑡

+ 𝑓 (𝑡)
𝑖∏

𝑙=0

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴𝑙 (−𝜎 ( 𝑗) (𝜅 ( 𝑗)𝑡 )2 + 𝜕𝑠𝜆

( 𝑗)
𝑡 ) 𝑑𝑠

=
∫
Γ ( 𝑗 )
𝑡

𝜕𝑡 𝑓 (𝑡)
𝑖∏

𝑙=0

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴𝑙 + 𝜎 ( 𝑗) 𝑓 (𝑡)

𝑖∑
𝑛=0

𝑃ℎ−(𝑛+1) (𝜕𝑖𝑠𝜅)(𝜕𝑛+2𝑠 𝜅
( 𝑗)
𝑡 + 𝑃𝑛+3(𝜕𝑛𝑠 𝜅

( 𝑗)
𝑡 ))

+ 𝑓 (𝑡)
𝑖∑

𝑛=0

(∏
𝑗≠𝑛

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴𝑙

)
𝐴𝑛 (𝜕𝑛𝑠 𝜅

( 𝑗)
𝑡 )𝐴𝑛−1𝜆( 𝑗)

𝑡 𝜕𝑛+1𝑠 𝜅
( 𝑗)
𝑡
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+ 𝑓 (𝑡)
𝑖∏

𝑙=0

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴𝑙𝜕𝑠𝜆

( 𝑗)
𝑡 + 𝑓 (𝑡)𝑃𝑙+2(𝜕𝑖𝑠𝜅

( 𝑗)
𝑡 ) 𝑑𝑠

=
∫
Γ ( 𝑗 )
𝑡

𝜕𝑡 𝑓 (𝑡)
𝑖∏

𝑙=0

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴𝑙 + 𝜎 ( 𝑗) 𝑓 (𝑡)𝑃𝑙+2(𝜕𝑖+2𝑠 𝜅) + 𝑓 (𝑡)𝜕𝑠

(
𝑖∏

𝑙=0

(𝜕𝑙𝑠𝜅
( 𝑗)
𝑡 )𝐴𝑙𝜆

( 𝑗)
𝑡

)
𝑑𝑠.

The boundary condition 𝜆
( 𝑗)
𝑡 bat 𝑃 ( 𝑗 )= 0 as in (2.5) can be applied to the last term to obtain (6.8). □

We next introduce a formula of time derivatives of 𝐿 ( 𝑗).

Lemma 6.5. For any smooth geometric flow governed by (1.3)–(1.7), the derivative of the length
𝜕𝑛𝑡 𝐿

( 𝑗), for any 𝑛 ∈ N and 𝑗 ∈ {1, 2, 3}, is a finite sum of

(6.9) 𝑄(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ)
3∏

𝑘=1

𝑛∏
𝑙=1

(∫
Γ (𝑘 )
𝑡

𝑃2𝑙 (𝜕2𝑙−2𝑠 𝜅 (𝑘)𝑡 ) 𝑑𝑠
) 𝐴(𝑘 )

𝑙

·
𝑛∏

𝑙′=1

(
𝑃2𝑙′−1(𝜕2𝑙

′−2
𝑠 ®𝜅𝑡) bat ®𝑎

)𝐵𝑙′
·

3∏
𝑘=1

(𝐿 (𝑘))𝐶 (𝑘 )
,

where 𝐴(𝑘)
𝑙 , 𝐵𝑙′ and 𝐶 (𝑘) are non-negative integers satisfying

3∑
𝑘=1

𝑛∑
𝑙=1

𝐴(𝑘)
𝑙 +

𝑛∑
𝑙′=1

𝐵𝑙′ ≥ 1,
3∑

𝑘=1

𝑛∑
𝑙=1

2𝑙 𝐴(𝑘)
𝑙 +

𝑛∑
𝑙′=1

(2𝑙′ − 1)𝐵𝑙′ ≤ 2𝑛.

Remark 6.6. The boundedness of 𝐿 ( 𝑗) can be obtained from Lemma 4.1. We also remind that
the boundedness of 𝜎 ( 𝑗) and 𝜕𝑡Δ( 𝑗)𝛼 can be obtained from Lemma 4.6 and Lemma 4.7. Therefore,
applying these boundednesses to Lemma 6.5, we obtain

(6.10) |𝜕𝑛𝑡 𝐿 ( 𝑗) | ≤ 𝑃≤2𝑛 (‖𝜕2𝑛−2𝑠 ®𝜅𝑡 ‖)

for any 𝑗 ∈ {1, 2, 3}, and thus
∑

2𝑙 𝐴(𝑘)
𝑙 + ∑(2𝑙′ − 1)𝐵𝑙′ corresponds to the geometric order.

Proof. We prove inductively. We obtain by a simple calculation as in the proof of Lemma 4.1

(6.11) 𝜕𝑡𝐿
( 𝑗) = −

∫
Γ ( 𝑗 )
𝑡

𝜎 ( 𝑗) (𝜅 ( 𝑗)𝑡 )2 𝑑𝑠 + 𝜆
( 𝑗)
𝑡 bat ®𝑎

and thus the claim holds for 𝑛 = 1 due to (6.3). We now assume Lemma 6.5 holds for some 𝑛 ∈ N.
We can see by (1.4), (2.4) and (6.3)

𝜕𝑡

(
𝑄(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ)

)
= 𝑄(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ)

(
1 +

3∑
𝑘=1

(𝜕2𝑡 Δ(𝑘)𝛼 + 𝜕𝑡Θ
(𝑘) bat ®𝑎)

)
= 𝑄(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ)

(
1 +

3∑
𝑘=1

((𝐿 (𝑘))2 + 𝜕𝑡𝐿
(𝑘) + 𝑃2(𝜕𝑠 ®𝜅𝑡) bat ®𝑎)

)
= 𝑄(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ)

(
1 +

3∑
𝑘=1

(
(𝐿 (𝑘))2 +

∫
Γ (𝑘 )
𝑡

(𝜅 (𝑘)𝑡 )2 𝑑𝑠

)
+ 𝑃2(𝜕𝑠 ®𝜅𝑡)

)
,

which implies that, if we take time derivative of 𝑄(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ) in (6.9), the entire product is a

finite sum of (6.9) replaced 𝑛 by 𝑛 + 1. Notice also that, since
∑

2𝑙 𝐴(𝑘)
𝑙 +∑(2𝑙′− 1)𝐵𝑙′ corresponds to

the geometric order of the entire product (6.9), the above identity implies that
∑

2𝑙 𝐴(𝑘)
𝑙 +∑(2𝑙′−1)𝐵𝑙′
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increase at most 2 if we take time derivative of 𝑄(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ) in (6.9). Similarly, we obtain by
(6.8)

𝜕𝑡

∫
Γ (𝑘 )
𝑡

𝑃2𝑙 (𝜕2𝑙−2𝑠 𝜅 (𝑘)𝑡 ) 𝑑𝑠 =
∫
Γ (𝑘 )
𝑡

𝜎 (𝑘)𝑃2𝑙+2(𝜕2𝑙𝑠 𝜅 (𝑘)𝑡 ) 𝑑𝑠 +𝑄(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ)𝑃2𝑙+1(𝜕2𝑙−2𝑠 ®𝜅𝑡) bat ®𝑎

and by (6.5)

𝜕𝑡𝑃2𝑙′−1(𝜕2𝑙
′−2

𝑠 ®𝜅𝑡) bat ®𝑎= 𝑄(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ)𝑃2𝑙′+1(𝜕2𝑙
′

𝑠 ®𝜅𝑡) bat ®𝑎 .

We thus, applying (6.11), Lemma 6.5 holds replaced 𝑛 by 𝑛 + 1. We here note that the increasing

rate of the geometric order of 𝑃2𝑙 , 𝑃2𝑙′−1 and the highest differential order of 𝜕2𝑙−2𝑠 𝜅 (𝑘)𝑡 , 𝜕2𝑙
′−2

𝑠 ®𝜅𝑡 can
be seen from the last two identities. Notice also the increasing rate related to the geometric order of

each part is at most 2 per time derivative, and thus we have
∑𝑛

𝑙=1 2𝑙 𝐴(𝑘)
𝑙 +∑𝑛

𝑙′=1(2𝑙′ − 1)𝐵𝑙′ ≤ 2𝑛. □

We next consider the higher order derivatives of 𝛼( 𝑗).

Lemma 6.7. For any smooth geometric flow governed by (1.3)–(1.7), the derivative of the misori-
entation 𝜕𝑛𝑡 Δ

( 𝑗)𝛼, for any 𝑛 ∈ N and 𝑗 ∈ {1, 2, 3}, is a finite sum of

(6.12)
3∏
𝑗=1

(
𝑛−1∏
𝑙=0

(𝜕𝑙𝑡 𝐿 ( 𝑗))𝐴
( 𝑗 )
𝑙

)
𝑄(®𝜎) with

3∑
𝑗=1

𝑛−1∑
𝑙=0

(𝑙 + 1)𝐴( 𝑗)
𝑙 = 𝑛,

where 𝑃(𝜎 ( 𝑗)) is a polynomial in 𝜕𝑚𝛼 𝜎
(𝑘) with 𝑚 ∈ N∪{0} and 𝑘 ∈ {1, 2, 3} such that every monomial

it contains is non-constant.

Proof. For 𝑛 = 1, the claim holds by means of (1.4). The differential equation (1.4) implies also

𝜕𝑡

(
𝑛−1∏
𝑙=0

(𝜕𝑙𝑡 𝐿 ( 𝑗))𝐴
( 𝑗 )
𝑙

)
𝑄(®𝜎) =

𝑛−1∑
𝑚=0

(∏
𝑙≠𝑚

(𝜕𝑙𝑡 𝐿 ( 𝑗))𝐴
( 𝑗 )
𝑙

)
· 𝐴𝑚 (𝜕𝑚𝑡 𝐿 ( 𝑗))𝐴

( 𝑗 )
𝑚 −1𝜕𝑚+1

𝑡 𝐿 ( 𝑗) · 𝑄(®𝜎)

+
(
𝑛−1∏
𝑙=0

(𝜕𝑙𝑡 𝐿 ( 𝑗))𝐴
( 𝑗 )
𝑙

)
· 𝑄(®𝜎)

3∑
𝑘=1

𝜕𝑡Δ
( 𝑗)𝛼

=
𝑛−1∑
𝑚=0

(∏
𝑙≠𝑚

(𝜕𝑙𝑡 𝐿 ( 𝑗))𝐴
( 𝑗 )
𝑙

)
· 𝐴𝑚 (𝜕𝑚𝑡 𝐿 ( 𝑗))𝐴

( 𝑗 )
𝑚 −1𝜕𝑚+1

𝑡 𝐿 ( 𝑗) · 𝑄(®𝜎)

+
(
𝑛−1∏
𝑙=0

(𝜕𝑙𝑡 𝐿 ( 𝑗))𝐴
( 𝑗 )
𝑙

)
· 𝑄(®𝜎)

3∑
𝑘=1

𝐿 (𝑘) ,

which shows that the form of each term is preserved in the sense of (6.12) and the increase rate of∑(𝑙 + 1)𝐴𝑙 is just 1 per time derivative. We thus see that Lemma 6.7 replaced 𝑛 by 𝑛 + 1 holds if it
holds for some 𝑛 ∈ N. □

We now derive higher order boundary conditions from (2.6) and (5.3).

Lemma 6.8. For any smooth geometric flow governed by (1.3)–(1.7), 𝑛 ∈ N and 𝑗 ∈ {1, 2, 3}, there
exist 𝐼

( 𝑗)
2𝑛 and 𝐼

( 𝑗)
2𝑛+1 such that

3∑
𝑗=1

(
(𝜎 ( 𝑗))𝑛+2𝜕2𝑛𝑠 𝜅

( 𝑗)
𝑡 bat ®𝑎+𝐼 ( 𝑗)2𝑛

)
= 0,(6.13)
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(𝜎 ( 𝑗))𝑛+1𝜕2𝑛+1𝑠 𝜅
( 𝑗)
𝑡 bat ®𝑎+𝐼 ( 𝑗)2𝑛+1

= (𝜎 ( 𝑗+1))𝑛+1𝜕2𝑛+1𝑠 𝜅
( 𝑗+1)
𝑡 bat ®𝑎+𝐼 ( 𝑗+1)2𝑛+1 + 𝜕𝑛𝑡 𝑓

( 𝑗) for 𝑗 ∈ {1, 2, 3},
(6.14)

where 𝑓 ( 𝑗) is the function defined by (5.7), and 𝐼
( 𝑗)
2𝑛 and 𝐼

( 𝑗)
2𝑛+1 are represented by

𝐼
( 𝑗)
2𝑛 = 𝑛(𝜎 ( 𝑗))𝑛+1𝜆( 𝑗)

𝑡 𝜕2𝑛−1𝑠 𝜅
( 𝑗)
𝑡 bat ®𝑎+𝑄(®𝜎)𝑅( ®Θ)𝑃2𝑛+1(𝜕2𝑛−2𝑠 ®𝜅𝑡) bat ®𝑎

+
𝑛∑

𝑚=1

𝑄𝑚 (®𝜎, 𝜕𝑚𝑡 Δ®𝛼)𝑅( ®Θ)𝑃2𝑛+1−2𝑚 (𝜕2𝑛−2𝑚𝑠 ®𝜅𝑡) bat ®𝑎,
(6.15)

𝐼
( 𝑗)
2𝑛+1 = 𝑄(®𝜎)𝑅( ®Θ)𝑃2𝑛+2(𝜕2𝑛𝑠 ®𝜅𝑡) bat ®𝑎+

𝑛∑
𝑚=1

𝑄𝑚 (®𝜎, 𝜕𝑚𝑡 Δ®𝛼)𝑅( ®Θ)𝑃2𝑛+2−2𝑚 (𝜕2𝑛+1−2𝑚𝑠 ®𝜅𝑡) bat ®𝑎 .(6.16)

Furthermore, 𝜕𝑛𝑡 𝑓
( 𝑗) is a finite sum of

𝑄𝑛+1(®𝜎, 𝜕𝑛+1𝑡 Δ®𝛼)
(1 − 〈𝜏( 𝑗)𝑡 , 𝜏

( 𝑗+1)
𝑡 〉) (2𝑚1+1)/2(𝜎 ( 𝑗)𝜎 ( 𝑗+1))𝑚2

with 𝑚1, 𝑚2 ∈ N.

Proof. We first prove the identity (6.13). Taking the time derivative of (2.6) and using (6.5), we have

0 =
3∑
𝑗=1

(
2𝜎 ( 𝑗)𝜕𝛼𝜎

( 𝑗) (𝜕𝑡Δ( 𝑗)𝛼)𝜅 ( 𝑗)𝑡 + (𝜎 ( 𝑗))3(𝜕2𝑠 𝜅
( 𝑗)
𝑡 + 𝑃3(𝜅 ( 𝑗)𝑡 )) + (𝜎 ( 𝑗))2𝜆( 𝑗)

𝑡 𝜕𝑠𝜅
( 𝑗)
𝑡

) ⌊
at ®𝑎

,

which implies that (6.13) with 𝑛 = 1 holds. Assume that (6.13) holds for some 𝑛 ∈ N. We then take
the time derivative of (6.13) and apply (6.3), (6.4) and (6.5) to obtain

0 =
3∑
𝑗=1

𝜕𝑡 ((𝜎 ( 𝑗))𝑛+2𝜕2𝑛𝑠 𝜅
( 𝑗)
𝑡 ) bat ®𝑎+𝜕𝑡 (𝑛(𝜎 ( 𝑗))𝑛+1𝜆( 𝑗)

𝑡 𝜕2𝑛−1𝑠 𝜅
( 𝑗)
𝑡 ) bat ®𝑎

+ 𝜕𝑡 (𝑄(®𝜎)𝑃2𝑛+1(𝜕2𝑛−2𝑠 𝜅
( 𝑗)
𝑡 )) bat ®𝑎+

𝑛∑
𝑚=1

𝜕𝑡 (𝑄𝑚 (®𝜎, 𝜕𝑚𝑡 Δ®𝛼)𝑅( ®Θ)𝑃2𝑛+1−2𝑚 (𝜕2𝑛−2𝑚𝑠 ®𝜅𝑡)) bat ®𝑎

=
3∑
𝑗=1

{
𝑄1(®𝜎, 𝜕𝑡Δ®𝛼)𝜕2𝑛𝑠 𝜅

( 𝑗)
𝑡 + (𝜎 ( 𝑗))𝑛+3𝜕2𝑛+2𝑠 𝜅

( 𝑗)
𝑡 + (𝜎 ( 𝑗))𝑛+2𝜆( 𝑗)

𝑡 𝜕2𝑛+1𝑠 𝜅
( 𝑗)
𝑡 +𝑄(®𝜎)𝑃2𝑛+3(𝜕2𝑛𝑠 ®𝜅𝑡)

+𝑄1(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ)𝑃2𝑛+1(𝜕2𝑛−1𝑠 ®𝜅𝑡) +𝑄(®𝜎)𝑅( ®Θ)𝑃2𝑛+3(𝜕2𝑛𝑠 ®𝜅𝑡) + 𝑛(𝜎 ( 𝑗))𝑛+2𝜆( 𝑗)
𝑡 𝜕2𝑛+1𝑠 𝜅

( 𝑗)
𝑡

+𝑄1(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ)𝑃2𝑛+1(𝜕2𝑛−2𝑠 ®𝜅𝑡) +𝑄(®𝜎)𝑅( ®Θ)𝑃2𝑛+3(𝜕2𝑛𝑠 ®𝜅𝑡)

+
𝑛∑

𝑚=1

(
𝑄𝑚+1(®𝜎, 𝜕𝑚+1

𝑡 Δ®𝛼)𝑅( ®Θ)𝑃2𝑛+1−2𝑚 (𝜕2𝑛−2𝑚𝑠 ®𝜅𝑡)

+𝑄𝑚 (®𝜎, 𝜕𝑚𝑡 Δ®𝛼)𝑅( ®Θ)𝑃2𝑛+3−2𝑚 (𝜕2𝑛+2−2𝑚𝑠 ®𝜅𝑡)
)} ⌊

at ®𝑎

=
3∑
𝑗=1

{
(𝜎 ( 𝑗))𝑛+3𝜕2𝑛+2𝑠 𝜅

( 𝑗)
𝑡 + (𝑛 + 1) (𝜎 ( 𝑗))𝑛+2𝜆( 𝑗)

𝑡 𝜕2𝑛+1𝑠 𝜅
( 𝑗)
𝑡 +𝑄(®𝜎)𝑅( ®Θ)𝑃2𝑛+3(𝜕2𝑛𝑠 ®𝜅𝑡)

+
𝑛+1∑
𝑚=1

𝑄𝑚 (®𝜎, 𝜕𝑚𝑡 Δ®𝛼)𝑅( ®Θ)𝑃2𝑛+3−2𝑚 (𝜕2𝑛+2−2𝑚𝑠 ®𝜅𝑡)
} ⌊

at ®𝑎
,

which coincides with (6.13) replaced 𝑛 by 𝑛 + 1. We thus obtain (6.13) for any 𝑛 ∈ N.
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The identity (6.14) follows from the time derivatives of (5.3) applying a similar calculation to
obtain (6.13). The form of 𝜕𝑛𝑡 𝑓

( 𝑗) can be obtained easily since 𝑓 ( 𝑗) is of the form

𝑓 ( 𝑗) =
𝑄1(®𝜎, 𝜕𝑡Δ®𝛼)

(1 − 〈𝜏( 𝑗)𝑡 , 𝜏
( 𝑗+1)
𝑡 〉)1/2(𝜎 ( 𝑗)𝜎 ( 𝑗+1))2

,

the formula 〈𝜏( 𝑗)𝑡 , 𝜏
( 𝑗+1)
𝑡 〉 is given by (4.5) and the calculus rule (6.2) holds. □

Remark 6.9. Applying (6.10) and the boundedness of 𝐿 ( 𝑗) and 𝜎 ( 𝑗), for any constants 𝐴
( 𝑗)
𝑙 satisfying∑3

𝑗=1
∑𝑛−1

𝑙=0 (𝑙 + 1)𝐴( 𝑗)
𝑙 = 𝑛, we obtain

3∏
𝑗=1

(
𝑛−1∏
𝑙=0

(𝜕𝑙𝑡 𝐿 ( 𝑗))𝐴
( 𝑗 )
𝑙

)
𝑄(®𝜎)

≤
{

constant if 𝐴
( 𝑗)
𝑙 = 0 for any 𝑙 = 1, 2, · · · , 𝑛 − 1, 𝑗 = 1, 2, 3,∏3

𝑗=1
∏𝑛−1

𝑙=1

(
𝑃≤2𝑙 (‖𝜕2𝑙−2𝑠 ®𝜅𝑡 ‖)

) 𝐴( 𝑗 )
𝑙 otherwise.

Since the inequalities

3∏
𝑗=1

𝑛−1∏
𝑙=1

(
𝑃≤2𝑙 (‖𝜕2𝑙−2𝑠 ®𝜅𝑡 ‖)

) 𝐴( 𝑗 )
𝑙 ≤ 𝑃≤∑

𝑗
∑

𝑙 2𝑙 𝐴
( 𝑗 )
𝑙

(‖𝜕2𝑛−4𝑠 ®𝜅𝑡 ‖)

and
3∑
𝑗=1

𝑛−1∑
𝑙=1

2𝑙 𝐴
( 𝑗)
𝑙 ≤ 2

3∑
𝑗=1

𝑛−1∑
𝑙=0

(𝑙 + 1)𝐴( 𝑗)
𝑙 ≤ 2𝑛

hold for 𝑛 ≥ 2, Lemma 6.7 implies

(6.17) |𝜕𝑛𝑡 Δ𝛼( 𝑗) | ≤
{
𝑀 if 𝑛 = 1,

𝑀 + 𝑃≤2𝑛 (‖𝜕2𝑛−4𝑠 ®𝜅𝑡 ‖) if 𝑛 ≥ 2

for some constant 𝑀. It further implies

(6.18) |𝑄𝑙1 (®𝜎, 𝜕
𝑖1
𝑡 Δ®𝛼)𝑃𝑙2 (𝜕𝑖2𝑠 ®𝜅𝑡) | ≤ 𝑃≤2𝑙1+𝑙2 (‖𝜕

max{2𝑖1−4,𝑖2}
𝑠 ®𝜅𝑡 ‖),

which will be used to estimate terms related to 𝐼
( 𝑗)
𝑙 in Lemma 6.8. Further applying (4.20), we can

obtain

(6.19) |𝜕𝑛𝑡 𝑓 ( 𝑗) | ≤
{
𝑀 if 𝑛 = 1,

𝑀 + 𝑃≤2𝑛+2(‖𝜕2𝑛−2𝑠 ®𝜅𝑡 ‖) if 𝑛 ≥ 2

for some constant 𝑀 and any 𝑗 ∈ {1, 2, 3}.
In section 5.2, we applied Lemma 5.12 to control the terms on the right hand side of (5.10) except

the negative term. In this section, we will apply the following Gagliardo-Nirenberg interpolation
inequalities instead of Lemma 5.12 to the higher order estimates. We refer to [1, 2] for the details of
the interpolation inequalities.

Proposition 6.10. Let Γ be a smooth plane curve with finite length 𝐿. If 𝑢 is a smooth function
defined on Γ, 𝑚 ≥ 1, 𝑝 ∈ [2,∞] and 𝑛 ∈ {0, 1, · · · , 𝑚 − 1}, then there exist constants 𝐶1 and 𝐶2,
which are independent of Γ, such that

(6.20) ‖𝜕𝑛𝑠 𝑢‖𝐿𝑝 ≤ 𝐶1‖𝜕𝑚𝑠 𝑢‖
𝜌

𝐿2
‖𝑢‖1−𝜌

𝐿2
+ 𝐶2

𝐿𝑚𝜌
‖𝑢‖𝐿2 ,
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where

𝜌 =

{
𝑛+1/2−1/𝑝

𝑚 if 𝑝 ∈ [2,∞),
𝑛+1/2
𝑚 if 𝑝 = ∞.

We further derive estimates to apply to the polynomials 𝑃𝑙 in the higher order estimates of the
curvatures.

Lemma 6.11. Let Γ be a smooth plane curve with finite length 𝐿. Let also 𝑛 ∈ N ∪ {0}. Then, the
following estimates hold.

(i) If 𝜅 is a smooth function defined on Γ and non-negative integers 𝐴𝑙 for 𝑙 = 0, 1, · · · , 𝑛 satisfy

𝑛∑
𝑙=0

𝐴𝑙 ≥ 2,
𝑛∑
𝑙=0

(𝑙 + 1)𝐴𝑙 ≤ 2𝑛 + 4.

Then, for any 𝜀 > 0, there exist constants 𝐶3 > 0 and 𝑞1 > 0 such that

(6.21)

∫
Γ

𝑛∏
𝑙=0

|𝜕𝑙𝑠𝜅 |𝐴𝑙 ≤ 𝜀

∫
Γ
|𝜕𝑛+1𝑠 𝜅 |2 + |𝜅 |2 𝑑𝑠 + 𝐶3

(∫
Γ
|𝜅 |2 𝑑𝑠

)𝑞1
.

(ii) If 𝜅 is a smooth function defined on Γ and non-negative real values 𝐴𝑙 for 𝑙 = 0, 1, · · · , 𝑛 satisfy

𝑛∑
𝑙=0

𝐴𝑙 > 0,
𝑛∑
𝑙=0

(𝑙 + 1)𝐴𝑙 ≤ 2𝑛 + 3.

Then, for any 𝜀 > 0, there exist constants 𝐶4 > 0 and 𝑞2 > 0 such that

(6.22)
𝑛∏
𝑙=0

‖𝜕𝑙𝑠𝜅‖
𝐴𝑙

𝐿∞ ≤ 𝜀

∫
Γ
|𝜕𝑛+1𝑠 𝜅 |2 + |𝜅 |2 𝑑𝑠 + 𝐶4

(∫
Γ
|𝜅 |2 𝑑𝑠

)𝑞2
.

(iii) If 𝜅 ( 𝑗) is a smooth function defined on Γ for 𝑗 = 1, 2, 3, 𝑛 ≥ 1 and non-negative real values

𝐴(𝑘)
𝑙 for 𝑙 = 0, 1, · · · , 2𝑛 and 𝑘 = 1, 2, 3 satisfy

3∑
𝑘=1

2𝑛−2∑
𝑙=0

(𝑙 + 1)𝐴(𝑘)
𝑙 ≤ 2𝑛.

Then, for any 𝜀 > 0 and 𝑡 > 0, there exist constants 𝐶5, 𝑞3 > 0 and 𝑞4 > −1 such that

(6.23)

𝑡2𝑛−1






|𝜕2𝑛𝑠 𝜅 ( 𝑗) | ·
3∏

𝑘=1

2𝑛−2∏
𝑙=0

|𝜕𝑙𝑠𝜅 (𝑘) |𝐴
(𝑘 )
𝑙







𝐿∞

≤
3∑

𝑘=1

𝜀𝑡2𝑛
∫
Γ
|𝜕2𝑛+1𝑠 𝜅 (𝑘) |2 + |𝜅 (𝑘) |2 𝑑𝑠 + 𝐶5𝑡

𝑞4

(∫
Γ
|𝜅 (𝑘) |2 𝑑𝑠

)𝑞3
for any 𝑗 = 1, 2, 3.

Proof. We first discuss the case (i). By the Hölder inequality, we have∫
Γ

𝑛∏
𝑙=0

|𝜕𝑙𝑠𝜅 |𝐴𝑙 𝑑𝑠 ≤
𝑛∏
𝑙=0

(∫
Γ
|𝜕𝑙𝑠𝜅 |𝐴𝑙𝐵𝑙

)1/𝐵𝑙

=
𝑛∏
𝑙=0

‖𝜕𝑙𝑠𝜅‖
𝐴𝑙

𝐿𝐴𝑙𝐵𝑙
,
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where the exponents 𝐵𝑙 satisfy
∑

1/𝐵𝑙 = 1 and 𝐴𝑙𝐵𝑙 ≥ 2 for every 𝑙 ∈ {0, · · · , 𝑛} satisfying 𝐴𝑙 ≠ 0.
Indeed, letting

𝐵𝑙 :=

{
1 if #{𝑙 : 𝐴𝑙 ≠ 0} = 1, 𝐴𝑙 ≠ 0,

𝑚 if #{𝑙 : 𝐴𝑙 ≠ 0} = 𝑚, 𝐴𝑙 ≠ 0,

where #{𝑙 : 𝐴𝑙 ≠ 0} is the number of non-zero exponents 𝐴𝑙 , we can easily see that the exponents
𝐵𝑙 satisfy the conditions by applying

∑𝑛
𝑙=0 𝐴𝑙 ≥ 2. Therefore, due to (6.20), we have

(6.24)

∫
Γ

𝑛∏
𝑙=0

|𝜕𝑙𝑠𝜅 |𝐴𝑙 𝑑𝑠 ≤ 𝐶
𝑛∏
𝑙=0

(
‖𝜕𝑛+1𝑠 𝜅‖𝐿2 + ‖𝜅‖𝐿2

) 𝜌𝑙𝐴𝑙

‖𝜅‖ (1−𝜌𝑙)𝐴𝑙

𝐿2

≤ 𝐶
(
‖𝜕𝑛+1𝑠 𝜅‖𝐿2 + ‖𝜅‖𝐿2

)∑𝑛
𝑙=0 𝜌𝑙𝐴𝑙

‖𝜅‖
∑𝑛

𝑙=0 (1−𝜌𝑙)𝐴𝑙

𝐿2
,

where 𝜌𝑙 =
𝑙+1/2−1/(𝐴𝑙𝐵𝑙)

𝑛+1 and 𝐶 is some constant. Notice that
∑𝑛

𝑙=0 𝐴𝑙 > 2 or
∑𝑛

𝑙=0(𝑙 + 1)𝐴𝑙 < 2𝑛 + 4
holds under the assumptions 2 ≤ ∑𝑛

𝑙=0 𝐴𝑙 and
∑𝑛

𝑙=0(𝑙 + 1)𝐴𝑙 ≤ 2𝑛 + 4. We then have

𝑛∑
𝑙=0

𝜌𝑙𝐴𝑙 =
𝑛∑
𝑙=0

(𝑙 + 1/2)𝐴𝑙 − 1/𝐵𝑙

𝑛 + 1
=

∑𝑛
𝑙=0(𝑙 + 1)𝐴𝑙 −

∑𝑛
𝑙=0 𝐴𝑙/2 − 1

𝑛 + 1
< 2.

Therefore, we can proceed to estimate (6.24) by applying Young’s inequality as∫
Γ

𝑛∏
𝑙=0

|𝜕𝑙𝑠𝜅 |𝐴𝑙 𝑑𝑠 ≤ 𝜀

∫
Γ
|𝜕𝑛+1𝑠 𝜅 |2 + |𝜅 |2 𝑑𝑠 + 𝐶3

(∫
Γ
|𝜅 |2 𝑑𝑠

) 2
∑𝑛
𝑙=0 (1−𝜌𝑙 )𝐴𝑙

2−∑𝑛
𝑙=0 𝜌𝑙 𝐴𝑙

and also the positivity of the exponent (2 ∑(1 − 𝜌𝑙)𝐴𝑙)/(2 − ∑
𝜌𝑙𝐴𝑙) can be seen. Letting 𝑞1 =

(2 ∑(1 − 𝜌𝑙)𝐴𝑙)/(2 − ∑
𝜌𝑙𝐴𝑙), we have (6.21).

For the case (ii), we have by applying (6.20)




 𝑛∏
𝑙=0

|𝜕𝑙𝑠𝜅 |𝐴𝑙







𝐿∞

=
𝑛∏
𝑙=0

‖𝜕𝑙𝑠𝜅‖
𝐴𝑙

𝐿∞ ≤ 𝐶
𝑛∏
𝑙=0

(
‖𝜕𝑛+1𝑠 𝜅‖𝐿2 + ‖𝜅‖𝐿2

) 𝜌𝑙𝐴𝑙

‖𝜅‖ (1−𝜌𝑙)𝐴𝑙

𝐿2

≤ 𝐶
(
‖𝜕𝑛+1𝑠 𝜅‖𝐿2 + ‖𝜅‖𝐿2

)∑𝑛
𝑙=0 𝜌𝑙𝐴𝑙

‖𝜅‖
∑𝑛

𝑙=0 (1−𝜌𝑙)𝐴𝑙

𝐿2
,

where 𝜌𝑙 =
𝑙+1/2
𝑛+1 and 𝐶 is some constant. Since

∑
𝐴𝑙 ≥

∑(𝑙+1)𝐴𝑙/(𝑛+1), we have by
∑(𝑙+1)𝐴𝑙 ≤ 2𝑛+3

𝑛∑
𝑙=0

𝜌𝑙𝐴𝑙 =

∑𝑛
𝑙=0(𝑙 + 1)𝐴𝑙 − 1

2

∑𝑛
𝑙=0 𝐴𝑙

𝑛 + 1
≤

∑𝑛
𝑙=0(𝑙 + 1)𝐴𝑙 − 1

2

∑𝑛
𝑙=0(𝑙 + 1)𝐴𝑙/(𝑛 + 1)

𝑛 + 1

=
(2𝑛 + 1)∑𝑛

𝑙=0(𝑙 + 1)𝐴𝑙

2(𝑛 + 1)2 ≤ (2𝑛 + 1)(2𝑛 + 3)
2(𝑛 + 1)2 ≤ 2 − 1

2(𝑛 + 1)2 < 2.

Therefore, we can obtain (6.22) by Young’s inequality as in the case (i).
The estimate in the case (iii) also can be proved by a similar argument. Due to the calculations

in the case (ii), we have

𝑡2𝑛−1






|𝜕2𝑛𝑠 𝜅 ( 𝑗) | ·
3∏

𝑘=1

2𝑛−2∏
𝑙=0

|𝜕𝑙𝑠𝜅 (𝑘) |𝐴
(𝑘 )
𝑙







𝐿∞

≤ 𝐶 (𝑡𝑛‖𝜕2𝑛+1𝑠 𝜅 ( 𝑗) ‖𝐿2 + 𝑡𝑛‖𝜅 ( 𝑗) ‖𝐿2)𝜌
(

3∏
𝑘=1

(
𝑡𝑛‖𝜕2𝑛+1𝑠 𝜅 (𝑘) ‖𝐿2 + 𝑡𝑛‖𝜅 (𝑘) ‖𝐿2

)∑2𝑛−2
𝑙=0 𝜌

(𝑘 )
𝑙

𝐴
(𝑘 )
𝑙

)
·
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𝑡2𝑛−1−𝑛(𝜌+
∑3

𝑘=1
∑2𝑛−2

𝑙=0 𝜌
(𝑘 )
𝑙

𝐴
(𝑘 )
𝑙

) ‖𝜅 ( 𝑗) ‖1−𝜌
𝐿2

·
3∏

𝑘=1

‖𝜅 (𝑘) ‖
∑2𝑛−2

𝑙=0 (1−𝜌 (𝑘 )
𝑙

)𝐴(𝑘 )
𝑙

𝐿2
,

where 𝜌 = 2𝑛+1/2
2𝑛+1 , 𝜌(𝑘)𝑙 = 𝑙+1/2

2𝑛+1 and 𝐶 is some constant. Since the geometric order of the left hand
side is not larger than 4𝑛 + 1, which is smaller than twice of the highest order of the derivative in
right hand side plus 3, we can see

𝜌 +
3∑

𝑘=1

2𝑛−2∑
𝑙=0

𝜌(𝑘)𝑙 𝐴(𝑘)
𝑙 < 2

as in the case (ii). Therefore, applying Young’s inequality, we have, for some 𝐶5, 𝑞3 > 0,

𝑡2𝑛−1






|𝜕2𝑛𝑠 𝜅 ( 𝑗) | ·
3∏

𝑘=1

2𝑛−2∏
𝑙=0

|𝜕𝑙𝑠𝜅 (𝑘) |𝐴
(𝑘 )
𝑙







𝐿∞

≤
3∑

𝑘=1

𝜀𝑡2𝑛
∫
Γ
|𝜕2𝑛+1𝑠 𝜅 (𝑘) |2 + |𝜅 (𝑘) |2 𝑑𝑠 + 𝐶5𝑡

𝑞4

(∫
Γ
|𝜅 (𝑘) |2 𝑑𝑠

)𝑞3
with

𝑞4 =
2(2𝑛 − 1 − 𝑛(𝜌 + ∑3

𝑘=1
∑2𝑛−2

𝑙=0 𝜌(𝑘)𝑙 𝐴(𝑘)
𝑙 ))

2 − (𝜌 + ∑3
𝑘=1

∑2𝑛−2
𝑙=0 𝜌(𝑘)𝑙 𝐴(𝑘)

𝑙 )
.

Since 𝑞4 > −1 is equivalent to

0 < 2

(
2𝑛 − 1 − 𝑛

(
𝜌 +

3∑
𝑘=1

2𝑛−2∑
𝑙=0

𝜌(𝑘)𝑙 𝐴(𝑘)
𝑙

))
+ 2 −

(
𝜌 +

3∑
𝑘=1

2𝑛−2∑
𝑙=0

𝜌(𝑘)𝑙 𝐴(𝑘)
𝑙

)
= 4𝑛 − (2𝑛 + 1)

(
𝜌 +

3∑
𝑘=1

2𝑛−2∑
𝑙=0

𝜌(𝑘)𝑙 𝐴(𝑘)
𝑙

)
,

we prove the positivity to obtain 𝑞4 > −1. Due to
∑

𝑙 𝐴
(𝑘)
𝑙 ≥ ∑

𝑙 (𝑙+1)𝐴𝑙/(2𝑛−1) and
∑

𝑘

∑
𝑙 (𝑙+1)𝐴(𝑘)

𝑙 ≤
2𝑛, we have

4𝑛 − (2𝑛 + 1)
(
𝜌 +

3∑
𝑘=1

2𝑛−2∑
𝑙=0

𝜌(𝑘)𝑙 𝐴(𝑘)
𝑙

)
= 2𝑛 − 1

2
−

3∑
𝑘=1

2𝑛−2∑
𝑙=1

(𝑙 + 1)𝐴(𝑘)
𝑙 + 1

2

3∑
𝑘=1

2𝑛−2∑
𝑙=1

𝐴(𝑘)
𝑙

≥ 2𝑛 − 1

2
−

3∑
𝑘=1

2𝑛−2∑
𝑙=1

(𝑙 + 1)𝐴(𝑘)
𝑙 + 1

2

3∑
𝑘=1

2𝑛−2∑
𝑙=1

(𝑙 + 1)𝐴(𝑘)
𝑙

2𝑛 − 1

= 2𝑛 − 1

2
− 4𝑛 − 3

4𝑛 − 2

3∑
𝑘=1

2𝑛−2∑
𝑙=1

(𝑙 + 1)𝐴(𝑘)
𝑙 ≥ 2𝑛 − 1

2
− 4𝑛 − 3

4𝑛 − 2
· 2𝑛 =

1

4𝑛 − 2
> 0.

We thus obtain the conclusion. □

We now prove the higher order estimate of the curvatures for any 𝑘 ∈ N applying the exponential
𝐿2-decay of the curvatures. Note that the weights 𝑡𝑚 in the following proposition enable us to
obtain not only the decay estimate but also the smoothing effect, namely, the following estimate is
independent of the derivatives of the initial curvatures.
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Proposition 6.12. Assume (A1)–(A3). Let a pair of {Γ( 𝑗)
𝑡 } 𝑗∈{1,2,3} and ®𝛼 be a smooth geometric

flow governed by (1.3)–(1.7) in the time interval [0, 𝑇). Let also 𝑚3 be the constant in Lemma 4.2.
Then, for any 𝑛 ∈ N, there exist 𝜀5, 𝑐13, 𝑐14, 𝑐15, 𝑐16 > 0 and 𝑐17 > −1 such that if

(6.25) 𝐸 (0) ≤ 𝜎(0)𝑚3,
3∑
𝑗=1

(
Δ( 𝑗)𝛼0

)2
≤ 𝜀5,

3∑
𝑗=1

∫
Γ ( 𝑗 )
0

(
𝜎(Δ( 𝑗)𝛼0)

)2 (
𝜅
( 𝑗)
0

)2
𝑑𝑠 ≤ 𝜀5,

then

(6.26)

3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

2𝑛∑
𝑚=0

𝑡𝑚

𝑚!
(𝜎 ( 𝑗))𝑚+2(𝜕𝑚𝑠 𝜅

( 𝑗)
𝑡 )2 𝑑𝑠

≤ 𝑐13

∫ 𝑡

0

(
2𝑛∑
𝑚=0

𝑡̃𝑚 + 𝑡̃𝑐17

)
𝑒−𝑐14 𝑡̃ 𝑑𝑡̃ + 𝑐15

𝑛∑
𝑚′=1

𝑡𝑚
′
𝑒−𝑐16𝑡 + 2

3∑
𝑗=1

∫
Γ ( 𝑗 )
0

(𝜎 ( 𝑗)
0 )2(𝜅 ( 𝑗)0 )2 𝑑𝑠

for any 𝑡 ∈ [0, 𝑇).

Proof. Note that the length 𝐿 ( 𝑗) is uniformly positive and bounded for 𝑗 ∈ {1, 2, 3} due to Lemma 4.1,
Lemma 4.2 and the first assumption in (6.25). The uniformly boundedness of |𝜕𝑚𝛼 𝜎 ( 𝑗) | for 𝑚 ∈ N∪{0}
and 𝑗 ∈ {1, 2, 3} also follows from (4.9) and (6.25). We will choose 𝜀5 in (6.25) small so that Corollary
4.7, Corollary 4.10 and Proposition 5.13 can be applied. In this setting, we can regard the functions
𝑅 and 𝑄 as bounded coefficients, as we remarked in Remark 6.2, and this boundedness will be used
through this proof without citing. Note also that we can use the estimates (6.18) and (6.19) in this
setting. We first derive a higher order energy type identity. Due to (2.3), (2.5), (6.5) and (6.6), for
any 𝑗 ∈ {1, 2, 3}, we have by a similar calculation to (5.11)

(6.27)

𝑑

𝑑𝑡

∫
Γ ( 𝑗 )
𝑡

2𝑛∑
𝑚=0

𝑡𝑚

𝑚!
(𝜎 ( 𝑗))𝑚+2(𝜕𝑚𝑠 𝜅

( 𝑗)
𝑡 )2 𝑑𝑠

= − 2

∫
Γ ( 𝑗 )
𝑡

2𝑛∑
𝑚=0

𝑡𝑚

𝑚!
(𝜎 ( 𝑗))𝑚+3(𝜕𝑚+1

𝑠 𝜅
( 𝑗)
𝑡 )2 𝑑𝑠 +

∫
Γ ( 𝑗 )
𝑡

2𝑛∑
𝑚=1

𝑡𝑚−1

(𝑚 − 1)! (𝜎
( 𝑗))𝑚+2(𝜕𝑚𝑠 𝜅

( 𝑗)
𝑡 )2 𝑑𝑠

+
∫
Γ ( 𝑗 )
𝑡

2𝑛∑
𝑚=0

𝑡𝑚
{
𝑄(𝜎 ( 𝑗) , 𝜕𝑡Δ

( 𝑗)𝛼)𝑃′
2𝑚+2(𝜕𝑚𝑠 𝜅

( 𝑗)
𝑡 ) +𝑄(𝜎 ( 𝑗) , 𝜕𝑡Δ

( 𝑗)𝛼)𝑃′
2𝑚+4(𝜕𝑚𝑠 𝜅

( 𝑗)
𝑡 )

}
𝑑𝑠

+
2𝑛∑
𝑚=0

𝑡𝑚

𝑚!

{
2(𝜎 ( 𝑗))𝑚+3𝜕𝑚+1

𝑠 𝜅
( 𝑗)
𝑡 𝜕𝑚𝑠 𝜅

( 𝑗)
𝑡 + (𝜎 ( 𝑗))𝑚+2𝜆( 𝑗)

𝑡 (𝜕𝑚𝑠 𝜅
( 𝑗)
𝑡 )2

} ⌊
at ®𝑎

,

where 𝑄(𝜎 ( 𝑗) , 𝜕𝑡Δ( 𝑗)𝛼) is a polynomial (for each term) in 𝜎 ( 𝑗) , 𝜕𝛼𝜎 ( 𝑗) and 𝜕𝑡Δ( 𝑗)𝛼, and thus 𝑄 is
uniformly bounded. Due to (6.21) and 𝜎(0) ≤ 𝜎 ( 𝑗), the third integral on the right hand side of
(6.27) can be divided by a higher order term and the 𝐿2-norm of the curvature as

(6.28)

∫
Γ ( 𝑗 )
𝑡

2𝑛∑
𝑚=0

𝑡𝑚
{
𝑄(𝜎 ( 𝑗) , 𝜕𝑡Δ

( 𝑗)𝛼)𝑃′
2𝑚+2(𝜕𝑚𝑠 𝜅

( 𝑗)
𝑡 ) +𝑄(𝜎 ( 𝑗) , 𝜕𝑡Δ

( 𝑗)𝛼)𝑃′
2𝑚+4(𝜕𝑚𝑠 𝜅

( 𝑗)
𝑡 )

}
𝑑𝑠

≤ 1

2

∫
Γ ( 𝑗 )
𝑡

2𝑛∑
𝑚=0

𝑡𝑚

𝑚!
(𝜎 ( 𝑗))𝑚+3(𝜕𝑚+1

𝑠 𝜅
( 𝑗)
𝑡 )2 𝑑𝑠 + 𝑀

2𝑚∑
𝑚=0

𝑡𝑚 ‖𝜅 ( 𝑗)𝑡 ‖𝑞
′
𝑚

𝐿2
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for some positive constants 𝑀, 𝑞′𝑚 with 𝑚 ∈ {0, 1, · · · , 2𝑛}. Note that although we may obtain the

terms ‖𝜅 ( 𝑗)𝑡 ‖𝑞
′
𝑚

𝐿2
with some different exponents 𝑞′𝑚, we can here replace the different exponents by

a same exponent 𝑞′𝑚, due to the exponential 𝐿2-decay of the curvature as in Proposition 5.13, by
choosing 𝑞′𝑚 small and 𝑀 large depending on the weighted 𝐿2-norm of the initial curvatures and the
initial misorientations if necessary. For example, for any 0 < 𝑞′𝑚,1 < 𝑞′𝑚,2, we have

‖𝜅 ( 𝑗)𝑡 ‖𝑞
′
𝑚,1

𝐿2
+ ‖𝜅 ( 𝑗)𝑡 ‖𝑞

′
𝑚,2

𝐿2
= (1 + ‖𝜅 ( 𝑗)𝑡 ‖𝑞

′
𝑚,2−𝑞

′
𝑚,1

𝐿2
)‖𝜅 ( 𝑗)𝑡 ‖𝑞

′
𝑚,1

𝐿2
≤ 𝑀 ‖𝜅 ( 𝑗)𝑡 ‖𝑞

′
𝑚,1

𝐿2
,

where 𝑀 is a constant depending on the weighted 𝐿2-norm of the initial curvatures and the initial
misorientations. Since, on the right hand side of (6.27), the second integral can be absorbed into the
first integral, we see that

(6.29)

𝑑

𝑑𝑡

∫
Γ ( 𝑗 )
𝑡

2𝑛∑
𝑚=0

𝑡𝑚

𝑚!
(𝜎 ( 𝑗))𝑚+2(𝜕𝑚𝑠 𝜅

( 𝑗)
𝑡 )2 𝑑𝑠

≤ − 1

2

∫
Γ ( 𝑗 )
𝑡

2𝑛∑
𝑚=0

𝑡𝑚

𝑚!
(𝜎 ( 𝑗))𝑚+3(𝜕𝑚+1

𝑠 𝜅
( 𝑗)
𝑡 )2 𝑑𝑠 + 𝑀

2𝑚∑
𝑚=0

𝑡𝑚 ‖𝜅 ( 𝑗)𝑡 ‖𝑞
′
𝑚

𝐿2

+
2𝑛∑
𝑚=0

𝑡𝑚

𝑚!

{
2(𝜎 ( 𝑗))𝑚+3𝜕𝑚+1

𝑠 𝜅
( 𝑗)
𝑡 𝜕𝑚𝑠 𝜅

( 𝑗)
𝑡 + (𝜎 ( 𝑗))𝑚+2𝜆( 𝑗)

𝑡 (𝜕𝑚𝑠 𝜅
( 𝑗)
𝑡 )2

} ⌊
at ®𝑎

by applying the inequality (6.28). Therefore, we continue to estimate the boundary terms. We now
let

𝐽
( 𝑗)
𝑚 :=

𝑡𝑚

𝑚!

{
2(𝜎 ( 𝑗))𝑚+3𝜕𝑚+1

𝑠 𝜅
( 𝑗)
𝑡 𝜕𝑚𝑠 𝜅

( 𝑗)
𝑡 + (𝜎 ( 𝑗))𝑚+2𝜆( 𝑗)

𝑡 (𝜕𝑚𝑠 𝜅
( 𝑗)
𝑡 )2

} ⌊
at ®𝑎

for 𝑚 ∈ {0, 1, · · · , 2𝑛} and 𝑗 ∈ {1, 2, 3}.
Hereafter we omit the trace operator bat ®𝑎 since we discuss only the boundary terms at the junction

point ®𝑎 for a while. The boundary term 𝐽
( 𝑗)
0 can be estimated as in (5.11), (5.12). We thus obtain,

due to (2.6), (5.3), (5.13), (6.3) and (6.19),

(6.30)

3∑
𝑗=1

𝐽
( 𝑗)
0 ≤

3∑
𝑗=1

|𝑄(®𝜎) |𝑃1(‖ ®𝜅𝑡 ‖) | 𝑓 ( 𝑗) | + |𝑄(®𝜎) | ·
��𝜆( 𝑗)

𝑡

��𝑃2(‖𝜅 ( 𝑗)𝑡 ‖)

≤ |𝑄(®𝜎)𝑅( ®Θ) | (𝑃1(‖ ®𝜅𝑡 ‖) + 𝑃3(‖ ®𝜅𝑡 ‖)).

This kind of strategy can be applied to 𝐽
( 𝑗)
2𝑚′ for 𝑚′ ∈ N. Indeed, since (6.3), (6.15) and (6.16) show

(𝜎 ( 𝑗))2𝑚′+2𝜆( 𝑗)
𝑡 (𝜕2𝑚′

𝑠 𝜅
( 𝑗)
𝑡 )2 = 𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+3(𝜕2𝑚

′
𝑠 ®𝜅𝑡),

(𝜎 ( 𝑗))𝑚′+2𝜕2𝑚
′

𝑠 𝜅
( 𝑗)
𝑡 𝐼

( 𝑗)
2𝑚′+1 = 𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+3(𝜕2𝑚

′
𝑠 ®𝜅𝑡) +

𝑚′∑
𝑙=1

𝑄𝑙 (®𝜎, 𝜕𝑙𝑡Δ®𝛼)𝑅( ®Θ)𝑃4𝑚′+3−2𝑙 (𝜕2𝑚
′

𝑠 ®𝜅𝑡),

(𝜎 ( 𝑗))𝑚′+1𝜕2𝑚
′+1

𝑠 𝜅
( 𝑗)
𝑡 𝐼

( 𝑗)
2𝑚′ = 𝑚′(𝜎 ( 𝑗))2𝑚′+2𝜆( 𝑗)

𝑡 𝜕2𝑚
′+1

𝑠 𝜅
( 𝑗)
𝑡 𝜕2𝑚

′−1
𝑠 𝜅

( 𝑗)
𝑡

+ 𝜕2𝑚
′+1

𝑠 𝜅
( 𝑗)
𝑡

(
𝑄(®𝜎)𝑅( ®Θ)𝑃2𝑚′+1(𝜕2𝑚

′−2
𝑠 ®𝜅𝑡)

+
𝑚′∑
𝑙=1

𝑄𝑙 (®𝜎, 𝜕𝑙𝑡Δ®𝛼)𝑅( ®Θ)𝑃2𝑚′+1−2𝑙 (𝜕2𝑚
′−2𝑙

𝑠 ®𝜅𝑡)
)
,
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𝐼
( 𝑗)
2𝑚′ 𝐼

( 𝑗)
2𝑚′+1 = 𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+3(𝜕2𝑚

′
𝑠 ®𝜅𝑡) +

2𝑚′∑
𝑙=1

𝑄𝑙 (®𝜎, 𝜕min{𝑚′,𝑙}
𝑡 Δ®𝛼)𝑅( ®Θ)𝑃4𝑚′+3−2𝑙 (𝜕2𝑚

′
𝑠 𝜅

( 𝑗)
𝑡 ),

we obtain

(6.31)

𝐽
( 𝑗)
2𝑚′ =

𝑡2𝑚
′

(2𝑚′)!
{
2((𝜎 ( 𝑗))𝑚′+2𝜕2𝑚

′
𝑠 𝜅

( 𝑗)
𝑡 + 𝐼

( 𝑗)
2𝑚′)((𝜎 ( 𝑗))𝑚′+1𝜕2𝑚

′+1
𝑠 𝜅

( 𝑗)
𝑡 + 𝐼

( 𝑗)
2𝑚′+1) − 2𝐼

( 𝑗)
2𝑚′ 𝐼

( 𝑗)
2𝑚′+1

− (𝜎 ( 𝑗))2𝑚′+2𝜆( 𝑗)
𝑡 (𝜕2𝑚′

𝑠 𝜅
( 𝑗)
𝑡 )2 − 2(𝜎 ( 𝑗))𝑚′+2𝜕2𝑚

′
𝑠 𝜅

( 𝑗)
𝑡 𝐼

( 𝑗)
2𝑚′+1 − 2(𝜎 ( 𝑗))𝑚′+1𝜕2𝑚

′+1
𝑠 𝜅

( 𝑗)
𝑡 𝐼2𝑚′

}
=

𝑡2𝑚
′

(2𝑚′)!2((𝜎
( 𝑗))𝑚′+2𝜕2𝑚

′
𝑠 𝜅

( 𝑗)
𝑡 + 𝐼

( 𝑗)
2𝑚′) ((𝜎 ( 𝑗))𝑚′+1𝜕2𝑚

′+1
𝑠 𝜅

( 𝑗)
𝑡 + 𝐼

( 𝑗)
2𝑚′+1)

− 𝑡2𝑚
′

(2𝑚′ − 1)! (𝜎
( 𝑗))2𝑚′+2𝜆( 𝑗)

𝑡 𝜕2𝑚
′+1

𝑠 𝜅
( 𝑗)
𝑡 𝜕2𝑚

′−1
𝑠 𝜅

( 𝑗)
𝑡

+ 𝑡2𝑚
′
𝜕2𝑚

′+1
𝑠 𝜅

( 𝑗)
𝑡

(
𝑄(®𝜎)𝑅( ®Θ)𝑃2𝑚′+1(𝜕2𝑚

′−2
𝑠 ®𝜅𝑡)

+
𝑚′∑
𝑙=1

𝑄𝑙 (®𝜎, 𝜕𝑙𝑡Δ®𝛼)𝑅( ®Θ)𝑃2𝑚′+1−2𝑙 (𝜕2𝑚
′−2𝑙

𝑠 ®𝜅𝑡)
)

+ 𝑡2𝑚
′

(
𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+3(𝜕2𝑚

′
𝑠 ®𝜅𝑡) +

2𝑚′∑
𝑙=1

𝑄2𝑙 (®𝜎, 𝜕min{𝑚′,𝑙}
𝑡 Δ®𝛼)𝑅( ®Θ)𝑃4𝑚′+3−2𝑙 (𝜕2𝑚

′
𝑠 𝜅

( 𝑗)
𝑡 )

)
.

For the first term, we can apply (5.13) with

𝐴( 𝑗) = (𝜎 ( 𝑗))𝑚′+2𝜕2𝑚
′

𝑠 𝜅
( 𝑗)
𝑡 + 𝐼

( 𝑗)
2𝑚′ , 𝐵( 𝑗) = (𝜎 ( 𝑗))𝑚′+1𝜕2𝑚

′+1
𝑠 𝜅

( 𝑗)
𝑡 + 𝐼

( 𝑗)
2𝑚′+1,

(6.13), (6.14) and (6.19) to obtain

3∑
𝑗=1

𝑡2𝑚
′

(2𝑚′)!2((𝜎
( 𝑗))𝑚′+2𝜕2𝑚

′
𝑠 𝜅

( 𝑗)
𝑡 + 𝐼

( 𝑗)
2𝑚′) ((𝜎 ( 𝑗))𝑚′+1𝜕2𝑚

′+1
𝑠 𝜅

( 𝑗)
𝑡 + 𝐼

( 𝑗)
2𝑚′+1)

=
3∑
𝑗=1

2𝑡2𝑚
′

3 · (2𝑚′)!
(
(𝜎 ( 𝑗))𝑚′+2𝜕2𝑚

′
𝑠 𝜅

( 𝑗)
𝑡 + 𝐼

( 𝑗)
2𝑚′

)
(𝜕𝑚′

𝑡 𝑓 ( 𝑗) − 𝜕𝑚
′

𝑡 𝑓 ( 𝑗−1)) ≤ 𝑡2𝑚
′
𝑃≤4𝑚′+3(‖𝜕2𝑚

′
𝑠 ®𝜅𝑡 ‖).

Substituting it into the sum of (6.31) and using (6.18), we have

(6.32)

3∑
𝑗=1

𝐽
( 𝑗)
2𝑚′ ≤

3∑
𝑗=1

{
− 𝑡2𝑚

′

(2𝑚′ − 1)! (𝜎
( 𝑗))2𝑚′+2𝜆( 𝑗)

𝑡 𝜕2𝑚
′+1

𝑠 𝜅
( 𝑗)
𝑡 𝜕2𝑚

′−1
𝑠 𝜅

( 𝑗)
𝑡

+ 𝑡2𝑚
′
𝜕2𝑚

′+1
𝑠 𝜅

( 𝑗)
𝑡

(
𝑄(®𝜎)𝑅( ®Θ)𝑃2𝑚′+1(𝜕2𝑚

′−2
𝑠 ®𝜅𝑡)

+
𝑚′∑
𝑙=1

𝑄𝑙 (®𝜎, 𝜕𝑙𝑡Δ®𝛼)𝑅( ®Θ)𝑃2𝑚′+1−2𝑙 (𝜕2𝑚
′−2𝑙

𝑠 ®𝜅𝑡)
)}

+ 𝑡2𝑚
′
𝑃≤4𝑚′+3(‖𝜕2𝑚

′
𝑠 ®𝜅𝑡 ‖).

We here obtained critical terms with the coefficient 𝜕2𝑚
′+1

𝑠 𝜅
( 𝑗)
𝑡 , and thus we will change the terms to

a time derivative of lower order terms using (6.5) and also (6.3), (6.4) as

− 𝑡2𝑚
′

(2𝑚′ − 1)! (𝜎
( 𝑗))2𝑚′+2𝜆( 𝑗)

𝑡 𝜕2𝑚
′+1

𝑠 𝜅
( 𝑗)
𝑡 𝜕2𝑚

′−1
𝑠 𝜅

( 𝑗)
𝑡 + 𝑡2𝑚

′
𝜕2𝑚

′+1
𝑠 𝜅

( 𝑗)
𝑡

(
𝑄(®𝜎)𝑅( ®Θ)𝑃2𝑚′+1(𝜕2𝑚

′−2
𝑠 ®𝜅𝑡)

)
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= − 𝑡2𝑚
′

(2𝑚′ − 1)! (𝜎
( 𝑗))2𝑚′+1𝜆( 𝑗)

𝑡 𝜕𝑡𝜕
2𝑚′−1
𝑠 𝜅

( 𝑗)
𝑡 𝜕2𝑚

′−1
𝑠 𝜅

( 𝑗)
𝑡

+ 𝑡2𝑚
′
𝜕𝑡𝜕

2𝑚′−1
𝑠 𝜅

( 𝑗)
𝑡

(
𝑄(®𝜎)𝑅( ®Θ)𝑃2𝑚′+1(𝜕2𝑚

′−2
𝑠 ®𝜅𝑡)

)
+ 𝑡2𝑚

′
𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+3(𝜕2𝑚

′
𝑠 ®𝜅𝑡)

= 𝜕𝑡

(
− 𝑡2𝑚

′

2 · (2𝑚′ − 1)! (𝜎
( 𝑗))2𝑚′+1𝜆( 𝑗)

𝑡 (𝜕2𝑚′−1
𝑠 𝜅

( 𝑗)
𝑡 )2 + 𝑡2𝑚

′
𝜕2𝑚

′−1
𝑠 𝜅

( 𝑗)
𝑡

(
𝑄(®𝜎)𝑅( ®Θ)𝑃2𝑚′+1(𝜕2𝑚

′−2
𝑠 ®𝜅𝑡)

))
+ 𝑡2𝑚

′−1𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+1(𝜕2𝑚
′−1

𝑠 ®𝜅𝑡) + 𝑡2𝑚
′
𝑄1(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ)𝑃4𝑚′+1(𝜕2𝑚

′−1
𝑠 ®𝜅𝑡)

+ 𝑡2𝑚
′
𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+3(𝜕2𝑚

′
𝑠 ®𝜅𝑡)

= 𝜕𝑡

(
𝑡2𝑚

′
𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+1(𝜕2𝑚

′−1
𝑠 ®𝜅𝑡)

)
+ 𝑡2𝑚

′−1𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+1(𝜕2𝑚
′−1

𝑠 ®𝜅𝑡)

+ 𝑡2𝑚
′
𝑄1(®𝜎, 𝜕𝑡Δ®𝛼)𝑅( ®Θ)𝑃4𝑚′+1(𝜕2𝑚

′−1
𝑠 ®𝜅𝑡) + 𝑡2𝑚

′
𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+3(𝜕2𝑚

′
𝑠 ®𝜅𝑡),

which implies, estimating the non-differential terms as in (6.32) and substituting it to (6.32),

3∑
𝑗=1

𝐽
( 𝑗)
2𝑚′ ≤ 𝜕𝑡

(
𝑡2𝑚

′
𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+1(𝜕2𝑚

′−1
𝑠 ®𝜅𝑡)

)
+ 𝑡2𝑚

′−1𝑃4𝑚′+1(‖𝜕2𝑚
′−1

𝑠 ®𝜅𝑡 ‖) + 𝑡2𝑚
′
𝑃≤4𝑚′+3(‖𝜕2𝑚

′
𝑠 ®𝜅𝑡 ‖).

Since Young’s inequality implies

𝑃≤𝑙 (‖𝜕𝑖𝑠 ®𝜅𝑡 ‖) ≤
3∑
𝑗=1

𝑃≤𝑙 (‖𝜕𝑖𝑠𝜅
( 𝑗)
𝑡 ‖),

the estimate (6.22) can be applied to the non-differential terms as

(6.33)

3∑
𝑗=1

𝐽
( 𝑗)
2𝑚′ ≤ 𝜕𝑡

(
𝑡2𝑚

′
𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+1(𝜕2𝑚

′−1
𝑠 ®𝜅𝑡)

)
+

3∑
𝑗=1

1

8

∫
Γ ( 𝑗 )
𝑡

𝑡2𝑚
′−1

(2𝑚′ − 1)! (𝜎
( 𝑗))2𝑚′+2(𝜕2𝑚′

𝑠 𝜅
( 𝑗)
𝑡 )2 + 𝑡2𝑚

′

(2𝑚′)! (𝜎
( 𝑗))2𝑚′+3(𝜕2𝑚′+1

𝑠 𝜅
( 𝑗)
𝑡 )2 𝑑𝑠.

+ 𝑀̃
3∑
𝑗=1

(𝑡2𝑚′−1‖𝜅 ( 𝑗)𝑡 ‖𝑞
′
2𝑚′−1

𝐿2
+ 𝑡2𝑚

′ ‖𝜅 ( 𝑗)𝑡 ‖𝑞
′
2𝑚′

𝐿2
)

for some positive constants 𝑀̃, 𝑞′2𝑚′−1 and 𝑞′2𝑚′ . The strategy for critical terms in the estimate of 𝐽
( 𝑗)
2𝑚′

is not necessary to 𝐽
( 𝑗)
2𝑚′−1 since the estimate (6.23) can be applied to critical terms in the following

estimate of 𝐽
( 𝑗)
2𝑚′−1. Indeed, as the calculation in (6.31), applying (6.3), (6.15) and (6.16), we have

𝐽
( 𝑗)
2𝑚′−1 = 2

𝑡2𝑚
′−1

(2𝑚′ − 1)! ((𝜎
( 𝑗))𝑚′+2𝜕2𝑚

′
𝑠 𝜅

( 𝑗)
𝑡 + 𝐼

( 𝑗)
2𝑚′) ((𝜎 ( 𝑗))𝑚′

𝜕2𝑚
′−1

𝑠 𝜅
( 𝑗)
𝑡 + 𝐼

( 𝑗)
2𝑚′−1)

+ 𝑡2𝑚
′−1𝜕2𝑚

′
𝑠 𝜅

( 𝑗)
𝑡

(
𝑄(®𝜎)𝑅( ®Θ)𝑃2𝑚′ (𝜕2𝑚′−2

𝑠 ®𝜅𝑡) +
𝑚′−1∑
𝑙=1

𝑄𝑙 (®𝜎, 𝜕𝑙𝑡Δ®𝛼)𝑅( ®Θ)𝑃2𝑚′−2𝑙 (𝜕2𝑚
′−1−2𝑙

𝑠 ®𝜅𝑡)
)

+ 𝑡2𝑚
′−1

(
𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+1(𝜕2𝑚

′−1
𝑠 ®𝜅𝑡) +

2𝑚′−1∑
𝑙=1

𝑄𝑙 (®𝜎, 𝜕min{𝑚′,𝑙}
𝑡 Δ®𝛼)𝑅( ®Θ)𝑃4𝑚′+1−2𝑙 (𝜕2𝑚

′−1
𝑠 ®𝜅𝑡)

)
,
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which implies, applying the formulas (5.13), (6.13) and (6.14) to the first term and the estimates
(6.18) and (6.19) to 𝑃𝑙 and 𝜕𝑚

′−2
𝑡 𝑓 ( 𝑗), respectively,

3∑
𝑗=1

𝐽
( 𝑗)
2𝑚′−1 =

3∑
𝑗=1

2𝑡2𝑚
′−1

3 · (2𝑚′ − 1)!
(
(𝜎 ( 𝑗))𝑚′+2𝜕2𝑚

′
𝑠 𝜅

( 𝑗)
𝑡 + 𝐼

( 𝑗)
2𝑚′

)
𝜅
( 𝑗)
𝑡 (𝜕𝑚′−1

𝑡 𝑓 ( 𝑗) − 𝜕𝑚
′−1

𝑡 𝑓 ( 𝑗−1))

+ 𝑡2𝑚
′−1𝜕2𝑚

′
𝑠 𝜅

( 𝑗)
𝑡

(
𝑄(®𝜎)𝑅( ®Θ)𝑃2𝑚′ (𝜕2𝑚′−2

𝑠 ®𝜅𝑡) +
𝑚′−1∑
𝑙=1

𝑄𝑙 (®𝜎, 𝜕𝑙𝑡Δ®𝛼)𝑅( ®Θ)𝑃2𝑚′−2𝑙 (𝜕2𝑚
′−1−2𝑙

𝑠 ®𝜅𝑡)
)

+ 𝑡2𝑚
′−1

(
𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+1(𝜕2𝑚

′−1
𝑠 ®𝜅𝑡) +

2𝑚′−1∑
𝑙=1

𝑄𝑙 (®𝜎, 𝜕min{𝑚′,𝑙}
𝑡 Δ®𝛼)𝑅( ®Θ)𝑃4𝑚′+1−2𝑙 (𝜕2𝑚

′−1
𝑠 ®𝜅𝑡)

)
≤

3∑
𝑗=1

𝑡2𝑚
′−1 |𝜕2𝑚′

𝑠 𝜅
( 𝑗)
𝑡 | (𝑃≤2𝑚′ (‖𝜕2𝑚′−2

𝑠 ®𝜅𝑡 ‖) + 𝑀̂′) + 𝑡2𝑚
′−1𝑃≤4𝑚′+1(‖𝜕2𝑚

′−1
𝑠 ®𝜅𝑡 ‖)

for some positive constant 𝑀̂′. Applying (6.23) to the critical terms with the coefficient 𝜕2𝑚
′

𝑠 𝜅
( 𝑗)
𝑡 and

(6.22) to the remained terms, we have

(6.34)

3∑
𝑗=1

𝐽
( 𝑗)
2𝑚′−1 ≤

3∑
𝑗=1

1

8

∫
Γ ( 𝑗 )
𝑡

𝑡2𝑚
′−1

(2𝑚′ − 1)! (𝜎
( 𝑗))2𝑚′+2(𝜕2𝑚′

𝑠 𝜅
( 𝑗)
𝑡 )2 + 𝑡2𝑚

′

(2𝑚′)! (𝜎
( 𝑗))2𝑚′+3(𝜕2𝑚′+1

𝑠 𝜅
( 𝑗)
𝑡 )2 𝑑𝑠

+ 𝑀̂
3∑
𝑗=1

(𝑡2𝑚′−1‖𝜅 ( 𝑗)𝑡 ‖𝑞2𝑚′−1
𝐿2

+ 𝑡𝑟2𝑚′−1 ‖𝜅 ( 𝑗)𝑡 ‖𝑞
′
2𝑚′−1

𝐿2
)

for some constants 𝑀̂, 𝑞2𝑚′−1, 𝑞′2𝑚′−1 > 0 and 𝑟2𝑚′−1 > −1.
We now substitute (6.30), (6.33) and (6.34) into the summation of (6.29) with respect to 𝑗 ∈

{1, 2, 3} and apply the exponential 𝐿2-decay of the curvatures as in Proposition 5.13 to obtain

𝑑

𝑑𝑡

3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

2𝑛∑
𝑚=0

𝑡𝑚

𝑚!
(𝜎 ( 𝑗))𝑚+2(𝜕𝑚𝑠 𝜅

( 𝑗)
𝑡 )2 𝑑𝑠

≤
𝑛∑

𝑚′=1

𝜕𝑡

(
𝑡2𝑚

′
𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+1(𝜕2𝑚

′−1
𝑠 ®𝜅𝑡) bat ®𝑎

)
+ 𝑐13

2

(
2𝑛∑
𝑚=0

𝑡𝑚 + 𝑡𝑐17

)
𝑒−𝑐14𝑡

for some constants 𝑐13, 𝑐14 > 0 and 𝑐17 > −1. Integrating it and applying (6.22) again to the
polynomials 𝑃4𝑚′+1(𝜕2𝑚

′−1
𝑠 ®𝜅𝑡) bat ®𝑎, we have by means of the 𝐿2-exponential decay of the curvatures

as in Proposition 5.13

3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

2𝑛∑
𝑚=0

𝑡𝑚

𝑚!
(𝜎 ( 𝑗))𝑚+2(𝜕𝑚𝑠 𝜅

( 𝑗)
𝑡 )2 𝑑𝑠 −

3∑
𝑗=1

∫
Γ ( 𝑗 )
0

(𝜎 ( 𝑗)
0 )2(𝜅 ( 𝑗)0 )2 𝑑𝑠

≤
𝑛∑

𝑚′=1

𝑡2𝑚
′
𝑄(®𝜎)𝑅( ®Θ)𝑃4𝑚′+1(𝜕2𝑚

′−1
𝑠 ®𝜅𝑡) bat ®𝑎+

𝑐13
2

∫ 𝑡

0

(
2𝑛∑
𝑚=0

𝑡̃𝑚 + 𝑡̃𝑐17

)
𝑒−𝑐14 𝑡̃ 𝑑𝑡̃

≤ 1

2

3∑
𝑗=1

∫
Γ ( 𝑗 )
𝑡

𝑛∑
𝑚′=1

𝑡2𝑚
′

(2𝑚′)! (𝜎
( 𝑗))2𝑚′+2(𝜕2𝑚′

𝑠 𝜅
( 𝑗)
𝑡 )2 𝑑𝑠 + 𝑐13

2

∫ 𝑡

0

(
2𝑛∑
𝑚=0

𝑡̃𝑚 + 𝑡̃𝑐17

)
𝑒−𝑐14 𝑡̃ 𝑑𝑡̃ + 𝑐15

2

𝑛∑
𝑚′=1

𝑡2𝑚
′
𝑒−𝑐16𝑡

for some 𝑐15, 𝑐16 > 0, which implies (6.26). □
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Remark 6.13. (i) The Rayleigh quotient in Section 5.1 cannot be applied to the negative terms in
(6.29) because of the difference of the boundary conditions for the curvature and those derivatives.
Therefore, we cannot obtain exponential decay of the higher order derivatives of the curvatures
directly extending the method for the exponential 𝐿2-decay of the curvatures.

(ii) In Proposition 6.12, we assumed (A1)–(A3) and the smallness of the initial datum. On the other

hand, under only the assumptions (A1) and (A3), the boundedness of sup 𝑗∈{1,2,3}, 𝑡∈[𝑡0,𝑇] ‖𝜅
( 𝑗)
𝑡 ‖𝐻𝑘 for

each 𝑡0 ∈ (0, 𝑇) and 𝑘 ∈ N can be proved if the following properties hold for 𝑡 ≤ 𝑇 and 𝑗 ∈ {1, 2, 3};
(a) ‖𝜅 ( 𝑗)𝑡 ‖𝐿2 is bounded;
(b) 𝐿 ( 𝑗) (𝑡) is positive;
(c) Θ( 𝑗+1) − Θ( 𝑗) ∈ (0, 𝜋) at the junction point ®𝑎 or (4.6) holds.

This kind of 𝐻𝑘 -boundedness was proved in [34] for the classical curvature flow applying energy type
estimates as in the proof of Proposition 6.12, and thus we refer to [34] for the detailed proof. We here
remark that some estimates of the misorientation parameters are needed in addition to the argument
in [34]. As we discussed in Remark 4.8, the boundedness of 𝜎(Δ( 𝑗)𝛼) and 𝜕𝑡Δ( 𝑗)𝛼 can be obtained
only assuming (A1) and (A3). Therefore, according to the discussions in Remark 6.6 and Remark
6.9, the inequalities (6.10), (6.17) and (6.18) can be obtained assuming only (A1) and (A3). We
also remark that the estimate to control 𝑓 as in (6.19) can be derived assuming (A1), (A3) and the
property (c) above. By means of these estimates, we can extend the argument as in [34] to obtain
the 𝐻2-boundedness of the curvatures in our problem without assuming (A2) and the smallness of
the initial datum.

While we already derived the higher order estimates of the curvatures, 𝐶∞ or the Hölder estimates
of the angle function Θ( 𝑗) defined by (2.1) are not obvious and are necessary to discuss the maximum
existence time via the existence theorem as in Proposition 2.14. Therefore, we give the following
corollary.

Corollary 6.14. Let Θ( 𝑗) be the angle function, defined by (2.1) and satisfying the restriction on the
parametrization (2.9), for a smooth geometric flow governed by (1.3)–(1.7). Then, under the assump-
tions in Proposition 6.12, for any 𝛽 ∈ (0, 1/2), 𝑡0 > 0 and 𝑘 ∈ N∪{0}, there exist 𝑐18, 𝑐19, 𝑐20, 𝑐21 > 0
such that

(6.35)
3∑
𝑗=1

‖Θ( 𝑗) (·, 𝑡) − Θ( 𝑗)
0 ‖

𝐶
𝛽
𝑥 ( [0,1]) ≤ 𝑐18𝑡

1
4−

𝛽
2 for 𝑡 ∈ [0, 1],

3∑
𝑗=1

‖Θ( 𝑗) ‖𝐶𝑘
𝑥,𝑡 ([0,1]×[𝑡0,∞)) ≤ 𝑐19

and
(6.36)
3∑
𝑗=1

|𝐿 ( 𝑗) (𝑡)−𝐿 ( 𝑗) (0) |+|𝛼( 𝑗) (𝑡)−𝛼( 𝑗)
0 | ≤ 𝑐20𝑡

3
4 for 𝑡 ∈ [0, 1],

3∑
𝑗=1

‖𝐿 ( 𝑗) ‖𝐶𝑘
𝑡 ([𝑡0,∞))+‖𝛼( 𝑗) ‖𝐶𝑘

𝑡 ( [𝑡0,∞)) ≤ 𝑐21.

Proof. Let 𝑀 and 𝑐 be positive constants independent of Θ( 𝑗) and will be re-chosen as necessary
through this proof. Due to the restriction (2.9), we can see that

(6.37) 𝑠 = 𝑠
( 𝑗)
𝑡 (𝑥) = 𝐿 ( 𝑗) (𝑡)𝑥 for 𝑥 ∈ [0, 1],

where 𝑠 = 𝑠
( 𝑗)
𝑡 is the arc-length parameter of Γ( 𝑗)

𝑡 . Since the right hand side of (6.26) is uniformly
bounded in 𝑡 and 𝜎 ( 𝑗) ≥ 𝜎(0) holds, we have

(6.38) ‖𝜕𝑠𝜅 ( 𝑗)𝑡 ‖𝐿2 ≤ 𝑀

𝑡1/2
, ‖𝜕2𝑠 𝜅

( 𝑗)
𝑡 ‖𝐿2 ≤ 𝑀

𝑡
for 𝑡 > 0, 𝑗 ∈ {1, 2, 3}.
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Here, ‖ · ‖𝐿2 means that the 𝐿2-norm on Γ( 𝑗)
𝑡 with respect to the arc-length. Furthermore, by means

of Proposition 5.13 and Proposition 6.10, we have

(6.39)
‖𝜕𝑠𝜅 ( 𝑗)𝑡 ‖𝐿∞ ≤ 𝑀 (‖𝜕2𝑠 𝜅

( 𝑗)
𝑡 ‖

3
4

𝐿2
+ ‖𝜅 ( 𝑗)𝑡 ‖

3
4

𝐿2
)‖𝜅 ( 𝑗)𝑡 ‖

1
4

𝐿2
≤ 𝑀𝑡−

3
4 𝑒−𝑐𝑡 ,

‖𝜅 ( 𝑗)𝑡 ‖𝐿∞ ≤ 𝑀 (‖𝜕𝑠𝜅 ( 𝑗)𝑡 ‖
1
2

𝐿2
+ ‖𝜅 ( 𝑗)𝑡 ‖

1
2

𝐿2
)‖𝜅 ( 𝑗)𝑡 ‖

1
2

𝐿2
≤ 𝑀𝑡−

1
4 𝑒−𝑐𝑡

for any 𝑡 > 0 and 𝑗 ∈ {1, 2, 3}.
First we prove

(6.40)
3∑
𝑗=1

‖Θ( 𝑗) (·, 𝑡) − Θ( 𝑗)
0 ‖𝐿∞ ≤ 𝑀 (min{𝑡, 1}) 14 for 𝑡 ≥ 0.

Re-write the first identity in (2.4) to obtain

(6.41)

𝜕𝑡Θ
( 𝑗) (𝑥, 𝑡) = 𝜎 ( 𝑗)𝜕𝑠𝜅

( 𝑗)
𝑡 (𝑠( 𝑗)𝑡 (𝑥), 𝑡) + 𝑥𝜅

( 𝑗)
𝑡 (𝑠( 𝑗)𝑡 (𝑥), 𝑡)𝜆( 𝑗)

𝑡 bat ®𝑎

+ 𝜎 ( 𝑗)𝜅 ( 𝑗)𝑡 (𝑠( 𝑗)𝑡 (𝑥), 𝑡)
{∫ 𝑠

( 𝑗 )
𝑡 (𝑥)

0
(𝜅 ( 𝑗)𝑡 (𝑠, 𝑡))2 𝑑𝑠 − 𝑥

∫
Γ ( 𝑗 )
𝑡

(𝜅 ( 𝑗)𝑡 (𝑠, 𝑡))2 𝑑𝑠

}
,

which implies, due to (5.9), (6.39) and the boundedness of ‖𝜅 ( 𝑗)𝑡 ‖𝐿2 ,

‖Θ( 𝑗) (·, 𝑡) − Θ( 𝑗)
0 ‖𝐿∞ ≤

∫ 𝑡

0
‖𝜕𝑡Θ( 𝑗) (·, 𝑡̃)‖𝐿∞ 𝑑𝑡̃

≤ 𝑀

∫ 𝑡

0
‖𝜕𝑠𝜅 ( 𝑗)𝑡̃

‖𝐿∞ + ‖𝜅 ( 𝑗)
𝑡̃

‖𝐿∞ ·
3∑

𝑘=1

‖𝜅 (𝑘)
𝑡̃

‖𝐿∞ + ‖𝜅 ( 𝑗)
𝑡̃

‖𝐿∞ ‖𝜅 ( 𝑗)
𝑡̃

‖2
𝐿2

𝑑𝑡̃

≤ 𝑀

∫ 𝑡

0
(𝑡̃− 3

4 + 𝑡̃−
1
2 + 𝑡̃−

1
4 )𝑒−𝑐𝑡̃ 𝑑𝑡̃ ≤ 𝑀 (min{𝑡, 1}) 14 .

By means of (6.41) and 𝜕𝑥Θ( 𝑗) = 𝜅 ( 𝑗)/𝐿 ( 𝑗), we can see that 𝜕𝑛𝑡 𝜕
𝑚
𝑥 Θ

( 𝑗) can be represented by a
polynomial in the derivatives of the curvatures with respect to the arc-length and the time derivatives
of the misorientations/lengths for any 𝑛, 𝑚 ∈ N ∪ {0} except 𝑛 = 𝑚 = 0 since we already derived the

formulation of 𝜆
( 𝑗)
𝑡 bat ®𝑎 in (2.7). Notice that the second estimate in (6.36) follows from (1.4), (6.10)

and (6.17) since the derivatives of the curvatures are bounded away from 𝑡 = 0 as in Proposition
6.12. Therefore, the second estimate in (6.35) also can be obtained easily.

We thus next prove the first estimate in (6.35). If 𝑡 ≤ |𝑥 − 𝑦 |2 and 𝑡 ≤ 1, we have by (6.40)

| (Θ( 𝑗) (𝑥, 𝑡) − Θ( 𝑗)
0 (𝑥)) − (Θ( 𝑗) (𝑦, 𝑡) − Θ( 𝑗)

0 (𝑦)) | ≤ 𝑀𝑡
1
4 ≤ 𝑀𝑡

1
4−

𝛽
2 |𝑥 − 𝑦 |𝛽.

It thus sufficient to consider the case |𝑥 − 𝑦 |2 ≤ 𝑡. Since the length 𝐿 ( 𝑗) is uniformly positive and
bounded, by means of the Sobolev inequality and (6.37), we have

|𝜕𝑛𝑠 𝜅
( 𝑗)
𝑡 (𝑠(𝑥), 𝑡) − 𝜕𝑛𝑠 𝜅

( 𝑗)
𝑡 (𝑠(𝑦), 𝑡) | ≤ 𝑀 (‖𝜕𝑛𝑠 𝜅

( 𝑗)
𝑡 ‖𝐿2 + ‖𝜕𝑛+1𝑠 𝜅

( 𝑗)
𝑡 ‖𝐿2) |𝑠(𝑥) − 𝑠(𝑦) | 12

≤ 𝑀 (‖𝜕𝑛𝑠 𝜅
( 𝑗)
𝑡 ‖𝐿2 + ‖𝜕𝑛+1𝑠 𝜅

( 𝑗)
𝑡 ‖𝐿2) |𝑥 − 𝑦 | 12

for any 𝑛 ∈ N ∪ {0}. It can be applied to obtain, due to (6.41),

|𝜕𝑡Θ( 𝑗) (𝑥, 𝑡) − 𝜕𝑡Θ
( 𝑗) (𝑦, 𝑡) |

≤ 𝜎 ( 𝑗) |𝜕𝑠𝜅 ( 𝑗)𝑡 (𝑠(𝑥), 𝑡) − 𝜕𝑠𝜅
( 𝑗)
𝑡 (𝑠(𝑦), 𝑡) |
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+ |𝑥 − 𝑦 | · |𝜅 ( 𝑗)𝑡 (𝑠(𝑥), 𝑡)𝜆( 𝑗)
𝑡 bat ®𝑎 | + |𝑦𝜆( 𝑗)

𝑡 bat ®𝑎 | · |𝜅 ( 𝑗)𝑡 (𝑠(𝑥), 𝑡) − 𝜅
( 𝑗)
𝑡 (𝑠(𝑦), 𝑡) |

+ 𝜎 ( 𝑗) |𝜅 ( 𝑗)𝑡 (𝑠(𝑥), 𝑡) − 𝜅
( 𝑗)
𝑡 (𝑠(𝑦), 𝑡) | ·

�����∫ 𝑠
( 𝑗 )
𝑡 (𝑥)

0
(𝜅 ( 𝑗)𝑡 (𝑠, 𝑡))2 𝑑𝑠 − 𝑥

∫
Γ ( 𝑗 )
𝑡

(𝜅 ( 𝑗)𝑡 (𝑠, 𝑡))2 𝑑𝑠

�����
+ 𝜎 ( 𝑗) |𝜅 ( 𝑗)𝑡 (𝑠(𝑦), 𝑡) | ·

�����∫ 𝑠
( 𝑗 )
𝑡 (𝑥)

𝑠
( 𝑗 )
𝑡 (𝑦)

(𝜅 ( 𝑗)𝑡 (𝑠, 𝑡))2 𝑑𝑠 − (𝑥 − 𝑦)
∫
Γ ( 𝑗 )
𝑡

(𝜅 ( 𝑗)𝑡 (𝑠, 𝑡))2 𝑑𝑠

�����
≤ 𝑀

{
(‖𝜕𝑠𝜅 ( 𝑗)𝑡 ‖𝐿2 + ‖𝜕2𝑠 𝜅

( 𝑗)
𝑡 ‖𝐿2) |𝑥 − 𝑦 | 12

+
(

3∑
𝑘=1

‖𝜅 (𝑘)𝑡 ‖𝐿∞

)
{‖𝜅 ( 𝑗)𝑡 ‖𝐿∞ |𝑥 − 𝑦 | + (‖𝜅 ( 𝑗)𝑡 ‖𝐿2 + ‖𝜕𝑠𝜅 ( 𝑗)𝑡 ‖𝐿2) |𝑥 − 𝑦 | 12 }

+ (‖𝜅 ( 𝑗)𝑡 ‖𝐿2 + ‖𝜕𝑠𝜅 ( 𝑗)𝑡 ‖𝐿2)‖𝜅
( 𝑗)
𝑡 ‖2

𝐿2
|𝑥 − 𝑦 | 12 + ‖𝜅 ( 𝑗)𝑡 ‖𝐿∞ (‖𝜅 ( 𝑗)𝑡 ‖2𝐿∞ + ‖𝜅 ( 𝑗)𝑡 ‖2

𝐿2
) |𝑥 − 𝑦 |,

which implies, applying (6.38), (6.39) and the boundedness of ‖𝜅 ( 𝑗)𝑡 ‖𝐿2 ,

|𝜕𝑡Θ( 𝑗) (𝑥, 𝑡) − 𝜕𝑡Θ
( 𝑗) (𝑦, 𝑡) | ≤ 𝑀{(1 + 𝑡−

1
2 + 𝑡−1) |𝑥 − 𝑦 | 12 + (𝑡− 1

4 + 𝑡−
1
2 + 𝑡−

3
4 ) |𝑥 − 𝑦 |} ≤ 𝑀𝑡−

3+2𝛽
4 |𝑥 − 𝑦 |𝛽.

Here 𝑡 ≤ 1 and 𝑡 ≥ |𝑥 − 𝑦 |2 have been used. Since 3+2𝛽
4 < 1, we thus obtain

| (Θ( 𝑗) (𝑥, 𝑡) − Θ( 𝑗)
0 (𝑥)) − (Θ( 𝑗) (𝑦, 𝑡) − Θ( 𝑗)

0 (𝑦)) | ≤
∫ 𝑡

0
|𝜕𝑡Θ( 𝑗) (𝑥, 𝑡̃) − 𝜕𝑡Θ

( 𝑗) (𝑦, 𝑡̃) | 𝑑𝑡̃ ≤ 𝑀𝑡
1
4−

𝛽
2 |𝑥 − 𝑦 |𝛽.

Combining (6.40), we have the first estimate in (6.35).
For the continuity of 𝐿 ( 𝑗) at 𝑡 = 0 as in (6.36) can be obtained applying the boundedness of ‖𝜅 ( 𝑗) ‖𝐿2

and (6.39) to (6.11). The continuity of 𝛼( 𝑗) at 𝑡 = 0 also follows from the exponential decay of 𝜕𝑡𝛼
( 𝑗)

as in (4.14). □

We finally proceed to the proof of Theorem 1.2.

Proof of Theorem 1.2. Let

𝑚 :=
𝑚3

2
, 𝜀 :=

min{𝜀4, 𝜀5}
2

,

where 𝑚3, 𝜀4 and 𝜀5 are constants obtained in Lemma 4.2, Proposition 5.13 and Proposition 6.12,

respectively. We first define the angle function Θ( 𝑗)
0 satisfying the restriction on the parametrization

(2.9) by (2.1). Since we assume that Γ( 𝑗)
0 is of class 𝐻2 and satisfies (1.8), by means of the Sobolev

inequality and 𝜕𝑥Θ
( 𝑗)
0 = 𝐿 ( 𝑗) (0)𝜅 ( 𝑗)𝑡 , we then see that Θ( 𝑗)

0 ∈ 𝐶
1
2 ( [0, 1]) ∩ 𝐻1(0, 1) and the pair of ®Θ0

and ®𝛼0 satisfy the compatibility condition of order 0 for (2.12), namely,

3∑
𝑗=1

𝜎(Δ( 𝑗)𝛼0) cosΘ( 𝑗)
0 (1) =

3∑
𝑗=1

𝜎(Δ( 𝑗)𝛼0) sinΘ( 𝑗)
0 (1) = 0.

Notice also that, since (1.7) is satisfied at 𝑡 = 0, the parametrization 𝜉
( 𝑗)
0 of Γ( 𝑗)

0 is of form

(6.42) 𝜉
( 𝑗)
0 (𝑥) =

(∫ 𝑥

0
𝐿
( 𝑗)
0 cosΘ( 𝑗)

0 (𝑥) 𝑑𝑥,
∫ 𝑥

0
𝐿
( 𝑗)
0 sinΘ( 𝑗)

0 (𝑥) 𝑑𝑥
)
+ 𝑃( 𝑗) ,

where 𝐿
( 𝑗)
0 is the length of Γ( 𝑗)

0 , and we also have(∫ 1

0
𝐿
( 𝑗)
0 cosΘ( 𝑗)

0 (𝑥) 𝑑𝑥,
∫ 1

0
𝐿
( 𝑗)
0 sinΘ( 𝑗)

0 (𝑥) 𝑑𝑥
)
+ 𝑃( 𝑗)
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=

(∫ 1

0
𝐿 (𝑘)
0 cosΘ(𝑘)

0 (𝑥) 𝑑𝑥,
∫ 1

0
𝐿 (𝑘)
0 sinΘ(𝑘)

0 (𝑥) 𝑑𝑥
)
+ 𝑃(𝑘)

for any 𝑗 , 𝑘 ∈ {1, 2, 3} since ∪3
𝑗=1Γ

( 𝑗)
0 is a triod. Therefore, we can approximate ®Θ0 and ®𝐿0 by

®Θ0,𝜀′ ∈ (𝐶∞([0, 1]))3 and ®𝐿0,𝜀′ , respectively, so that

(i) Θ( 𝑗)
0,𝜀′ → Θ( 𝑗)

0 in 𝐶𝛽 ( [0, 1]) and 𝐻1(0, 1), and 𝐿
( 𝑗)
0,𝜀′ → 𝐿

( 𝑗)
0 as 𝜀′ → 0 for any 𝑗 ∈ {1, 2, 3}.

(ii) The pair of ®Θ0,𝜀′ and ®𝛼0 satisfies the compatibility condition of any order 𝑘 ∈ N for (2.12).

(iii) ®Θ0,𝜀′ and ®𝐿0,𝜀′ satisfy, for any 𝑗 , 𝑘 ∈ {1, 2, 3},(∫ 1

0
𝐿
( 𝑗)
0,𝜀′ cosΘ( 𝑗)

0,𝜀′ (𝑥) 𝑑𝑥,
∫ 1

0
𝐿
( 𝑗)
0,𝜀′ sinΘ( 𝑗)

0,𝜀′ (𝑥) 𝑑𝑥
)
+ 𝑃( 𝑗)

=

(∫ 1

0
𝐿 (𝑘)
0,𝜀′ cosΘ(𝑘)

0,𝜀′ (𝑥) 𝑑𝑥,
∫ 1

0
𝐿 (𝑘)
0,𝜀′ sinΘ(𝑘)

0,𝜀′ (𝑥) 𝑑𝑥
)
+ 𝑃(𝑘) .

Note that, since we only need to adjust the approximation near the boundary to satisfy (ii), the

conditions (i), (ii) and (iii) are compatible even if the pair of ®Θ0 and ®𝛼0 satisfies the compatibility

condition of order 0 only. Constructing an approximated initial curve Γ( 𝑗)
0,𝜀′ by the formula as in (6.42)

from Θ( 𝑗)
0,𝜀′ and 𝐿0,𝜀′ , we then see that the pair of {Γ( 𝑗)

0,𝜀′} 𝑗∈{1,2,3} and ®𝛼0 satisfies the assumptions in

Theorem 1.1 with any 𝑘 ≥ 3 and hence we obtain a smooth geometric flow governed by (1.3)–(1.7)

starting from the approximated initial datum. Let {Γ( 𝑗)
𝑡,𝜀′} 𝑗∈{1,2,3} and {𝛼( 𝑗)

𝜀′ (𝑡)} 𝑗∈{1,2,3} be the moving
triod and the set of misorientations of the smooth geometric flow, respectively. Since the length of

Γ( 𝑗)
0,𝜀′ is 𝐿

( 𝑗)
0,𝜀′ and the curvature 𝜅

( 𝑗)
0,𝜀′ of Γ( 𝑗)

0,𝜀′ is 𝜕𝑠Θ
( 𝑗)
0,𝜀′ = 𝜕𝑥Θ

( 𝑗)
0,𝜀′/𝐿0,𝜀′ , we may see that

3∑
𝑗=1

𝜎(Δ( 𝑗)𝛼0)𝐿 ( 𝑗)
0,𝜀′ ≤ 𝜎(0)𝑚3,

3∑
𝑗=1

{(
Δ( 𝑗)𝛼0

)2
+

∫
Γ ( 𝑗 )
0, 𝜀′

(
𝜎(Δ( 𝑗)𝛼0)

)2
(𝜅 ( 𝑗)0,𝜀′)

2 𝑑𝑠

}
≤ min{𝜀4, 𝜀5}

is satisfied for small 𝜀′ > 0 by means of the convergence as in (i). Therefore, all estimates in Section
4–Section 6 can be applied to the smooth geometric flow starting from the approximated initial
datum to extend the maximum existence time. We summarize the estimates as follows.

(a) By means of Lemma 4.1 and Lemma 4.2, the length 𝐿
( 𝑗)
𝜀′ of Γ( 𝑗)

𝜀′ is uniformly positive and
bounded from above.

(b) By means of Lemma 4.9, the angle function Θ( 𝑗)
𝜀′ of Γ( 𝑗)

𝑡,𝜀′ satisfy Θ( 𝑗+1)
𝜀′ − Θ( 𝑗)

𝜀′ ∈ (0, 𝜋) at the

junction point ®𝑎𝜀′ (𝑡) of the moving triod {Γ( 𝑗)
𝑡,𝜀′} 𝑗∈{1,2,3} for any 𝑗 ∈ {1, 2, 3} and 𝑡 ≥ 0.

(c) The a priori estimates as in Corollary 6.14 holds.

Therefore, we can apply Proposition 2.14 to conclude that the flow exists globally in time.

Furthermore, applying the Arzelá-Ascoli theorem, there exists a solution ®Θ ∈ (𝐶∞( [0, 1]×(0,∞)))3,
®𝐿 ∈ (𝐶∞((0,∞)))3, ®𝛼 ∈ (𝐶∞((0,∞)))3 to (2.12) such that ®Θ𝜀′ , ®𝐿𝜀′ , ®𝛼𝜀′ sub-converges to the solution in
(𝐶∞

loc
([0, 1] × (0,∞)))3× (𝐶∞

loc
((0,∞)))3× (𝐶∞

loc
((0,∞)))3. Then, we can construct a smooth geometric

flow governed by (1.3)–(1.7) from the solution to (2.12) by the formulation as (6.42), and we can

also see that each curve Γ( 𝑗)
𝑡 of the smooth geometric flow converges to the original initial curve

Γ( 𝑗)
0 as 𝑡 → 0 in the 𝐶1+𝛽 topology, for any 𝛽 ∈ (0, 1/2), due to the convergence property (i) and

the continuities as in (6.35) and (6.36). On the other hand, since the exponential 𝐿2-decay of the
derivatives of the curvatures can be obtained by a similar estimate for (6.39) away from 𝑡 = 0, by
means of the uniqueness of the stationary solution as in Proposition 3.1 and the exponential decay
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of Δ( 𝑗)𝛼, as 𝑡 → ∞, each curve Γ( 𝑗)
𝑡 converges to a line segment of the unique Steiner triod in 𝐶∞

topology and 𝛼( 𝑗) (𝑡) converges to (𝛼(1)
0 + 𝛼(2)

0 + 𝛼(3)
0 )/3 due to the preservation of

∑3
𝑗=1 𝛼

( 𝑗) (𝑡). □

Remark 6.15. (i) According to Remark 6.13, the boundedness of

‖Θ( 𝑗) ‖𝐶𝑘
𝑥,𝑡 ( [0,1]×[𝑡0,𝑇]) + ‖𝐿 ( 𝑗) ‖𝐶𝑘

𝑡 ( [𝑡0,𝑇]) + ‖𝛼( 𝑗) ‖𝐶𝑘
𝑡 ([𝑡0,𝑇]) ,

for each 𝑘 ∈ N, 0 < 𝑡0 < 𝑇 , can be obtained if the properties (a)–(b) in Remark 6.13 hold for 𝑡 ≤ 𝑇
and 𝑗 ∈ {1, 2, 3}. Therefore, a smooth geometric flow can be constructed if the initial triod is of class
𝐻2. Furthermore, if its maximum existence time 𝑇 ′ is finite, then either (a), (b) or (c) is lost at the
time 𝑇 ′.

(ii) In the study [34] for the classical curvature flow, the regularity estimates of the parametrization
𝜉 ( 𝑗) are derived from the energy type estimates for not only the curvature but also a restricted tangent

velocity 𝜆
( 𝑗)
𝑡 = 〈 𝜕2𝑥 𝜉

( 𝑗 )

|𝜕𝑥𝜉 ( 𝑗 ) |2
, 𝜏

( 𝑗)
𝑡 〉. In our method, we does not require the energy type estimate of the

tangent velocity and, additionally, some discussion to conclude that |𝜕𝑥𝜉 ( 𝑗) | ≠ 0 if 𝐿 ( 𝑗) > 0, which is
not obvious for the re-parametrization in [34], is not necessary in our method.
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