LONG TIME BEHAVIOR FOR A CURVATURE FLOW OF NETWORKS
RELATED TO GRAIN BOUNDARY MOTION WITH THE EFFECT OF
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ABSTRACT. The mathematical model of grain boundary motion, including lattice misorientations’
effect, is considered. When time-dependent lattice misorientations are state variables of the surface
tension of the grain boundary, to ensure the energy dissipation law, one can obtain a curvature flow of
networks with time-dependent mobilities. This paper studies the solvability and long-time asymptotic
behavior of the curvature flow subjected to the Herring condition which ensures that the constituent
grain boundary surface tensions are balanced at the triple junction.

1. INTRODUCTION

There are many kinds of research about the curvature flow of networks related to planar grain
boundary motion. According to the theory by Mullins and Herring [I9, BG, 87, the curvature flow
of networks is well-known as a typical model for the evolution of grain boundaries in polycrystalline
materials as an evolution law of local interactions. In addition, the classical curvature flow of networks
can be derived from the principle of maximum dissipation for the total grain boundaries, under the
assumption that the total grain boundary energy depends only on the surface tension of the grain
boundaries and the surface tension is constant. When the surface tension depends on the grain
boundary’s normal vector in order to take into account the grain boundary energy anisotropy, the
anisotropic curvature flow of networks can be derived similarly. These flows are well-studied as
significant geometric variational problems.

In this paper, we study the case that the grain boundary energy is affected by the shape of
the grain boundary and other grain boundary structures. Namely, the surface tension has other
state variables in our case. A grain boundary is made from two or more single grains, which have
different lattice orientations. A mismatch of the lattice orientations neighboring grains is called a
lattice misorientation. Because the lattice orientation is discontinuous at the grain boundary in
general, one should include the lattice misorientation in state variables of the grain boundary energy.
Kinderlehrer and Liu [25] derived the governed equations, by the principle of maximum dissipation,
of the evolution of grain boundaries with the lattice misorientations as a parameter and studied
mathematical analysis of the system. Epshteyn, Liu, and the second author [12] developed their
work to assume that the lattice misorientations depend on time. Here we briefly explain the case of
one triple junction (see figure ).

We consider the following grain boundary energy of the system
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FIGURE 1. Grain boundaries/curves Ft(j ) that meet at a triple junction a(z). Lattice
orientations are angles (scalars) /) (7). Misorientation AW a(t) of F[(j ) is the difference
between two lattice orientations of grains that share grain boundary Ft(j). The unit
tangent vector of Ft(j ) with the direction starting from Pt(j ) and ending to a(r) is denoted
by Tt(j ). The unit normal vector, which is the 90 degree counterclockwise rotation of

Tt(j ), is denoted by vt(j ),

where o = o(@) : R — R is a given surface tension of a grain boundary, @) = /) (¢) : [0,0) — R
is a time-dependent orientation of the grains, AWV a := aU~D — @) is a lattice misorientation of
the grain boundary Ft(J ), and LY (¢) is the length of Ft(J ) for Jj =1,2,3. For simplicity of notation,
we write @@ = o®. Impose that three ends of the grain boundaries I'V) are the same position
a(t), called a triple junction, and the other end of ') is a given fixed point PY). In this work, we
assume that a grain boundary energy density o(A¥a) is independent of the normal vector of the

grain boundary F,(j ), namely, our system is isotropic with respect to Ft(j ). As a result of applying the
principle of maximum dissipation for the energy (), the following model was derived in [12]:

Vt(j) = 'uo'(A(j)a')Kt(j), on Ft(j), t>0, J= 1,2,3,
da)
dt

- —y(@aa(A(j+1)a)L(j+1)(t) - 6(,0'(A(j)cy)L(j)(t)), t>0, j=1,2,3,
da 3
E(t) =-n o-(A(k)a/)Tt(k), t>0, at a,
k=1
i) =EV 1,0 =P, =¥, 1), and ED0,0)=PYV, >0, j=1,2,3,

where £ (-, 1) : [0,1] — R2 is a parametrization of Ft(j) fort > 0, Vt(j ) is the normal velocity of Ft(j ),
K,(] ) is the curvature of F,(j ), M, y,n > 0 are constants, T,(k) is the unit tangent vector on Ft(k) and PV)

is a fixed point. For the sake of notational simplicity, we denote AP e = AW @. From (), we have
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energy dissipation which took a form as presented below;

3
dE 1 ;
_ - —/ ] |Vt(])|2ds
i~ 2\

where s is the arc-length parameter of Ft(] ). Note that the third equation of (I2) is a kind of dynamic
boundary condition for the differential equations. When we take the relaxation limit n — oo, the
third equation turns into a force balance condition, known as the Herring condition, at the triple
junctions. More in-depth discussion and complete details of the derivation of the model (I2) can be
found in the recent paper by Epshteyn, Liu and the second author [T2, Section 2].

In [0, 2], they relaxed the curvature effect by taking the limit g — oo and derived an ODE
system, and studied well-posedness, long-time asymptotics, and numerical analysis of the system.
In [13], they considered ensembles of triple junctions and misorientations (without the curvature
effect), and they used white noises to describe interactions among the grain boundaries and the
triple junctions in a grain boundary network, including modeling of critical /disappearance events,
e.g., grain disappearance, facet/grain boundary disappearance, facet interchange and splitting of
unstable junctions. However, the well-posedness and long-time asymptotics of the system with the
curvature effect is not still well-known.

On the other hand, the second and third authors [35] considered the well-posedness and long-time
asymptotics of a curve shortening equation related to the grain boundary motion (IZ2). The curve
shortening equation was derived from the principle of maximum dissipation of the energy o (Aa)|T7|
with the periodic boundary condition. Since the misorientation is a state variable of the energy and
depends on time, the associated curve shortening equation has a time-dependent mobility coefficient.
However, the interaction among the grain boundaries at the triple junction, even though the limiting
case n — oo, is not well-known since the prior work studied only one grain boundary.

In this paper, we consider (2) in the case n — oo, namely, curvature flow of networks with time
dependent mobility governed by the evolving lattice misorientations, and with the Herring condition
at the triple junction. We thus consider a motion of connected curves Ft(] ) ¢ R2(j = 1,2,3) and
anisotropy parameters /) () € R governed by

12
da

e

da ()

b

— ()

dt

(1.3) V,(j) = O'(A(j)a’(t))Kt(j) on Ft(j),
(1.4) 0 (1) = —y{8,0- (A V(1)) LY (1) = dp0 (A a (1)) LY (1)},
(1.5) a(t) =W (1,0 =21, =9(1,1),
3
(1.6) Z O'(A(k)a/(t))‘r(k) 0 ata,
k=1
(1.7) ED(0,1) = PV,

Here, we let p in (IT2) be 1 without loss of generality. Throughout the paper, a unit normal vector
t(J ) of F(j ) is chosen as the 90 degree rotation of Tt(] )
the curvature K(j )

direction of v(] ), respectively. Furthermore, the curves are numbered counter-clockwise around
the junction point. According to the argument as in [6], the Herring condition (IT8) implies that

c(AVa(1))  o(A?a(t)  o(A®a(1)
sin@®  sin@®  singd

counter-clockwise. The velocity V) and

are positive if the normal velocity vector and the curvature vector face the same
Fz(j)
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by letting 61 (¢) € (0,27) be the angle between Ft(j ) and Ft(j D), Therefore, the angles at the junction
change with time evolution in our setting, which is an especially different behavior from the classical
curvature flow. Notice that all angles are always 120 agree if o is constant. We thus intend to
study the existence theory and long-time asymptotics of the geometric flow governed by the system

For the classical curvature flow of networks, in other word, for the case that o is a constant, the
existence theory was studied by Bronsard- Reltlch [6] for initial triod of class C?**A. Mantegazza—

Novaga-Tortorelli [34] extended the result in the case that the initial network has four or more grains
of same class. The regularity assumption on the initial network to obtain the uniqueness of the
flow was recently improved by [I7] in Sobolev classes. In the all articles, they first re-formulate the
geometric flow to a system of the parametrization £U) and apply a classical existence theory for the
system. Mantegazza-Novaga-Tortorelli [34] also proved that the flow becomes smooth immediately
by deriving energy type estimates for the derivatives of the curvatures. In this argument, similar
energy type estimates for the tangent velocity is required since the regularity of the flow can be
discussed from the smoothness of £) and the system of £/) depends on not only the normal velocity
but also the tangent velocity. We note that the smoothing effect was proved also in [I'7] introducing
a linearized operator around the unique solution and applying functional analysis. In this paper, we
re-formulate the geometric low (IZ3)-(IZ2) to a system of an angle ®/) of the tangent vector (see
Remark P8 for the relationship between ®V) and &U )), the orientation @) and the length of the
curves L), Since the curvature coincides with the derivative of ®) with respect to the arc-length,
the re-formulation make it easier to discuss the relation between the regularity /asymptotics of ®\/)
and the curvature. We thus can skip deriving energy type estimates of the tangent velocity (see also
Remark 613).

First present result is the short time existence of the geometric flow starting from a smooth initial
smooth triod under the following assumption.

(A1) y> 0,0 € C*(R),0(a) >0 for any a € R.
We apply a classical existence theory for systems as in Ladyzenskaja-Solonnikov-Ural’ceva’s book
[26] to a linearized system of @), @) and L) almost in line with the arguments in [8, B4]. The
compatibility condition for the initial curves and the complementing condition for the boundary

conditions (see Section E2 for the details of the definitions) will be required to apply the theory. We
present the existence result as follows.

Theorem 1.1. Assume (A1). Let k € N with k > 3 and B € (0,1). Assume that F(()j) is a regular
C**B curve and connect the fized point PY) and a junction point @(0) for j € {1,2,3}. Assume also
each angle between F(()jH) and F(()j) at the junction point is less than n. Further assume that the pair of
{F(()j)}je{l’z’g} and {a(()j)}]e{l 2.3} C R3 satisfies the compatibility condition of order k for the geometric
flow (IZ3)~(I=2). Then, there exists T > 0 such that a geometric flow governed by (I=3)—(0C2) with

wmatial datum {F( }ieq1,2,3) and {ao }je1,2,3), whose triod is of class C**B at every time, uniquely
exists until the tzme T. . .

Furthermore, if F(J) is smooth for j € {1,2,3} and the pair of {F(])}je{l,g,g} and {aéj)}je{m,g}
satisfies the COmpatzbzlzty condition of any order for the geometmc flow (I3) f(IEZI) then a smooth
geometric flow governed by (I=3)—(0C4) with initial datum {F }16{123} and {a(() }ie(1,2,3) uniquely
exists until some time T" > 0.

Note that the compatibility condition at least requires the following two conditions; the initial triod
and initial orientation parameters satisfy the Herring condition (CB) at ¢t = 0; and the initial angle
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condition at the junction point ensures that the linearized system satisfies the complimenting condi-
tion. The more detailed regularity of the geometric flow will be stated at the level of parametrization
as in Proposition ZZI4. The extension of the existence result as in [I7] is a future work to obtain the
uniqueness of the geometric flow with initial triods of lower regularity classes.

We now focus on the asymptotics of the geometric flow of triods. For the classical curvature flow,
Magni, Mantegazza and Novaga [32] proved the L2-boundedness of the curvatures by combining
blow-up arguments and Huisken’s monotonicity formula [20]. This boundedness and the energy type
estimates in [34] imply the convergence of the flow of triods to the stationary Steiner triod connecting
three endpoints PY) in the C® topology. One of the key properties in this stability result is that the
Steiner triod is a unique minimizer of (W) with constant o if the following condition (A2) holds.

(A2) Each interior angle of the triangle generated by the fixed points {PY)};c(123) is less than
21 /3.

We note that, in this case, the Steiner triod is the union of three line segments connecting the fixed
point PY) and the Fermat point of the triangle with vertexes PV, P and P®). In our problem, as
a first step to analyze the asymptotics, we further assume the following condition (A3), which yields
the convexity of .

(A3) o satisfies 0,07(0) = 0 and 020 (a) > 0 for any a € R,

The equilibrium of our problem is then a family of the unique Steiner triod and orientations with
O-misorientation. We note that an equilibrium with non-zero misorientations possibly exists if o
is non-covex (see Remark B2). We further note that the monotonicity formula can not be easily
extended to our problem because of the differently development of the surface tensions o (AW a).
Indeed, the monotonicity formula for the flow of just one curve was proved in [B5] by applying a
time-rescaling along with the development of the surface tension. In our problem, it may be difficult
to choose a time-rescaling along with the development of the all surface tensions o-(A ). Therefore,
the analysis on the asymptotics as in [82] can not be easily applied to our problem. We thus extend
the exponential L2-decay estimate of the curvatures as in [I5] for the classical curvature flow of triods
with Neumann boundary condition. We also modify the dissipation estimate of the misorientation
as in [I2] for the system () with relaxed the curvature effect to obtain the exponential decay of
the misorientations in our problem. As a result, extending the energy type estimates as in [34] for
our problem, we obtain the smoothing effect, the global existence result and the asymptotic result
under a closeness of initial datum to the equilibrium as follows.

Theorem 1.2. Let y,o, PY)(j = 1,2,3) satisfy the assumptions (A1)-(A3). Assume that each
initial reqular curve TY) is of class H2 and connects the fized point PY) and a junction pomt a(0)
for j € {1,2,3}. Further assume the pair of the initial triod and the initial orientations {01(() }ie(1,2.3}
satisfies the Herring condition (I8) att = 0. Then, there exist m > 0 and &€ > 0 such that a geometric
flow governed by (I3)—(IZ2) with the initial datum {F(()j)}je{LQ’g} and {a’éj)}je{lz,g}, whose triod is
smooth at every positive time, exists globally in time if

3

3
(1.8) Z O'(A(j)a’())L(j)(O) < o (0)m, Z {(A(j)a/o)2 + -/F(()j) (O'(A(j)ao))2 (K(()j))2 ds} <eg,

j:l ]=1

where s is the arc-length for each initial curve F(()j). Furthermore, the triod U?zlft(j ) converges expo-
nentially fast to the unique Steiner triod connecting the three fized endpoints PY) in the C* topology

and a7 (t) converges exponentially fast to (a(()l) + 062) + 003))/3 ast — oo for any j € {1, 2,3}.
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Here, we note that the uniqueness of the flow is unknown in our method except the case that the
initial triod is of class C3*#, while we can obtain the Hélder continuity (with respect to the time
variable) of the moving triod at the initial time in C*# topology for arbitrary g € (0,1/2) (see also
Corollary 614).

We further refer to other works related to our problem. For the classical curvature flow of triods
with a homogenous Neumann boundary in bounded domain, the asymptotics was studied in I3, 21).
The former study [21] shows that the linear stability of stationary triod depends on the curvature
of the domain at the three end-points of the triod. The latter study [I4] gives a proof of the local
exponential stability of the stationary triod when it has linear stability. Some arguments in the
previous studies are adopted in this paper to derive the Poincaré type inequality, which is a key to
prove the exponential L?-decay of the curvatures. We also note that, for classical curvature flow of
networks with more than 3 fixed boundary points, the local asymptotic stability of the minimizer of
the total length was recently shown by Pluda-Pozzetta [B8] by investigating the Lojasiewicz-Simon
inequality for networks. On the other hand, for the interior behavior of networks with a lot of grains, a
part of grains may vanish in finite time. The shrinking result was first proved in [I4, 18] for motion of
Jordan curves and self similar shrinkers were constructed. We also refer to [3, @, [] for the examples
of the classification of the self similar shrinkers in the motion of networks. Mantegazza-Novaga-
Tortorelli [34] also studied type I and type II singularities in addition to the existence theorem and
the smoothing effect. Because of the singularities, weak solutions of the multi-phase mean curvature
flow have also been studied well. We here refer to [B, 23, 24] for the existence theory of measure
theoretic solutions, which are so-called the Brakke flow, and [27, P8, 2Y] for the construction of
distributional solutions in the framework of BV functions. The existence of strong solutions without
the Herring condition at the initial time is also important in view of the analysis of the singularities
since the Herring condition is lost when a grain vanishes. This kind of the existence theory was
studied in [22, B0, B3].

The rest of the paper is organized in the following way. We first introduce a re-formulation of the
geometric flow and prove Theorem I in Section B. The equilibriums will be studied in Section B.
Section B lists some geometric properties for the computations in the sequel. The exponential decay
of the misorientations is also prove in this section. The exponential L?-decay of the curvatures is
proved in Section H and higher order estimates are derived in Section B to continue to prove Theorem
.
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2. LOCAL EXISTENCE THEORY IN A SMOOTH SETTING

In this section, we prove the local existence of the geometric flow in a smooth setting. We first
introduce an angle function of Ft(] ) and re-formulate the problem to apply a classical theory for
parabolic partial differential equations. We note that our re-formulation is different from it in [G, 34]
as we mentioned in the introduction.
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2.1. Parametrization of Ft(j) and re-formulation of the problem. Let the curve I ,(j) be
parametrized by a smooth map ED) = £D(x,1) : [0,1] x [0,T) — R? and define an angle func-
tion @YW = ®W (x,1) : [0,1] x [0,T) by

. ) )
() _ &Y [cos®
21) T 60 T (sin@)(j))

to re-formulate (I23) and (CH)—(Td). Here, the angle © is chosen to be continuous with respect to
x and ¢, and to satisfy ®1(0,0) € [0, 7) and ®U+D(1,0) — @) (1,0) € [0,27). Therefore, the angle
0 (¢) between Ft(j) and F,(j+1) at the junction coincides with @V+D (1, ¢) — ©Y)(1,7) modulo 27. Let
/l,(j ) be the tangent velocity of Fl(j ). Then we have

8D = VD 4 20200 = o (AD g () Dy D) 4 D7D,
Recall that we have rescaled so that u = 1 for (I”2) when we introduce the geometric flow (I=3)—(I1).
Notice also that the arc-length s of F,(j ) satisfies

1
(2.2) 0y = ——d,.
|0,£0)]

We discuss some geometric identities to re-formulate the geometric flow.

Lemma 2.1. Any smooth geometric flow satisfying (IC3)—~(IZ4) fulfills the following identities.

23) oV = (Vi + 040 = (- (M) (8,6) + 6,40,V
(2.4) 8,00 = 8sV,(j) n Kff)/lfj) — U(A(j)a)afg(j) + (as@(j'))/ll(j),
for any (x,t) € [0,1] X [0,T) and j € {1,2,3}. Furthermore,
(2.5) kD = 5,00 =29 =0 at PV
for any j € {1,2,3} and
3 3

(2.6) Z c(ADa)VY) = Z(J(Nﬂa))?as@(f) =0 at d(t)

Jj=1 Jj=1

for any j € {1, 2,3}.

Proof. The equalities (223) and (Z4) can be obtained by a standard argument, (I=3) and K,(j ) = 9,00,
We thus refer to [8, Chapter 1] for the details of the proof. We now prove only (Z3) and (23).

From £ (0,1) = PYU)(¢) for any ¢t € [0,T) and j € {1,2,3}, taking the time derivatives on both
sides, we have

Vz(j)vt(j) +/1t(j)_rt(j) — atf(j)(o’ =0

at the boundary point. Since vt(j ) and Tt(j ) are linearly independent, we have (23).

Since EW(1,1) = €@ (1,1) = £€P)(1,1) at the junction point @(¢), those time derivatives are also
same. We thus have by taking inner product 8, (1,¢) with (IZB) rotated by 90 degrees counter-

clockwise ;

0= (> oD, 8,01, 1)
1

Jj=
3 . . . . . . 3 . .
- Z(O-(A(J)Q,)VZ(J)’VZ(J)VI(J) +/ll(])Tl(])> - Z O.(A(J)Q,)VI(J)
= ,

Jj=1
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at the junction point a(z). O

We will derive a representation formula of /l,(j ) and substitute it into (24). The following lemma
shows a representation formula of /lEJ ) at the junction point.

Lemma 2.2. Any smooth geometric flow satisfying (I=3)—~(I4) fulfills

AWM (D) (2) ¢3) e W5\ (o(AD@)d,00
2.7) 12| 1 (DB (D26 (@ (A 0)9,02)
p 1—cMc@cB) 3 1.3 1) o(2) (3 3 3
1) §®3 sWeB M5 @e6) 1\ (A 0)5,00)
t

at d(t) (or at x = 1), where ¢ = cos(@UY —0@W)) and sV) = sin(@V+D — @) for j =1,2,3.
Proof. We have by ([CH)

G,Ei(t) — Vt(j)vlfj) +/l§j)7.t(j) — Vz(j+1)vt(j+1) +/1t(j+1)’1't(j+1),

S . : . ()
which implies by taking the inner product with 7,”
(2.8) A = gDy 4 DU,
We thus obtain by a simple calculation

e N G A Pl

A = - c\s s e s V .

(@) 1= ) sDe® @0 e

t t

Apply (I=3) and 9,0V) = Kt(j ) to obtain (). O

Since the tangent velocity /lgj ) depends on the choice of the parametrization of Ft(j ), we thus restrict
the parametrization to satisfy

(2.9) 1069 (x,1)| = LY(r) for x € [0,1].

A similar restriction can be seen in [d]. Note that we will construct a geometric flow satisfying (E79)

later (see also Remark Z8). Then, /lgj ) can be determined uniquely and we obtain the following

formula.

Lemma 2.3. For any smooth geometric flow, let £4) : [0,1] x [0,T) be a parametrization of Ft(j)

satisfying (29). Then,

o(AVa(r))
LU)(1)

for (x,t) € [0,1] X [0,T) and j € {1, 2,3}.

(2.10) A9 (x) = / (8,09)(%,1))? di +x%L(j)(t)
0

Proof. Taking the time derivative on the both sides of the square of (E9) and dividing the equality
by 2, we have by Frenet-Serret formulas

- d . . A

LY (1)L (1) = (0:€'7), 0,0, D)
= <5x§(j)’ax(vt(j)vt(j) +/l§j).[.t(j))>
= (L(f)(t))2<asé‘:(j),as(Vt(J)Vl(l) +/1§])Tt(]))>
= (L(j)(t))Q(—Kt(J)VZ(J) + as/l,(”),
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which implies
o (ADa(r))
LU(t)

due to (I=3) and 9,0\ = K,(j ), Integrating it with respect to x and applying (233), we have (210). O

. . d .
ot = (0:09)% + — L (1)

Plugging (Z710) into (2Z4), we obtain a differential equation which involves L) (¢) in the coefficients.
We thus have to derive a differential equation of L) () to re-formulate the geometric flow into a
system of @), o) and L), We obtain immediately the following equation by substituting x = 1
into (E10).

Lemma 2.4. Any smooth geometric flow satisfying (229) fulfills

d O'(A(’)oz)

Ly =
(2.11) L) = -— =

- / (3092 dx + 27 (1).

Summarizing the results so far, we obtain the following system. Hereafter, let 0= CIRNCIONCICN)
L=LM, L? LO)and = (aW,a?,a®) for simplicity.

Proposition 2.5. Any smooth geometric flow satisfying (IZ3)—~(I22) and (29) fulfills the following
system of ©,L and @.

. ) . . =N .
8,00) = %af@m + fV(O,L,a), (x,1) € (0,1) x (0,T), j=1,2,3,
.0 (0,1) =0, te€(0,7), j=1,2,3,
Yoo (A a(1)) cos @) (1,1) = 0, te€(0,7),
(212) (X5 0 (AVa(1) sin@Y)(1,1) = o, t€(0,7),
o (ADa(r)))2 ;
1 00 (1) = re(0.),
oL = A7) [1(500))? dx+g<1>(® &), te(0,T), j=123,
) = —y{8,0(AVD ) LUD) — 9,0 (AV )LD}, 1€ (0,T), j=1,2,3,
where
. c(AV@)30V (x, 1) [ [ . e 2 e oG 2
FOO,L,a)(x,1) = . 0,0V (x,0)* dx —x | (8.0 (x,1))? dx
(L)? 0 0
xa ®( (x t) (])
T (©,4),
. ()
() (1) =00 (B, 3 (f) = — 1 { () 4D (42 T @) o )
(213) (/lt (1) )g (®’ a)(t) 1—C(1)C(2)C(3) ¢ ¢ N L(]) 8)6@ (]-7t)

+s ()O'(A(J a)

(j+1)
LGD 0,0 (1,1)

() TATPa) o ) }
+c 0D 0,0 (L,1)¢,

(1) = cos(O@UV(1,1) =0 (1,1)), sV (¢) = sin(@VH)(1,1) — 0OV (1,1)).

Proof. We have (E12) except the third and forth equalities by combining Lemma P, Lemma P72,
Lemma 23 and Lemma Z4. The remained equalities follow from (ICB) and the definition of ). 0
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Remark 2.6. For any smooth functions @) : [0,1] x [0,T) — R and LY : [0,T) — (0, c0), and
also the fixed end-points P), we can construct uniquely a moving curve satisfying (21) and (229) as

X X
ED(x,1) = ( / LY(1) cos ®Y) (%, 1) dF, / LY(1)sin®Y)(%,1) dx | + PV,
0 0

where £U/) is the parametrization of the moving curve. Therefore, our aim can be achieved to construct
a geometric flow governed by (IZ3)—(IZ2) from a solution to (E-12) applying the above representation
formula of £/,

2.2. Linearized system. We introduce a linearized problem of 0 to apply a standard existence
theory for the system as in [26]. A solution to (Z12) will be found by constructing a contraction map

from the linearized problem and the differential equations of L and & in (212). We thus consider
the following linearized problem around initial datum @, Ly and @ of ©, L and @, respectively, for
the differential equation of ® in (212).

8,00 — %@3@(1) = FU) (x, 1), (x,1) € (0,1) x (0,T), j € {1,2,3),
0
8,01 (0,1) =0, te(0,7), je{l,2,3}

@14) 2L (r(aVa)sn®y (1) 8V (1,1) =bi(0), 1€ (0,7,
23 (r(aVag) cos 0 (1)) @9 (1,1) = ba(1), 1€ (0,7),

i, O 5.00)(1,1) = by (1), te(0,7),
0

where F() and b; are given function for j = 1,2,3 and i = 1,2. We note that if we choose F () and
b; are as

o-(A(j)a) O'(A(j)ao)
(L(j))2 (L(()j))2

FO (x,1) = ( 020 + fUN(@, L, ),

3

bi(r) = Z {o’(A(j)oz) cos®Y)(1,1) + (O'(A(j)ao) sin ®6j)(1)) e\, t)} ,
(2.15) g ?
bo(t) = Z {(O'(A(j)ao) cos @éj)(l)) 0 (1,1) - r(AVa)sin®Y) (1, t)} ,
=1
3 . .
(c(AVa))?  (o(AVa))? -
b3(1) = ; ( I 0,0 (1,1),

then the system of (214) the last two equations (212) is equivalent to (Z12). We here construct a
solution to (2ZI4) for general functions FU), b; and initial datum ©0, Ly and @p. In order to apply
a standard existence theory for systems as in [26], the parabolicity, complementing condition and
compatibility condition should be satisfied. For our system (EI4), since the parabolicity obviously
holds, we will discuss the other conditions. We refer to [26, p.601, Definition 4] for the detail of
the definition of the parabolicity for systems. First, we show that the complementing condition is
satisfied (see [26, Section 9 in Chapter VII] for the detail of the complementing condition).

Lemma 2.7. The boundary conditions in (21I4) satisfy the complementing condition if ®8j+1)(1) -
0 (1) € (0,7) for j =1,2,3.
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Proof. We demonstrate according to Bronsard and Reitich [6] (see also Eidelman and Zhitarashu
[0]). We will discuss the complementing condition at x = 1 since the condition at x = 0 is obviously
satisfied. To describe the complementing condition at x = 1, let L(x, ¢, dy, d;) and B(1,t, 9y, d;) be the
3 x 3 matrix of the differential equation and the boundary conditions at x = 1 in (E14), respectively,
le.,

L(x,1,0,,8)0 = (FV, FO FOY - B(1,1,8:,8)0 = (b1, b2, b3)",

where © = (@1, 0@, ©3)T. Then, for p € C\ {0} with Re(p) > 0,

A
_ U((L((Jl);o)a)? 0 0
A2)
L(1,t,0y,p) = 0 p— U((L(z))ag())af 0 ;
0
o (AB®ag) 42
0 0 - (Lé‘q’))zo X

(AW sin® (1) (A®ag) sin®? (1) (AP ag) sin® (1)
B(1,t,0, p) = O'(A(l)ao)COS®Ol)(1) O'(A(Q)ao)COS®O2)(1) O'(A(3)0z0)cos®()3)(1) )

(c(AM ag))? (c(A®) ag))? (oA ap))?
%QX %GX %QX

Let z be the distance parameter from the boundary x = 1 directing the interior of [0,1]. Then we
have d, = —0,. A general solution of L(1,t,-0,, p)W(z; p) =0 for z € [0, o0) satisfying |W(z; p)| — 0

as 7 — oo 18
(1) D (2) D (3) D T
-L \/ i z -L N 2 z -L 3 Z
W(z;p) = (016 0 NoaWa)™ goe 0 Vo®ap)™ gae 70 No@®ag)

for any @ = (a1, a2, a3) € C3, where we choose the square roots so that the real part of them is
positive. Let a 3 X 3 matrix D(p) be defined by

D(p)a" = (B(l,t, —az,p)W(z;p)(Zzo) :

Applying [10, Lemma I.1], the complementing condition is satisfied if detD(p) # 0 for p € C\ {0}
with Re(p) > 0. By a simple calculation, we can see that

3 sin (9(1)(1) sin 6(2)(1) sin 8(3)(1)
detD(p) = p (n o-(A(j)ao)) det| cos G)?)l) (1) cos @02)(1) oS @03)(1)
Vo (ADag) o (APag) o (APay)

3 3
= —\p (1—[ O'(A(j)ao)) (Z Ao (AU qq) sin (@éﬁl)(l) - @éj)(l))) #0
=1

J=1

j=1
due to the positivity of o and the assumption @éjﬂ)(l) - @éj)(l) € (0,m) for j =1,2,3. O

We next discuss the compatibility conditions for the system (EI4). The conditions are related to
the regularity of the solution, we thus define the following standard Holder spaces and the norms.

Definition 2.8. Let I and J be open intervals in R and [ € (0, c0) \ N. We denote
') ={f e D [Ifl g < oo},

where

101 F(x) — 01 7 (y)|
I e = 1 e, + sup :
ci(I) cli( vyelxty |X _ yll_[[]
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For simplicity, we denote C*([0,1]) and C*([0,T]) by CL and Cl respectively. In addition, we define

Cl2(TxT)={feC(TxT) | feCTxT)if2r+s<I, A1l . b < oo},
where
1]
0707 f (x,1) = 8707 f (y, 1)
— ara + X X
||f”C "2 (IxJ) _]Z() ZrZs_] ” f”C(IXJ) 2r; xyelte]x;ty |x - yll_[l]

|0/ 03 f (x, 1) = 9/ 8 f (x,5)|

+ sup I — 5|02/

0<(I-2r—s)/2<1 XELLSEL 1%

As before, we denote CZ’%([O, 1] x [0,T]) by ch p for simplicity.

Xt
Definition 2.9. Let functions F), by, by and b3 in (ZI4) be smooth. Let also a solution ® to

- 2LB
(214) starting from ©¢ be of class (Cf;ﬁ’ 2°([0,1] x [0,T]))3. Then, due to (ZId), the solution
should satisfy

(2.16) 0.05(0) =
3
(2.17) bi(0) - Y (O'(A(j)ao) sin @8/')(1)) e\ (1) =0,
=1
3
(2.18) ba(0) - Y (O'(A(j)ao) cos @gf)a)) e (1) =0,
=1
3 D) ) )2 .
(2.19) b3(0) — Z (‘T(AL+O))6X®(§”(1) =0
J=1 0
and

3
0=4, (bl(t) - (O'(A(j)a/o) sin @5“(1)) e, t)) ‘,-o

(2.20) -
= 3,b1(0) - AD ag)sin @) (1)) | LA 20) ) 42 200 (1) + FY (1,0
1(0) ;(cr( o) sin ©f ())( O W)+ FO(1,0)].
We have similarly
2.21 FO(0,0) - ZA00), .00
(221) 00 - = 75206 0)-
Y ~ W) [ TAY20) 1900 ~
(2.22) a1b2(0) = )" (AP ag) cos O (1) Wé‘x%’ (1) + FO(1,0)| =
J=1 0

These equalities can be regarded as boundary conditions of the initial data (:)0. Notice that the
boundary conditions in (2ZI4) also should be satisfied at + = 0. We say that an initial data ®g €

(C3+’8 ([0,1]))3 satisfies the compatibility condition of order k € N for (2I4) if the initial data O

> - kB
fulfills all boundary conditions of ®y which can be derived from a solution ® € (C)l::r'g’ 2 ([0,1] x
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[0,7]))3 to (ZI4) starting from © by combining equations in (212) and those time derivatives.
Note that the formulas (ZI6)—(222) are the compatibility condition of order 2. The compatibility
conditions for (Z12) and the geometric flow ([Z3)—(IC4) are similarly defined.

We then obtain the existence theorem for (214) due to [26, Theorem 10.1 in Chapter VIIJ.

Proposition 2.10. Let T > 0, B € (0,1) and k € N with k > 2. Assume that o is a posi-

tive smooth function and a/(j) € R and L(j) > 0 are gz’ven constants for j € {1,2,3}. Let FU) €

(k=2)+p, k=218 (k=148
BT ([0,1] x [0.T)) for j € {1,2,3}, bi.by € CF([0.T]) and by € C, *  ([0,T]). As-

sume also C:)O = ((9(1),@(()2),@(()3)) € (wa([(), 11))3 satisfy the compatibility condition of order k for
(213) and G)(()J+1)(1) —(9(()/)(1) € (0,m) for j =1,2,3. Then, there ezists ¢1 > 0 such that (Z14) has a

- kB . R
unique solution ® = (O, ) @1) ¢ (Cf;ﬂ’ 2°([0,1] x [0,T]))? with ©(-,0) = Og and the following
estimate holds.

3
Z ”@(])” k+ﬁ’ < CI(Z(”F(])” (k=2)+p, k=248 2)+ﬁ + ”@(J ||C’<+ﬁ)

(2.23) s=t o

+ 101l ks + D2l xs + 1163l (k1>ﬁ)
2 C? c, 2
2.3. Short-time existence. In this section, we will construct a solution to (E12) starting from
an initial data (C:)O,ZO,&O) by applying Proposition 0. In the construction of the solution, we
have to introduce compatibility conditions for the following reasons, which are different from the
compatibility conditions defined in Definition ZZ9. Our purpose here is to construct a map

(6,L,&) — (0,L,d),

Q1

where @ = @(x, ) :[0,1] x [0,T] — R,L = L(t) :[0,T] > R and @ = a(t) : [0,T] — R are functions
and (©,L,d) is a solution to (Z14) with FU) and b; defined by (E13) with (©,L,d) instead of
((:), L.d) (see also (2227 for the form of F) and b ), and to prove that the map is a contraction
map. As a result, we can obtain a solution to (ZI2) as the fixed point of the contraction map. To
construct this map, the initial data (C:)O, Zo, @) needs to satisfy the compatibility condition for (E12)
with FU) and b ;j chosen above. On the other hand, we consider to solve the initial value problem

for (212) starting from the initial data (C:)O, Lo, @), and thus we have to fix the initial data. Since
FY and b j are constructed from (@, L, @), for the given initial data ((:50, Lo, d0), we must choose
suitable functions (é, L, @) so that the given initial data satisfies the compatibility conditions for
(213). New compatibility conditions below are related to the suitability of (@, L, a@). We note that,
in this paper, the former compatibility conditions are defined for the initial data (é(), Z(), ap) and the
new compatibility conditions will be defined for general functions @, L and @.

We now introduce the new compatibility conditions. Let k € N with &k > 2 and B € (0,1). If
O (cfj"g”k%ﬁ([o, 11 x [0,T]))3, L € (CIHTB([O, T1))3 and @ € (c,%ﬂ([o, T1))? are solution to (212
starting from initial datum C:)O, Zo and @, then (9;(9(1) (-,0), H,iL(f) (0) and H,ia(j) (0) can be represented
by the initial datum and the derivatives of (:50 forj=1,2,3andi=1,2,---, [%] due to the first and
last two equalities in (ZI2). For example, if k = 2, the representations of 4,04 (x,0),d,LY)(0) and
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3, (0) are

o (ADap)

(L(f>)2 ®(J)( ) + f9 (8, Lo, o) (x),

8,0 (x,0) =

. ()
(2.24) (9,L(J)(O) - M/ (O @(])) dx+g(])(®o,d0)

82 (0) = —y{aaO'(A(j+1)a0)L(()J+1) _ aao.(A(j)ao)L(()J)}

which can be obtained by substituting ¢ = 0 into the first and last two equalities in (ZZ12). As a higher

order example, we calculate only the representation of (')tza(j )(0). Due to the last two equations in
(212), we have

02a9(0) = 8 (- (0, ATV ()LID (1) - 0,0 (V)LD 1)) |
= — {20 AU Da() LI (1) (82 (1) - 8,0 (1)) + By (AT D (1)5LI (1)
- 02 (ALY ()30 (1) = 90D (1) = G AV (AL P (|
R —

' (7(3QU(A(f+1)ao)L(()f+1) — 20,0 (AVag) LY + aao-(A(j—l)a,O)L(()j—l)))

) A(j+1) 1 ) ) N
- 8a0'(A(1+1)0z0)0-(T+1)%) / (605 (x))? dx + g*V (89, Gy)
L 0
0
- ﬁsa(A(f)ao)L(j)

: (7(600(A(f)ao)L(” —20,0(AY V)LV + 8 O-(A(j+1)aO)Léj+1)))

(
+ 8o (AD g )M / (.05 (x))? dx + g (8, ao)}

We say that general functions, which are not necessary to satisfy any differential equations, @ €
(cfjﬁ’k%ﬁ([o, 11 % [0,7']))3, L € (c,l%ﬁ([o, ') and @ € (CIHTB([O, T']))3 satisfy a compatibility
condition of order k for (EI¥) at the initial time with initial datum é() € (C)]CH'B([O, 1]))3,20 €
{(0,00)}® and @ € R3 if (8, L, &)|i—o = (O, Lo, @) holds and the derivatives 8701 (-,0), 8:LY)(0)
and 8;Q(j )(0) satisfy the representations of Bti@(j)(-, 0), aliL(j)(O) and afa(f )(0) by the initial datum
for j =1,2,3 and i = 1,2,---, [%], which follow from the first and last two equalities in (PZ12) as
above (for example, functions (@, L, @) satisty the compatibility condition of order 2 for (212) if the
functions satisfy (@, L, @)|i=0 = ((?)O,ZO,&O) and (2224) replaced 8,0 (x,0), 8,LY(0) and 8;a/(0)
by 8,09 (x,0), 8, LY (0) and 8,2 (0), respectively).

We next discuss the relation between the former compatibility conditions and the new compatibility
conditions.

Lemma 2.11. Let k € N with k > 2 and B, € (0,1) with 0 < B < B < 1. Assume C:)O €
(CM*P(10,11))3, Ly € {(0, )} and G¢ € R3 satisfy the compatibility condition of order k for (12).
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Let

L(J) (J)l

(2-25) my = I:Il ||@( )||Ck+ﬁ( 0.1]) + maX + mlax | mo = 12}1513 Léj).

Then, there exists cg > 0 depending only on y,o, k,8,m1 and ma such that

k+ﬁ, k+B k+p k+p3

2 ([0,1] x [0,T])* x (C, = ([ 1)’ x (C, > ([0 1))’

(2.26) )
O,L and a satisfy conditions (i) and (ii)},

where

(i) max ||®(j)||ck+ﬁ’ + max ||ILY|| xp + max [|@P| wp <M and min LY > my/2
j=123 " — N X S = o j=1,2.3, 1€[0.T] —

(ii) (®,L,&) satisfies the compatibility condition of order k for (ZI2) at the initial time with
(©0, Lo, @o),
1s non-empty for any T > 0 and M > co. Furthermore, for any (é, L, a) € X]M, the initial data (:)0
satisfies the compatibility condition of order k for (EIA) with

O-(A(J)a,) o (AVay)

- 2e() WA 7 3
(LU))2 (Léj))z 0,0 + fY(0e,L,a),

X =

FU) = F(j)(x,t;@ L d) = (

3
=01(8,L &) = ). fr(aAa) cos @D (1,1) + (o(AVag) sin O (1)) @ (1, 1)}
=1
(2.27) !

3x@(1‘)(1’ 1),

5 ((0(ADag))?  (o(AVa))?
2 Ly L0

where fU) is the function defined by (ZI3).

Proof. We construct a typical element of X;” when k = 2 since a similar argument works even if

k > 2. Let expand @éj ) on R so that @éj ) e Cf+'3 (R) in the following argument and denoted by
pe(x) = p(x/e)/e the mollifier with a positive parameter € > 0. Fix sufficiently small . Letting

' , ! AU N s o ~
0V (x,1) := 0 (x) + / pi —‘T( W) 52000 4 £ (B, Lo, do) | (x) dF.

. . AU)
L) =LY + ( —‘T( @) / (6 @0))2 dx + g (9, ) | 1

(J)(l) = a —y (6 O'(A(J+1)oz )L(J+1) 8a0'(A(j)ao)L(()j))t

for sufficiently small ¢ > 0, we then see that (@, L, @) satisfies the compatibility condition of order 2
at the initial time for (Z12). Note that, due to the choice of the parameter of the mollifier, we can

see ®(J ) e C2+ﬁ &2 ([0,1] x [0,T]) for sufficient small T > 0. For example, the Hélder continuity of
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820 (-, 1) can be obtained as

19209 ()l < 1O 2

/ - 26/'62 (x)| dxdt ( 0[0)32@(])+f(1)(®0 Lo, &)
Dy o
. AU . N
< 18l +C wé‘%g’”ﬂ”(@oie,&o) =
x (L0] )2 Cf

for small # > 0 and some constant C depending only on § and p. Therefore, choosing cs large enough
and adjusting (@ L @) away from ¢ = 0 to satisfy the condition (i), we see that X7 M is non-empty for
any M > co and T > 0.

The remained statement can be seen easily from the definition of the two kind of compatibility con-
ditions. Indeed, since (@, L a) € XYM satisfies the compatibility condition of order 2, the conditions
(8, L. @)l1=0 = (80, Lo, @) and (223) replaced 4,0, 0), &,L(0), &:3(0) by 8(-,0), &L(0), 4, (0) can
be applied to obtain

(J)(l) (])

(2.28) FYV(1,0:;0,L,&) = —2—— ¢ (®y, ay),
- - L(])

(2.29)  9b1(0;0,L, @) = —y Z Bar (A ag) (B2 (AT D ag) LY = du0(AVag) L) cos ©F (1),
Jj=1

where g\/) is the function defined by (ZI3). On the other hand, since the initial data (©0, Lo, @)
satisfies the compatibility condition of order 2 for (2I2), one identity of the compatibility condition

3 . ' (J)( )
Z{ - (O'(A(/)a/o) sin @é])) )
=1

020y (1 + 2200 1 3,5
L( 7
+ 7(9aa(A(j)ao) (%O’(A(HDQO)LEJH) + aaO.(A(j—l)ao)L(()j—l) _ Qaao.(A(j)ao)L(()j)) cos ®éj)(1)} _

holds. By substituting (Z28) and (229) into it, we have (Z20) if FU) and b; are chosen as in
(27). The other identities (2I8)—(219), (2220) and (E222) can be obtained similarly if F) and
b; are chosen as in (2Z1). Therefore, the initial data O satisfies the compatibility condition of
order 2 for (Zd) if F) and b; are chosen as in (Z22). When the initial data (©0, Lo, @) satisfies

the compatibility condition of order k for (EI2), we can similarly prove that (:50 satisfies also the
compatibility condition of order k for (214) with the choice (2221). O

We next construct a map defined on X]M .

Definition 2.12. Let k € N with k > 2 and 8,8 € (0,1) with 0 < 8 < # < 1. Assume @y €
(Ck+ﬁ ([0,1]))3, Lo e {(0,)}? and ag € R3 satisfy the compatibility condition of order k for (212)
and ®(]+1)(1) @ (1) € (0,m) for j =1,2,3. Let c2 be the constant in Lemma PZT1. Define X7 and
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XTM by
Xr={(©,L,@) € (C,,; " * ([0,1] x [0,T]))" x (C, * ([0,T]))”x(C,* ([0,7]))":
6(-,0) = 8, L(0) = Lo, &(0)=do}
and (228), respectively, for any T > 0 and M > c2. Define also a map @ : XYM — X7 by, for

|®¢

)’&(t; ,L7

R
=8

®(x,1; é, L, @) = ((:)(x, t; @, L, @), Z(t; é, L,

).
where © is the solution to (204) with (2-27) obtained by Proposition XM, and L, & are defined by

o (AVa(D)

P @DD - — 5

) t
L9(1,6.L.a) =LY + /
0

1
/ (0,0 (x,1))? dx) di
0
. t ; 1 i i
V8. L) =off -y [ (0,00 e@LIVD - 2,04V a()LYD) dF
0

Here, ¢/ is the function defined by (2I3).

We will show that @ is a contraction map on X%/I for sufficiently small 7 > 0 and sufficiently large
M > 0. We then obtain a unique fixed point of @ in X% and it is easily seen that the fixed point is
a solution to (ZI2) due to the definition of ®.

Lemma 2.13. There exists T > 0 and M > 0 such that the map ® defined in Definition 212 satisfies
CD(X;’I) C X%’[ and is a contraction map.

Proof. For any T > 0, M > c9 and (@,L,Q) e XM,
the function ®(©, L, &) obviously satisfies the condition (i) in Lemma P-IT since the first and last
two equalities in (Z12) replaced ®/), L) and a/) on the right hand side by O, LY and o,
respectively, and @(j)(-,O) = G)(()j),é(j)(()) = L(()j ) and a(0) = oz(()j ), Therefore, it is sufficient to
prove that ®(@, L, @) satisfies the condition (i) in Lemma P10 and is a contraction map for any
(@, L, a) € XYM if T > 0 is sufficiently small and M > ¢» is sufficiently large.

To show @(XTM ) C XZM , we first prove that there exist M > co and T > 0 such that

where co is the constant in Lemma P,

M

kg, KB <73

max [[@V)]]
j=12.3 2 ([0.11x[0.T])

C

X,t
Repeating the same argument as in (E223), we need to prove

3

(2.30) Cl( Z (llF(j)llc(k—2)+ﬁ,

M
j:]_ x,t 3

w410 Nl cton ) + 1511l ssp + [1B2]] ssp + B3]l o | <
2 x Ct 2 Ct 2 Ct 2
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Now we prove (E230) for k = 2. We compute that

(O'(A(j)ﬁ) o (A ap) 5200
(N2 ()2 0,9 B
(L) (Lg") cf2 ([0,1]%[0,77)
1 1
<M|o(AVa)|| +—||a<A<f>a> (AP ag)| s
3 im2 7 2| 8 2
cZ(orn [ (LY (Lg) ko m} ¢ ([0.11)
1 1 . .
<MCm . + —[lc(AYa) — o (ADap) || 5 ,
(é(]))2 (L(]))Q £ (011 m%” ( @) ( )”CF([O,T])

where C > 0 is a constant dependmg only on o and M (if o(x) — o0 as |x| — oo, C will depend on
M). By

1 1 4 ; ; . ; 4 +M . .
L 0L - L) < A M)y i L)
(L2 (L2 my n,
and
1 1 8 .. . . . 16M . )
. < —IL7 () + LY OILY (9) - LY (0] < —F LV () = LD (1),
(LD ()2 (LD(0))2|~ m] my
we have
1 1
M2 el 8
(L ) (LO ) Ct2 ([O,T])
20(my + M) : - ILY(s) = LY (1)]
<—F— ILY) — L(()J)”CO([O,T]) +  sup 5
(231) m, t,s€[0,T],t#s |S - tl 2
20(m1 + M) g ILY(s) = LY (1)] g8
<————F— L] g Tz + sup = |s —t] 2
9 ¢ 2 ([0.1]) 1,5€[0,T],ts |s — |7
20(my + M) B ﬁ’
< I LY) g {TE T
3 7 ([0.T])
Similarly, there exists C = C(my,mo, M, o) > 0 such that
lo(aV) - r(ADag)| 5 <clrT e
Ct2 ([07T])

Therefore

(O'(A(j)g) O—(A(J)Q,O)) 2260

()2 B (N2 B
(L) (Lg") 2 (j0.1)x[0.1)

where C > 0 depends only on m1, ma, M, and o. By repeating the same argument for f) and b;,
there exist C = C(my,mo, M,0) >0, C' = C'(my,mo,0) >0, and y = y(8,8") > 0 such that

3
DNFDU g +lIball g +11ball g +1Ibsll 5 < CT+C.
j:1 Cx,t Ct Ct Cr
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Note that C’ is independent of M. For the readers’ convenience, we explain why C’ is necessary and
is independent of M. For t € (0,T], in order to estimate the C# norm of 8,0\ (x, ) with respect to
x, we have

lx —ylP
(232) < 10:0Y(x,0) = 8,09 (5,0)| 8,0V (x,1) = 8,0V (x,0)| |80V (y,1) — 8,0 (3, 0)]
B lx — ylP lx — ylP lx — ylP
<y 100V 1) - 0.0V (x,0)| 16,0V (y,1) - 8,0 (y,0)]
<mi+ +
lx —yl# lx — y|P

for any 0 < x < y < 1. In the case of y —x > Vt, we have

|ax®(j) ()C, t) - 6x®(]) ()C, O)'
lx — ylP

1+8 B
2 72

1
< Mt = Mtr2,

) (x.5) 8,00 :
where we used SUPy</<s<7.re[0.1] 907 (8097l < (. On the other hand, if y —x < V7,
ls—1] "2~

|ax®(j) (x’ t) - ax®(j) (ya 3]
lx -yl

1-p
<Mlx-yl* P <M,

where we used ||6xx®(j)||cot < M. Thus we obtain

0.0 (x,1) — 6,0V (y, 1 1-
sup 10 (x. 1) = s (4. 1)] SM(I%+ITB)+m1.
x,ye[0,1],x£y |x — ylﬁ

The second term of the right hand side corresponds to C’ above. For nonlinear terms, similar

estimates hold. Note that for sufficiently small 7 > 0 there exists C > 0 depending only on M such

that C < 1 - cWc@e® < 1. Since ||¢(1, )]l g < ||¢||Cﬁg for ¢ = ¢(x,t), the estimate ||b;]|
C, '

X,t

(i=1,2,3) can be done as above.
Therefore, we obtain (2230) with k = 2 for sufficiently small T > 0 and sufficiently large M > 0.
Repeating the same argument above, we may obtain (2230) and

max |0l s+ max LY gp + max [l
=12,3 woj=12.3 cz j=123

kg <M
J=12, : J=12, Cc 2

t

for the case of k > 3. In addition, there exists C > 0 depending only on M such that

s [69@.)(7) - ZL22O)
ie[0.7) LY(1)
Therefore inf,e( ) LD (1) > =2 for sufficiently small 7' > 0. Hence we obtain @(XYM ) C X;/I )

Finally we show that @ is a contraction mapping. Assume that (@, é, a;) € XYM and ((5,-, Li,a@) =
®(;, L;, @) for i = 1,2. Set (6,L, &) = (@1, L1,d1) — (O, Ly, d>). Then (0, L,d) := (01, L1, d1) -
((52, Lo, @>) is a solution of (214 with FO) = FWU) ((51, L, a71)—F(j)((52, Lo, @) and b; = bj(él, L, ai)—
b;(©a, Ly, ab) for j =1,2,3. We prove that for sufficiently small T > 0 it holds that

1
/ 8,0V (x,1))? dx| < C.
0

’

. . . M
max [|©@V) + max ||[LY) / + max |l P < —,
(23 e 107l s + e NLO s + o o) oy < 3

t
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where
M’ = max ||@<f>|| op + MaK ||L<f>|| kapr + MAX ||a(J)|| g
] 1 1 t ] 1 Ct

y (E223), we have

w

3
2O i < el DLUFDI oy aein + 1151l sgp + 121l igp +11E3]l_uopis |
C C

j:l x t Jj= 1 x,t Ct Ct t

- >

where we used (@ L, @)li=0 = 0. By (O, L, @)l|;=0 = 0, there exists v > 0 such that

(2.34) Z IFY| (k-2yp, U228 ||b1|| kg + ||b2|| kg + ||b3|| upw < c3MT7,
Jj=1 Cxt

where c3 = c3(myi,ma, M,o) > 0. For example, in the case of k = 2, we have

IFDN g =IFP(O1, Ly d) = FU (02 Ly, @) o8
5 2

X

~

<|FY(®y, Ly, d1) — FY(Oq, Ly, d1)|| , 5 +IFV (@, Ly, @) — FY) (@, Ly, @)

B
.

C'B 2
+[|FY (@, Lo, @) = FY)(Os, Ls, @)l g
Now we calculate

2@2(1')

x

O'(A(j)ﬂ) _O'(A(j)a’()) 26 0) _ o-(A(j)a/l) O—(A(J)ao)
(L, 1))2 (L(()j))Q — (L 1))2 (L(]))Z

contained in F/) ((51, L1, d1) —F(j)(ég, L1, @) By an argument similar to that in (2231), we compute
(O’(A(j)ﬂ) o (A ayg)

[Fal (020, - 920,)

B = - - -
Cf,}Q (ﬂ(})p (L((JJ))Q — — Cf’,g
o(ADay) AW) , , ,”
< R AC ) af@”” y <CM' {T% +TﬂT}
(L,)2 (L(]))Z g Cf’tz

Similar computation leads (2234). Then we choose T > 0 such that ¢377 < %. Therefore we have
mMax; =123 0| g B S %. Similarly we can obtain (2233). |
C > 2

X,t

The following existence theory for the system (E12) immediately follows since we constructed the
contraction map associated to the system.

Proposition 2.14. Let k € N with k > 2 and B € (0,1). Assume @0 € (Ck+ﬁ([0 11))3, L() € {(0,00)}3
and @&y € R3 satisfy the compatibility condition of order k for (Z12) and ®(]+1)(1) @ (1) € (0,m)
for j = 1 2,3. Then, there exzst T > 0 such that the system (E12) have a unique solutzon (@, L, a) €

(P (10,11 10,718 x (€, F (10, 71)* x (€, ([0,T1)? starting from (@0, Lo, Go).

The system (Z12) was derived from the geometric flow (IZ3)—(ICd) and, conversely, the geometric
flow can be constructed from the solution to the system. We thus obtain the existence theorem for
the geometric flow as in Theorem I
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Proof of Theorem 1. Let L(()j) be the length of F(()j) and parametrize F(()j) by x = s/L(()j), where s is
the arc-length of Féj ). Define the angle function @éj) of Féj ) as in (21). We then easily see that @éj )
is of class C)Ek_l)ﬂg([(), 1D, ®6j+1)(1) —@éj)(l) is positive and less than 7, and (éo, Lo, @) satisfies the
compatibility condition of order k — 1 for (IZ:EZ) Therefore, for any g’ € (B,1) and some T > 0, the

unique solution (@ L, @) € (C, (k DB ([0, 1] x [0, T]))3><(C e ([0, T]))3><(C e ([0,T]))?

to (212) starting from (G)O, LO, @p) can be obtained due to Proposition E14. Letting
X X
ED(x,1) = ( / LY(1) cos®Y) (%, 1) dx, / LY (1) sin®Y) (%, 1) di) + P
0 0

for x € [0,1] and ¢ > 0, where P is the fixed point in (I72), we can also easily see that the curve
Ft(j) = £U([0,1],1) starts from F(gj) for j = 1,2,3. We now prove that {Ft(j)} and @ satisfy the
geometric flow equations (IZ3)—(IZ2) until the time T. Since f) defined by (ZI3) can be re-written
as, by means of (Z13%),

| Day 5 . N
FO) = (% / (0,09 (3,1)? di + ﬁa,w)) 8,01,
0

we have by (Z12) and integration by parts

X
d, / LD (1) cos®Y) (%, 1) dx
0

x _ AW AU 7 ‘ . ) .
= LY cos®Y) — U(—.“)a%n M (ax®<f>)2 dz +x0,LY ) 6,09} sin @) dx
0 L) * L)

A AW
/ LY, (% cosOV)) + % (/ (O 8(1))2 dx cos ®(])) dx — % 3,0 sin @)
0

AW) . . AU . . .
_ TV 5 00 e + [ZAVD [ 5 002 4t 4 151D cos @),
L) L) 0

Since 8,0 /L) is the curvature Kt(j ) of Ft(j ) and (21) holds for F(j ). we can obtain similarly

atf(J) _O-(A(])a,)K(J) () /l(J) (J)’

where
. AU X . .
(2.35) A9 = (% / (0,012 gz +x6,L(J))
and T,(j (J ) are the unit tangent and normal vector of F(J ) respectively. Therefore, (I23) is satisfied.

The equatlons (=), (=7) hold obviously. Note that the third and forth equations in (Z12) are
equivalent to

3
(2.36) O'(A(j)a)rt(” = Z oc(AYa)(cos®,sin®) =0 at x =1,
j=1 j=1
and thus (ICA) is satisfied if (IF) holds. We now thus prove (IZ3). By means of the form (E233) of

the tangent velocity and the differential equation of L) in (ZI2), we can see that /lﬁj ) satisfies (20).

M-
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Hereafter, we use V,(j ) as the normal velocity of F,(j ) and thus
() _ o (AVa)
LT LU

and also let ¢ (r) = cos(®@U+D (1, 1) -0 (1,1)) and sV (1) = sin(@U*D (1, 1) -0 (1, 1)) for simplicity.

We then have by the fifth equality in (212) and the sum and difference formulas of trigonometric
functions

0,0 = (A 2)3,0) = o (AD )k,

(2.37) 3 c(AD )V =,
j=1
25 M (1) = cos (O (1,1) - 052 (1, 1) + (@D (1,1) -0 (1,1)))
= (kD) o (k42) _ Ukt ) ((42) - for ke {1, 2, 3},
Furthermore, taking inner product of (2238) and v[(k) at x =1, we have
(2.39) o (A* D ) s = - (AK*2 ) s+ for ke {1,2,3}.

In order to prove (IC3), it is sufficient to prove, for j € {1,2,3} and t > 0, 8,6V - 9,¢6U*D = 0 at
x =1, which is equivalent to
(240) (Vt(])vt(J) +/lt(J)Tt(J)) _ (Vt(j+1)vt(j+1) +/11(j+1)Tt(j+1)) =0 at x=1.
Our strategy is to prove that the each inner product of (220) and Tt(j ) / vt(j) is zero for any j € {1, 2, 3}.
The inner product of (220) and Tt(] ) is equivalent to /l,(] )= 50U )V,(J oy c(j)/lfj *1) and this identity
obviously holds due to (EZ4). We next take inner product of the left hand side of (EZ40) and vt(] ) at
x =1 to obtain
(8,EW) — 8,0+ Vr(j)> — Vt(j) _ C(j)Vt(j+1) _ S(j)/lt(j+1)

B 1

h 1 = e+ o(+2)

( (1= DU 42 4 (D) G+ (742 ()
 (=eD (1 = DU 2 4 (5(0)200%D 42y (D) S(j)s(j+1)v(j+2))

at x = 1. Here, the following identity, which follows from (EZ7), have been used:
(+D) _ —1 G+ 42y ) () oG4 G D) (+)(42) _
4 1 — ¢l e(+2) (VT STIVE 4 s T IRV 4 gUTHVETT) at x =1L

Since (E238) implies

| = W elD o142) 4 (oG ((42) 2 p _ (D)2 2 (5U+DY2,
— eU)(1 = (DD U 4 (5DY20HD (42) 2 () (G2 _ () = D) (42,
by means of (2231) and (EZ39), we have

1

i+1)y2 i i+1 j+2 i+1 j i+1 +2
— oo (VI 4 USRIV Uy

(6,0 — p,£U+D), Vt(j)> =

§() gU+1)

T o (AU ) (1 = Dl (7))

3
Z O'(A(k)a)V,(k) =0 at x=1.
k=1
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Therefore, 8,0 — 8,60+ is zero at x = 1 in each direction v,(j ) and Tt(j ), and thus (220) holds since

v[(j ) and Tl(j) are linearly independent. Since the initial triod satisfies (IZ3), the identity (220) show
that (Z3) holds for any positive time ¢.

Next, to prove the uniqueness of the geometric flow, assume that a family of 1:[(] ) and @V ), starting
(()j ) respectively, is another solution to (I3)—(d). We then see that the family of
the angle function ©Y) of I:[(j)7 the length L) of ffj ) and the orientation parameter a\/) satisfy
(212) with the variables x = §/ LY on ft(j ), where § is the arc-length of f‘,(j ). Due to the uniqueness
result for (Z12), we obtain @) = W) LU) = LU) and &) = )| which implies coincidence of two
geometric flows.

from F(()j ) and «

Finally, we prove that the geometric flow is smooth if F(()j ) is smooth and the pair of {F(()j )} je{1,2,3)
and {aéj )y je(1,2,3) satisfies the compatibility condition of any order for the geometric flow (I=3)—(I=2).
Proposition T4 shows that, for any integer k > 2, there exists T; > 0 such that the angle function
0w of FZ(J ) satisfies

: kB
(2.41) oUW e iz

X,t

Note that, by means of the differential equations of L) and o) in (212), we also see that

k+1/2+8 k+3/2+B

(242) LY ec, 7 ([0,T]), oY ecC, * ([0,T]), for je{1,2,3}), keN with k> 2.

([0,1] x [0,T]) for je{1,2,3}, keN with k > 2.

Therefore, it is sufficient to prove that there exists 77 > 0 such that Ty > 7" for any k. Letting
o) = 9,01 it follows from the regularity results (Z21), (Z22) and the differential equations of @)
in (Z12) that v satisfies

f\i) = ZE) g2y + FU), (x.1) € (0,1) x (0,Tl, j=1.2,3,
a0 (0,1) =0, 1€ (0,Tk], j=1,23,

(2.43) Z;ll(U(A(”a(t))sin®<f)(1,t))v”)(l,t):Bl(t), t € (0,Tx],
23 (o (A a(0) cos 09 (1,0) o (1,1) = by(r), 1€ (0,Ti],
|

) 2 . ~
2 SO 5,00 (1,1) = by (1), t € (0,Tel,

where FU), b ;j are some functions of class
I _ k=3+8
FO e 7727 (10,1] x [0,T/]) for j € {1,2,3},

k+p k-1+f

b e C? ([0,T¢]) for je{l,2}, bzeC, * ([0,Tx]),

for any k > 4. While some coefficients in (223) depend on 7, we can prove that, by a similar argument
as in Section 2, the system (E43) satisfies the parabolicity and the complementing condition when-
ever @U+D(1,1) -0 (1,1) € (0, 7). The condition ®U*D (1, ) -0 (1,1) € (0, ) holds on some time
interval [0, 7p] since ®Y) is continuous and the condition is satisfied at initial time. Furthermore,
due to the assumptions on the initial datum for the geometric flow, v(-,0) satisfies the compati-
bility condition of any order for (243). It is thus possible to apply [26, Theorem 10.1 in Chapter
k—1+
VII], as in Proposition 210, to conclude that o) € Cf;“ﬂ’Tﬂ([O, 1] x [0,T¢]) for j € {1,2,3}
and k > 4. Since 6f®(j) can be represented by a summation of some terms containing v¥) and
9,0) as in the first differential equation in (Z12), 420) has same regularity with v. Therefore,
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. krlsp
we obtain @) € CE7 P72 ([0,1] x [0,T3]) for j € {1,2,3} and k > 4 (see also [81, Theorem 2.2]
for the regularity result of /) from it of v/) and 6)62@(1.)). It shows Tr41 = min{Ty, Tp} and further

Ty > min{Ty, Ty} for any k > 4. |

3. EQUILIBRIUM

In this section, we study the equilibrium state for (IZ3)—(IZ4) to continue to prove the local ex-
ponential stability of the steady state. In particular, we show that the steady state is unique up to
constant difference for (D, @, a®) under the assumptions (A1)—(A3).

Proposition 3.1. Let y,o, PY)(j = 1,2,3) satisfy the assumptions (A1)-(A3). Let also (Fg),ozg))
be a stationary solution to (IZ3)—(Id). Then, U?zlf’g,) is the unique Steiner triod connectiong the

three boundary points PY) and ag) = ac(j) = QS’).

The latter property for oz((x{) can be obtain by a quite similar argument in [, Proposition 5.1]. We

however give the proof of the property for self-contained arguments.

Proof. Let Lg) be the length of Fg). We first prove that ag) = ag) = a/g). Since (Fg),a/g)) is a
stationary solution, we have

(3.1) GQO'(A(DQOO)LS) = 8QO'(A(2)CL’OO)L((3) = HQO'(A(g)aoo)Lg),
which is derived from (). We also note that the assumption (A3) implies
(3.2) Ogo(@)a >0 for a€R.

Multiplying A® @y, and A® @, to (B) and using convexity of o as in (B2), we find
(3.3) 0ar (AVa)AP o LY >0, and 0,0 (AM 2e) AP e LY > 0,

which imply 8,0 (AWM @e)AMay, < 0 by taking the summation and dividing by Lg). Combining it
and (B2), we obtain 9,0 (AM ae)AWPay, = 0, which implies AV, = 0 due to the assumption (A3).
As a similar argument, we obtain APqy = A®a =0 and thus ag) = ag) = ag’) holds.

We next prove that the network U?zlrg ) is the unique Steiner triod connecting the three boundary

points PU). Since (I“g), a/((x{)) is a stationary solution, the curvature of 1153,') is 0 for any j € {1,2,3}
in view of (I=3). Therefore, Fg ) is a line segment for j € {1,2,3} and the line segments generate a
network connecting P4V, P, PG and a junction point pe. Furthermore, due to AN ae = A@aq, =
AP a,, =0, the each pair of line segments in {I' g) }jef1,2,3y generates 120 degree contact angle at the
junction point pe in view of (IC@). We thus conclude that the network is the unique Steiner triod
connecting the three boundary points PY) due to the assumption (A2). ]

Remark 3.2. If the assumption (A3) is dropped in Proposition B, we possibly obtain more than
two networks of equilibrium. One of the most simple case losing the uniqueness of the network is
that d,0 has other zero points a,b with 2a + b = 0 besides @ = 0. In this case, we can choose the
orientation parameters to satisfy AV = APy = a and A®a,, = b. Furthremore, if we take an
appropriate function o and the fixed points PU), there is a network consists of line segments Fg)
between a junction point d@e and PY) satisfying
3 .
Z O'(A(j)aoo)rcg) =0.
j=1
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Since this triod is obviously different from the Steiner triod if o(a) # o(b), we can see the non-
uniqueness of the geometric form of the equilibrium. We note additionally that an equilibrium
satisfying 9,0 (AW ay) # 0 for j € {1,2,3} also can be constructed if we choose o= and PY) properly.

4. GEOMETRIC PROPERTIES AND EXPONENTIAL DECAY OF MISORIENTATIONS

In this section, we assume that a smooth geometric flow governed by (I[23)—(I4) exists until a time
T > 0. Let ¢Y) be the parametrization of F,(j ) defined as in Section 21 without the restriction (29).
According to the discussions in Section B, the uniformly boundedness of L) from below and above is
required to ensure the uniform parabolicity of the problem, and we thus first study the boundedness.
The boundedness of L) from above can be obtained from the energy dissipation.

Lemma 4.1. Assume (A1). Let

S )
E(1) = ;/ﬂm o (ADa(t)) ds.

Then,
3 i 2
d . ne .. (G (1))
(4.1) EE(r)_—Z( Ft(j)(v, V2 ds+— 2|
Proof. Applying (233), we have by Vt(j) = o (AYa(r))d,00)
d Sod 1 .
GEO =% [ caDawioe ) dx

(4.2) \
= Z /( 5 Ao (A a(1))8,(AY a (1)) - (V,(j))Q +0-(A(j)a/(t))8s/ll(j) ds.
= I

It follows from the definition of AW a = U~V — @) and () that

3
>, [, tar@Vatnaaa() ds
oI

LY (1)8,0 (AV a (1)) (8,2V7 (1) = 82" (1))

DM

—1

~

e

(aao-(A(Hl)a(t))L(jﬂ)(t) _ 8(,0(A(j)a/(t))L(j)(t)) 8,29 (1)
=1

~

. i (B2 (1))?
=1

; Y

We also have by (@), (23) and /l,(j) = (0,d, T,(j ) at the junction point @

3 3
(4.4) 2. /F e @Va)aa ds = ) o (AVa ()0, 7Y Lut a= 0.
j=1vh

j=1
Combining (E2)—(E4), we obtain (E1). m
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We next give a sufficient condition to obtain the boundedness of L) from below.
Lemma 4.2. Assume (A1)-(A3). Then, there exist constants Lyin > 0 and m3 > 0 such that
LYt > Lyin  for j€{1,2,3}, t€[0,7T)
if E(0) < o(0)ms.
Proof. First, we introduce a functional E (&) for @ € R? as
E@) :=|d-PY|+|d-P?|+]a-PY)|
Let dg be the Fermat point Pf the triangle generated by the boundary points {P) }je{l,g,gl, then d
is the unique minimizer of E. Then, we can see that the following three properties hold; E(a) — oo
as |a] — oo; E is continuous; dg is an interior point in the triangle with vertexes PL P2, P(?’), in

particular, ag is away from P for j = 1,2,3. Therefore, we can choose a constant msz > E(do)
sufficiently close to E(dg) so that

Smy ={d € R?: E(@) < m3}
is contained in the triangle generated by {PV)} je{1,2,3)- Let Lyin > 0 be the shortest of the three
distances between §,,, and PY) for j=1,2,3.
Since o(@) > o (0) for any @ € R and the distance |d@(f) — PY)| is not larger than the length LY (¢),
we can see )
E(t) = o(0)E(d(t)).
Thus, by the monotonicity of E(¢) as in (E), we have
E(a(t)) < E(0)/o(0) < m3
if E£(0) < 0-(0)my. By the choice of m1, we can see that a(t) € S, and
LY(1) 2 |a(0) = PV| = dist(Smg, (P} jeq1.2.3) = Lunin
for any t € [0,T). O
In order to prove the global existence of the geometric flow later, we have to prove that the
boundary conditions of the linearized system of the geometric flow as in Section 22 around an
arbitrary positive time ¢ > 0 satisfy the complementing condition. _According to Lemma P74, the
complementarity of the boundary conditions are ensured if @+ —@() € (0, ) holds at the junction

point @ for any positive time, where @) is the angle function defined as in (21). Therefore, we next

study the relation between the angles OU*+) — @) at the junction point @ and the surface tensions
o (ADa(r)).

Lemma 4.3. For any geometric flow governed by (I=3)—~(IZ2), the equality
(a(AYDa(0)))? = (o (AVa()))? = (o (AY*Da(1)))?
200(AWa(1))o (AUDa(t))

holds at the junction point a(t) for j € {1,2,3} and t > 0.

(45) <Tt(j)’Tt(j+1)> —

Proof. For simplicity, we write /) as o (AW a(r)) for j € {1,2,3}. Taking the inner product of (L)
and T,(l) for i =1,2,3, we have

c@ 0 o® <Tt(1)’Tz(2)> o
GO RN | PACRNCIS I e

t t
0 0@ O\ by e
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at the junction point @(¢). Thus, (EH) can be obtained by calculating the inverse of the matrix. O
Remark 4.4. It immediately follows from Lemma B=3 that
| cos(@V) —@W)| = [(z\), 7Dy < 1
holds if and only if
(4.6)  (c(aVa(®) - (A Va(®))? < (¢(AVa(@))? < (¢ (AVa(1) + o (AT Va(1)?

holds for any j € {1,2,3} and ¢t € [0,T]. We thus see that a geometric flow governed by (IZ3)—
(IZ7) and starting from {Fé])}je{l’g’g}, @ satisfying (9(()j+1)(0) — @éj)(O) € (0, ) preserves the property
0U*D(0,1) -0 (0,1) € (0,7) for any ¢ € [0,T] if and only if @ satisfies () for any ¢ € [0,T].

We here also discuss the following formula of <Tl(j ),Vt(j +1)> to apply in the L? or higher order

estimate of curvatures later.
Lemma 4.5. For any geometric flow governed by (I3)—~(I=2), if @U*) —@U) € (0,7) at the junction
point d(t) for j € {1,2,3} andt > 0, the equality
VIS 20 (A0a(0)2(e (AP a()?} - {2, (e (ADa (1))
- 20 (ADa (1)) (AUDa(1))
holds at the junction point a(t) for j € {1,2,3} and t > 0.

(47) <Tt(j)’ V(j+1)> —

Proof. Since the curves I' t(j ) are numbered counter-clockwise around the junction point, we have by
eU+) — W) e (0, 7) at the junction point @(z)

(Tt(j), vt(jﬂ)) = cos(OUY — @) 4 7/2) = —sin(@V*) — @)

= — \/1 — cos2(@U+D) — W) = _\/1 _ (<Tt(j)’ Tz(j+1)>)2
due to the choice of the direction of Tt(j ) and vt(j ). Substituting (E3H) into the above equality, we
obtain

VA(e)2(aU+D)2 — {(c(U-D)2 = (¢())2 — (¢ (+D)2)2

@ = 20 e itD
2@ )2 4 (@ 0-0)2 ()2 + (U022} - {32, (D)1}
- 20 (N g (i+1) ’
where 0 = o(Aa' (1)) for i = 1,2,3. This equality is equivalent to (E2). O

Since the right hand side of (E3) consists of only o (A (1)), we can estimate the angle @+ (0, )—
0Y(0,1) by o (AW a(r)). We thus continue to estimate the orientation parameters a/). We note
that the estimates of @) will be also used to obtain L? or higher order estimate of the curvatures.
We first prove the dissipation of the orientations and misorientations.

Lemma 4.6. Assume (A1) and (A3). Then,

3
(4.8) 4 Z(a(j)(t))z <0,
dt &



28 TAKASHI KAGAYA, MASASHI MIZUNO, AND KEISUKE TAKASAO

3
(4.9) 4 Z(A(j)a(t))2 <0
di L

for any t € [0,T).

Proof. Multiplying (I) by @) and taking the sum for j = 1,2, 3, we obtain
3

3
S 3@V 1) = =y Y (2 (AL (1) - uor (A a () LD (1) @D (1)

[y

Jj=1

<

I
I
<

(8a0r(AP@()LD () (2D (1) = 2P (1)

AD @ (1)8po (AP a (1)) LY (1) < 0.

I
I
<

Here, the inequality o (@)@ > 0 for @ € R have been used, which follows from the assumption (A3).
Thus, (ER) holds.
We have by a simple calculation and (I4)

%A(j)a(t) =y {-20,0(ADa()) LD () + 8,0 (AT V() LIV (1) + 8, (AT D () LI (1)

Multiplying the equality by AW @ and taking the sum for j = 1, 2,3 we obtain

3 3

D (AVa()? = =3y Y~ AVad,(AVa(1) LY (1) < 0.
Jj=1 Jj=1

Thus, (E9) holds. O

1d

4.10
( ) 2dt

The exponential decay of the misorientations and derivatives of the orientations or surface tensions
can be obtained assuming additional condition (A2) and the smallness of the energy as follows.

Corollary 4.7. Assume (A1)-(A3). Let m3 be the constant defined in Lemma G-3 and my be an
arbitrary positive constant. Then, there exist constants c4,cs,ce > 0 such that if E(0) < o(0)ms and

3
(4.11) (AYa(0))? < my
j=1
then,
3 3
(4.12) D (aVa@)? < e Y (ADa(0)* for te[0,T),
Jj=1 Jj=1
At 3
(4.13) 1000 (AD (1)) < cE,e%JZ(AU)a(O))Z for te€[0,T), je{1,2,3},
j=1

3
(ADa(0)2 for 1e[0,T), je{l,2,3).
=1

J

(4.14) 16,0 (1) < C(je%‘td



CURVATURE FLOW OF NETWORKS WITH MISORIENTATIONS 29

Proof. First, we prove (E12). From (E9) and (E1T), we have |ADa(r)| < mim for + > 0 and
i € {1,2,3}. Due to the assumption (A3), we can see by the boundedness of |A”a()| and the Taylor
expansion

oo (AVa()N)AV (1) = | min 820 ()| (AYV a(1))2.
ICtISrmll/2
Note that min|a| /2 020 (a) is positive due to the assumption (A3). Applying this inequality and
=4

Lemma B2 to (E10), we obtain
g3 | 3 |
=2, (Ae(0)? < —cs ) (AVa(1)’
j=1 j=1

for some ¢4 > 0 and hence Z?‘:l (AW a(r))? decreases exponentially.
Next, we prove (AL3) and (EI4). Due to (E) and o (a) > o(0), we have

3
(4.15) E0) > E(t) > o(0) Z LY(r).
j=1

It also follows from the boundedness of |AV)a ()|, the Taylor expansion, the assumption (A3) and
the inequality (B-T2) that

(4.16) 1000 (ADa(1))] < ( max aga(a)) e%JZ(Ama(O))?
lar|<m, =1
for any i € {1,2,3}. We thus obtain (13) by letting c5 := max, . 1/2 020 (a). Applying (E13) and
-4
(E13) to (I4), we obtain (E14). O

Remark 4.8. The boundedness of @) and A/« can be obtained assuming only (A1) and (A3) since
the boundedness immediately follows from Lemma BG. Even if one wants to get only the boundedness
of yo (AP a) and d,a, but not the exponential decay as in Corollary B4, the assumptions (A2)
and E(0) < o(0)my are not necessary.

Due to the exponential decay of the misorientations, as shown in the following lemma, we can see
the exponential stability of the angle condition of the Steiner triod at the junction point. In other
word, ®U+) —@\) exponentially converges to 27/3 at the junction point if the initial misorientations
are sufficiently small.

Lemma 4.9. Assume (A1)-(A3). Let mg be the constant in Lemma 3. Then, there exist €1,c7 > 0
such that if E(0) < o(0)ms and
3
D AV (0)? < &,
j=1

then the unit tangent vectors Tt(i) and Tl(j) of the geometric flow satisfy

|
<Tt(l)’ T[(J)> + -

(4.17) 5

3
< C7e_74’J (ADa(0))2  for vary i,j € {1,2,3}, t€[0,T)
=

at the junction point a, where cy4 is the constant defined in Corollary F1 replaced my by &1.
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Proof. Let

3

&= Z(Ama(O))Z

j=1
in this proof for simplicity. By (E1) and (E12), we have
(4.18) l0(0) — o (ADa(2))] < max_ 18,0 () |[|AVa(1)| < Ce~ P&

le|<e;

for any j and some C > 0. We thus obtain by (E3), (EI8) and & < 81/2

_ (e 7D

_(c(AVa())? + (o (AU a(1))? = (o (AU Va(1)))?
200(ADa(t))o (AUDa(t))

_ 20 (0) - Ce™318)2 — (0 (0) + Ce~318)2

B 2(0(0) + Ce_%tsi/zﬂ

_2{(0(0) + Ce™218) = 2Ce™21£}% — (0 (0) + Ce™ 21£)?

- 2(0(0) + Ce 7

_(0(0) + Ce™718)% = 8((0) + Ce™ 718)Ce™ 15 +8(Ce 218)?

- 2(c(0) + Ce_%tsi/zﬁ

1/2
181/ )2

C,

1 ACe~ 715 . 4(Ce 3128

T2 g(0)+Ce ey (0(0) + Ce_%tsi/zﬁ
4

> C/ —7[ "’,

25 e 2'g

where C” > 0 depends only on ¢(0) and C (we may choose &1 small so that C’ > 0 if necessary).
Therefore we have (Tt(j), T,UH)} < —%+C’e‘74’é. Similarly we can obtain <Tt(J), T,(j+1)) > —%—C”e‘?‘lfé

for some constant C” > 0.

Note that Lemma B9 also implies that G)(()j D _ G)(()j ) ¢ (0,7) holds at the junction point a(0) if
(C8) at = 0 are satisfied and the initial misorientations is sufficiently small. Although we already

obtained a sufficient condition to obtain that |<Tt(i) ,T,(j ))l is uniformly less than 1 at the junction
point as in Lemma B9, this kind of the boundedness will be applied also to the L? or higher order
estimate of the curvatures that . We thus note it as the following corollary to make it easier to cite.

Corollary 4.10. Assume (A1)-(A3). Let mg be the constant in Lemma -3 and ms € (1/2,1) be

arbitrary. Then, there exists €5 such that if E(0) < o(0)ms and

3
(4.19) Z(AU)@(O))2 < &9,
j=1
then the unit tangent vectors Tt(i) and T,(j) of the geometric flow satisfy

(4.20) ‘(Tt(i),T[(j)>‘ <ms forwary i,j, k€ {1,2,3}, t€[0,T)

at the junction point a.
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5. EXPONENTIAL L2—DECAY OF THE CURVATURES

In this section, we prove the exponential L?-decay of the curvatures assuming the closeness of the
family of the initial datum to the equilibrium, namely, assuming smallness of the misorientations
and the L?-norm of the curvatures. The exponential decay will be applied to obtain higher order
estimates of the curvatures which correspond to a smoothing effect and it also ensures the local
exponential stability of the equilibrium in C*-topology.

We assume that a smooth geometric flow governed by (IZ3)—(IZ7) exists until a time 7 > 0 as in
Section @. We note that the restriction (Z29) is not assumed also in this section. The basic idea for the
L%-estimate is based on the energy method as in [I5]. In order to obtain energy type inequality, we
use the geometric identities in Lemma P10 and Lemma P2, and also additional identities as follows.

Lemma 5.1. Any smooth geometric flow governed by (IZ3)—(IC4) fulfills the following identities.
(5.1) G,TZ(j) = (O'(A(j)a(t))askl(j) + K,(j)/l,(j))vt(j),

(5.2) 0k = o (ADa(1))02Y + o (ADa (1)) (k)3 + 1D 5,V

for any (x,t) € [0,1] X [0,T) and j € {1,2,3}.

The proof is standard and thus we refer to [8, Chapter 1] for the details of the proof. An additional
boundary identity at the junction point will be needed to control the boundary terms in the energy
type inequality.

Lemma 5.2. For any smooth geometric flow governed by (I23)—(24), there exists a smooth function
f9:[0,T) = R for j € {1,2,3} such that
((ADa ()3 + kDAY = (0 (AT D a(1)) a4+ D AUy

5.3
) = V(AN (), r (AP a(1), o (AP a(1))

at the junction point d(t). Furthermore, under the assumptions (A1)-(A3), there ezist €3,cg > 0
such that if E(0) < o(0)ms, where ms is the constant in Lemma (.3, and

3 2
(5.4) (Amao) < e,
j=1
then
(55) FP @V ). o (aPa ), o (ADa@))] < cse™ !

for any j € {1,2,3} and t € [0,T), where c4 is the constant defined in Corollary 1 replaced my by
£3.

Proof. Let o) = o-(AWa(r)) for simplicity. Due to (B0) at the junction point, we have for any
je{1,2,3}

e D, Dy = (DD 4 DADY (D) Dy 4 (D g D) 4 D 4Gy () G+

= ((O-(j)asKl(j) " Kt(j)/lz(j)) _ (O'(j+1)(9sl<,(j+1) + K,(j+1)/l§j+1))) Vt(j), Tt(j+1)>'
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We can see that ®U+) —@U) e (0,7) at the function point @ for any ¢ > 0 from Lemma A9 and,
additionally, (B220) also implies

(5.6) (Vl(j),rt(jﬂ)) = \/1 - (‘z',(j),Tl(jH))2 > 4/1- mg

for a fixed constant ms € (1/2, 1) if g3 is sufficiently small. Letting

(5.7) FD(D, @ 5By =

1 ((O-(j—l))Z — ()2 = (gU+D)2
T ' (N G+D) ) ’
\/1 _ (z), 7 *Dy2 200

we have (B33) due to (E33). The time derivative term can be formulated as

O (AP a(1))8,AP (1),

(58 9 <a<f-1>>2—<a<f>>2—<a<f+1)>2)_ 3 PV (00, 0@, o)
. t _
k

20-(D g (G+1) ~ (20 WoliD)?

where ﬁ,ij) are polynomials in oM, ® and o® with finite degree. Since oo®) and 8,0 (A% a(t))

are bounded and o®) > ¢-(0), we thus have the boundedness of the absolute value of the coefficient
of ;A®a(t) in (68), which yields (63) due to (B1d) and (68). O

Another key to control boundary terms in the energy type inequality is the following estimate of
the tangent velocity by the curvatures at the junction point, which enable us to derive an energy
type inequality consists of only geometric values independent of change of parametrizations. The
estimate of the tangent velocity can be obtained from Lemma 24 and Corollary E10 immediately.

Lemma 5.3. Assume (A1)-(A3). Let ms € (1/2,1) be an arbitrary constant. Let mg be the constant
in Lemma [-3 and &y be the constant in Corollary G10. If E(0) < o(0)ms3 and (E19) holds, then
. 3 3 , .
(5.9) A < ——= " o (ADa(r) x|
1-m?
5 i=1
at the junction point for any j € {1,2,3} and t € (0,T).

We now derive an energy type equality from the geometric identities obtained above. The formula-
tion and the calculation will be long, and thus we simplify the notions o (AVa(r) and d,0(AV a (1))
to o) and 8,0, respectively, for any j € {1,2,3}.

Lemma 5.4. Any smooth geometric flow fulfills the following energy type identity:
d N )
4 D22 4
dt ]Z:; o) ()" )" ds

3
(5.100 =) F(j)(O'(j))3{—2((9sK,(]))2+(Kt(j))4}+20'(j)(GQO'(j))(atA(j)a)(Kt(j))2 ds
=1 7T
3
2 . . . 2 . . . . . .
4 GN2 () G-y _ # N2 ,G) ) G20, (D\2,570)
S e I T | BT R

J
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Proof. We have by (£3), (Z3), (62) and integration by parts

d

0 o @@V ds

i} / L, 20207 + 200 (3,0 (8 ) (1)
Ft’

+ (D2 (=D ()2 + 8,2) ds
- /., (D029 + (kY + 20D (850D (54D @) (V)2
(5.11) + (D20,(()2AD) ds
= r(j)(a(ﬁ)?’{—z(askff))h (K94 120D (3,09 (8,69 @) (kD)2 ds
+ (22D 8V + (2AN,, 5
= rm(cr(f))?’{—z(asxff))? + (M) + 20D (8,09 0,0V ) («)? ds
+2 ((aU))?K;f)(ath(f) + Kfj)/l,(”)) Lﬁ _- ((U<j>)2(,<t(f>)zﬂt<j)) {

-

The equalities (Z8) and (A33) imply

M

((crU))?Kff) @,V 4 D) ﬂf”)) { )

at a

~.

1]
W = m
e ™

(5.12)
{((O'(j))QKt(j)) Lt ﬁf(j)(o.(l)’ o @ By - ((a</'))2kfj)) Lt af(j_n(g(n’ o, (7(3))} _

Jj=1

We here note that, for AW BU and FY) with §3= A; =0 and BY) = BUD 4+ FO) for je{1,2,3},
Jj=1%
an identity

3
AW U — %(A(I)B(l) + A(Z)(B(l) _ F(l)) + A(B)(B(l) + F(S)))
=1

+ l(A(l)(B(Q) + F(l)) + A @ 4 A(3)(B(2) _ F(2)))
(5.13) 3
) 1
+ §(‘,4(1)(3(3) _ F(3)) + A(2)(B(3) + F(2)) + A(3)B(3)))
3
_ LS 40 (o) Z gy
3 =)

has been used. We thus have (610) by taking the summation of (6) with respect to j € {1,2,3}. O

In order to obtain the exponential L?-decay of the curvatures, our aim is to prove that the right
hand side of (E10) is bounded by sum of exponential decay term and the weighted L?-norm of
the curvature with negative coefficient. Therefore, the important part in (A1) is the sum of the

integration of —2(0'(1))3(6xl<t(j ))2 appeared since a Poincaré type inequality can be applied to the
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term. Hereafter, we will introduce the Poincaré type inequality under the boundary conditions (23)
and (E8) by applying the Rayleigh quotient.

5.1. Rayleigh quotient. We consider the Rayleigh quotient in the following settings.

Definition 5.5. Let L), () > 0 be fixed constants for j € {1,2,3} and define the Hilbert spaces
H,V with inner products (-, )y and (-, )y as

H:=L*0,LW)x L%(0,L®) x L?(0, L),
Vi={¢ = (s, 0@, ¢®) e H'(0,LV) x H'(0,L?) x H' (0, L?)) :
¢(j)(0) =0, (5.(1))2¢(1)(Z(1)) + (&(2))2¢(2)(i(2)) + (5.(3))2¢(3)(Z(3)) =0},
i)
0

3 y
G0 = Y@ [ 05 ) ds,
Jj=1

W

3 0
= Y (52 Dy D (s) d 6D ()0, (s) ds | .
(9. ¢)v ;:1(0 )(/O ¢ (s)y' () s+/0 050 (5)05y™ (s) ds

The norm of H and V are denoted by || - ||z and || - ||y, respectively.

We note that the boundary conditions in the Hilbert space V are from the boundary conditions

(Z5) and (Z8) since we will substitute o-(AYa(r)) and K[(j) for ) and ¢\, respectively. We next
should introduce the following functionals to consider the Rayleigh quotient related to the negative
term in (BIO).

Definition 5.6. We define a bilinear form J : VXV — R and a functional 7 : V' \ {0} — R by

3 jA%)
J(@y) = ) () / 3¢V oD ds,
j=1 0

_J(®.9)
. <¢’ ¢>H .

The following linear operator £ is naturally leaded from the Euler-Lagrange equation of the
Rayleigh quotient and we consider the weak form of L.

1(¢)

Definition 5.7. For boundary conditions

(5.14) ¢V (0)=0 for je{1,2,3},
(5.15) 5-(1)as¢(1)(i(1)) — 5-(2)(9S¢(2)(Z(2)) — 6'(3)85¢(3)(i(3)),
(5.16) (5.(1))2¢(1)(Z(1)) + (5.(2))2¢(2)(£(2)) + (5.(3))2¢(3)(Z(3)) =0,

we define a linear operator £ in H and its domain D(L) by
L= (5'(1)852¢(1)’ 5'(2)852¢’(2)’ 5-(3)as2¢(3))’
D(L) ={g= (V.4 ¢)
¢V e H?(0,LY)) (j € {1,2,3}) and ¢ satisty (614)(5I0)}.

Lemma 5.8. All eigenvalues of L are nonzero real values.
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Proof. Since L is self-adjoint with respect to the inner product (-, -)y and its weight is real, £ has
only real eigenvalues. We thus suppose by contradiction that £ has a zero eigenvalue. Then, its

eigenfunction ¢g € D(L) \ {0} satisfies ¢(j) € C*([0,LY]) and is of the form
(J)(s) =aVs+bY) for se[0,LV)],

where a, b1V) € R, since 62¢(1) =0in [0,LY] for j € {1,2,3}. Applying the boundary conditions
(pT4)—(pTM), we have

(5.17) b =0 for je{1,2,3}, WPa® =5@s? =530
(5.18) Z(a-(j))Q(a(j)i(j) + b(j)) =0
j=1

Since &) is positive, the equalities in (E17) yield
sgna(j) = sgna(” for i,j € {1,2,3},
where sgn is the signum function. It however contradicts (5I8) since L) is positive. m|

Lemma 5.9. The funct@onal I(¢) has a minimizer ¢ = (gb(l) @ ¢(3)) V \ {0}. Moreover, ¢ €

D(L), L6=¢8. 9 € C2([0.LV)) for j € {1.2.3} and { <0, where { = ~1(3).
Proof. 1t is obvious that I(¢) > 0 for any ¢ € V \ {0}. Therefore, there exists a sequence {¢,}nen C
V'\ {0} such that

lim 7(¢n) = 1Vn\f{0}1(¢)

We now put

= - f I
g ¢€1Vn\{0} (¢).

Without loss of generality we may assume that ||¢,||gz =1 for n € N. Then
-1
in &)
< I(¢) +1
énllv (,.;?}}5}3}(’ ) (¢)

and hence {¢,},en is a bounded sequence in V. By similar discussions to those in [I6, Section 8.12],
we can show the existence of ¢ €V \ {0} such that ¢, — ¢ in V and I(¢) = —
Since ¢ is a minimizer of I, for any ¥ € V it holds that

dl (¢ +ty)
S =0
dt =0
Therefore, we obtain

(5.19) J(p.0) + L(p. ) =0 for yeV.

Since E(_j) e C*([0,LW]) by a standard argument, it remains only to prove ¢ e D(L) and £ < 0.
Due to ¢ € V, the minimizer ¢ satisfies the boundary conditions (A14) and (518). By the integration
by parts for (BE19), we see that

3 ,
Z(&(j))?’@sa(])(l:(j))w(j)(i(j)) =0 for y eV,
j=1
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which yields (523) for ¢ since ¢ satisfies the boundary condition (5I8). It thus follows from Lemma
b® that ¢ # 0. On the other hand, ¢ < 0 is obvious due to the definition of I. Therefore, we have
J <0. O

Since —¢ depends on LY) and &), we next show the continuity of —¢ in terms of L) and &),

Lemma 5.10. The minimum —¢ of I in V \ {0} is continuous with respect to L), 50 > 0 for
je{1,2,3}.
Proof. Fix LY, & (J > 0 and let L), 5 > 0 be arbitrary constants to take the limit L) — Z(j)
and &) — O'é]) for Jj € {1,2,3}. The functional Iy is defined as I in Definition b@ for L(’) (J)
and let —¢p be its minimum in V replaced L), &) by i(()j ),&éj ). We will thus prove { — (o as
LY - I:(()j) and ) — &éj) for j € {1,2,3}.

Let ¢ € V' \ {0} be the minimizer of I and thus I(¢) = —¢. We define ¢y = ((/)(1) (2) (3)) as

5 [ L)
(])(S) %QS Tf for 5 € [0 L(J)]
oy \L{

and then the boundary conditions (514) and (518) replaced LY, &) by L(] ) (] ) are satisfied, and

hence ¢g is in V replaced LY, &) by I:(()j ), &éj ). We also have by a simple calculation

Ly &(J)i(j) . i .
@ [ oo ds = D @0 [T (0 as
0 O-(J)L J 0
z<f> ~(/)

(&) / (¢5)” ds = =0 - (@)’ / " oy as

which implies by the definition of {j

~(j)~(j) () ~(/‘)N(Jh) 7,()
—§0S10(¢0)S( max L)( L]) (¢)——( max —L)( max %—1)5

e{1.2.3) 5-()H [ W) jel128) L) je(1.2.3) (LW | \jef1.2.3} L(()D

&(j)i(j) i(j)
—-{ < —| max —% max —2— {o
je{1.2.3} &éf) L) | \je(1.2.3) LG

We thus see ¢ — o as LU) — Z(()j) and &) — &éj) for j € {1,2,3}. O

L()

We can similarly obtain

We are now in a position to show the following Poincaré type inequality applying the Rayleigh
quotient to the geometric flow.

Proposition 5.11. Assume (A1)-(A3). Let a pair of {F[(])}je{l’z,g} and & be a smooth geometric
flow governed by (I=3)—(0Z2) in the time interval [0,T). Let also ms > 0 be the constant in Lemma
7.3. Assume E(0) < o(0)ms. Then, there exists a constant cg > 0 depending only on ms and
i1 (o (AVa(0)))? such that

3 3
() 2., ()2 ) 3 ()2
(5.20) cQ; /F (@A) ") dss; /F @@Da()) @) ds - for 1€ [0,T).
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Proof. Due to (E) and (B9), we have by the assumption

3
Luin < LY(1) <mg,  0(0) < o(AVa (1) < 4| > ((AD(0)))?
j=1
for any j € {1,2,3} and t € [0,T), where Ly, is the constant in Lemma B2, We thus have (5=20)
by letting

3
co:=ming~¢ = inf 1(9): Luin < LV <my, 0(0) <5 <\ 3 (0(ADa(0)))? > 0
¢eV\{0} =
since —¢ is continuous. O

5.2. Proof of the exponential L2-decay of the curvatures. In this section, we prove the expo-
nential L2-decay of the curvature for the geometric flow using (6I0). The Poincaré type inequality
stated in Proposition B0 will be applied to the negative term Y, =2(o" ))3(6XK,(J ))2 in the right hand
side of (51M). In order to control the remined terms in the right hand side of (5IM), we recall the
following inequalities in [, Lemma 6.2]. We refer to [I5] for the proof.

Lemma 5.12 (|18, Lemma 6.2]). For a C3-curve Ft(j), there exist c19 and c11 depending only on
LY () and 1/LY)(¢), respectively, such that
1

[, () ds <2 (L(”(t)llﬁskf”lliz S rLR ] L

l"z]

. 3 . . .
2 3
K omo| < crolle? 2 lsk 12, + enrll 1.

We can prove the exponential L?-decay of the curvature for the geometric flow assuming the
smallness of AW a(0) and the weighted L2-norm of K(()j ) due to the discussion so far.

Proposition 5.13. Assume (A1)-(A3). Let a pair of {Fl(j)}je{l’g’g,} and @ be a smooth geometric
flow governed by (I3)—(IZ2) in the time interval [0,T). Let also ms be the constant in Lemma 3.
Then, there exist small €4 > 0 and c12 > 0 such that if

(5.21) E(0) < o(0)ms, Z?’: (A(j)cm)z < &4, JZZ‘/FSI) (0'(A(j)a/0))2 (K(()j))2 ds < g4,

Jj=1
then

231/ ((J‘(A(j)a(t)))2 (K(j))ZdS
R t

I 0o 3V () seg (< () 2\
S5 I T = (P

fort € [0,T), where cq4 and cg are the constants defined in Lemma B23.

(5.22)

Proof. We simplify the notation o (AW a(r)) to o) for j € {1,2, 3} in this proof. Note that we have
by Lemma A1, Lemma B2, (229) and the definition of E

(5.23) Luin < LY(1) <ms, 0(0) <o) <o (831/2) for t€[0,T), je{1,2,3)
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due to the first assumption in (B=20). We will choose &4 in (B21) small so that Corollary B74, Lemma
b2 and Lemma B33 with a fixed constant ms € (1/2,1) can be applied. It then follows from Young’s
inequality, the estimate of o(AWa(r)) in (E223) and (59) that

3
Z(O-(])) (K(])) M(J)l <2 (Z(O-(J)) (K(J)) )(Z O-(i)lkt(i)l)
i=1
3

< A41:E:|K£D|3

=1

(5.24)

at the junction point for some constant M; > 0. We note also that there exists a constant My > 0
such that

(\]

(5.25)

INGE

w

3 3
(@2 laea) 197 = 2 (@076 L a) O] < My D 1 Ll + Y 172
j=1 j=1

J=1

due to Young’s inequality, where fU) is the function appeared in Lemma 52,
We first prove that if g4 is small, then (5222) holds in any time interval [0, 7] such that

(5.26) Z/() O'(A(f)a(t))) ( (f)) ds<g4+—§g§ for 1€ [0,7]

holds. Assume (5228) holds for a positive constant &4 to be chosen later. From Corollary B2, (63),
Lemma b4, Lemma 512, (523), (b224), (524) and (E28), we obtain

d 3 2 2
a2 /Fm ()" (") ds

(5.27) < (M(84)‘2)Z/<> (f) aK(J)) ds+M(g4)Z/ m <f'))2ds
+ 3c8%e_3_zit (23: (A(j)ozo)2 '

J=1

in the time interval [0, 7], where M € C([0,)) is a positive function such that M(g4) — 0 as
g4 — 0. Note that we used infyegp o-(@) > 0 in (B227). Therefore, due to Proposition b, we can
choose g4 small to obtain

(M(&4) — 2u)Z / (,) ak(”) ds+M(s4)Z / (,) <f>)2ds
o3 [ (o) () o

We fix such g4 and let

(5.28)

3
2 3
. . 3¢y _ 80§ ) 2
C12 := min {Cg, ?} , a:= E E (A ao)
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We then obtain by (5227) and (E28)
3
d ci1at () 2 () ? _ﬂt
dt (e Z; ) ((r ) (K’ ) ds+ae s
j=1%
< (c12 — cg)e1?! 231 (0'(]'))2 (K(j))2 ds + 30%
> 12 9 L ) t 8
_]: t

which yields (6222) in the time interval [0, 7].

We finally prove that the inequality (5=28) holds whenever the flow exists under the assumption
(BZ0). Due to the assumption and the continuity of ||«/)||;2, the inequality (5228) holds a short time
interval [0,7]. We then have (B222) in the time interval [0, 7], which yields (B=28) without equality
at time t = 7 by virtue of the assumption (B=20). Therefore, applying the continuity of 1|2
again, we see that the inequality (5=28) holds in a time interval [0, 7 + &] for some small € > 0. The
argument can be applied whenever the flow exists, and thus the proof is completed. O

[ [V

3
, 2 c
(A(f)ao) ) - %a e_BT4’ <0,
=1

J

6. HIGHER ORDER DECAY OF THE CURVATURES

In this section, we derive higher order decay of the curvatures and the idea is based on the higher
order energy method as in [34]. Therefore, we will need higher order geometric identities as in Section
H and let a smooth geometric flow governed by (I=3)—(I4) exists until a time T > 0 also in this section.
Since statements in lemmas and calculations will be long, we simplify the notions o (AW a(r)) and
ko (AVa(1)) to o) and 8¥oV), respectively, for any j € {1,2,3} and k € N. We further introduce
some non standard notions for the computations in the sequel. The notions are extension of those
in [34] to be able to apply the system including the orientation parameters a.

()

Definition 6.1. We denote by Ph(ﬁékt(j )) a polynomial in "/, -, 6§/<t(j ) such that every monomial

it contains is of the form
i i
c| [@kh* with > (+1)A =h,
=0 =0
where C is a constant coefficient. We will write P;(agk,(f )) if every monomial further satisfies le.zo A >

2. We also denote by Pj,(d'k;) a polynomial in Kt(j), cee a;K§f> with any j € {1, 2, 3}, such that every

monomial it contains is of the form

3 , 3 i .
cl] ﬂ(aslkt(f)y\f” with ' (1 + DAY = h.
j=1 1=0 j=11=0

We will call i the geometric order of Pj for both polynomials. When we write Ph(|a§/<,(f )|) (resp.
Psh(laékfj)l)) we mean a finite sum of terms like

(6.1) Cﬂ|a§/<,(f>|f‘l with > (I+ 1A/ =h [vesp. Y (I+1)A <h, Y Ar>0],
1=0 =0 1=0 =0

where C is a constant coefficient and the exponents A; are non-negative real values. Similarly, let
Py(10ik])) and P<,(10:”])) be a finite sum of terms like (E) replaced |8« | by [101&"|| L.
These notions will be used for Pj,(9!k;) as Pp(|0'&]), P<p(|0iK;|), Pr(]|0iK:]]) and P<p(]|0LK:]])-
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We next denote by Q(&) a polynomial in ") with n e NU{0}, j € {1,2,3}, and by Q(5, 4,Aa)
a polynomial in 870/ with n € NU{0}, j € {1,2,3} and also in ,AV @ with j € {1,2,3}. Fori e N,
let Qp (7, 8!Ad) denote a polynomial such that every monomial it contains is of the form

C(&) ﬁ ﬁ(afA(j)oz)Al(j) with 23“ Z 1AY) = p,

J=lI=1 j=11=1
where C (&) is a monomial in 4"c) with n € NU {0} and j € {1,2,3}. Let also R((:)) be a finite
sum of fractions such that every fraction is of the form
PV, @ B (1) (@) (3))
(1 — C(1)6(2)6(3))n ’

where n is an natural number and P is a polynomial in ¢) = cos(@UtD) — @)|,; z and s) =
sin(@U*) — @) |, -. When we write multiplications of above notions, we mean a finite sum of the
multiplication (e.g.: One example of Q(7)P2(dk;) is 0'(1)(/<,(1))2 + 0'(2)8319(2)).

Remark 6.2. By means of the definitions, we may easily see that Ph(éfkl(j)) < Ph(|a;'/<§f>|) <
Ph(||8likt(J ) ). A similar inequality holds also for P,(8'k;). The calculus rules as

Pi (017 Py (92K,7) = Payany (072 7).
O, (7,9} AG) - Oy (T, I AG) = Qipyany (T, 9"V,
and
(6.2) 0,01(5, 0 A&) = Qa1 (5, 01 AG)

will be useful to calculate in the sequel. Note that the polynomials Q is bounded due to Lemma EG
and Corollary B0 (according to Remark B8, (A1) is a sufficient assumption to obtain the boundedness

of Q), while the estimate of Q,(8/A@) is now not obvious for i > 2 and will be considered. The

boundedness of R follows from (E=20). Notice also that, (220) can be re-writen as

(6.3) 4 L= Q@ RO)P1(%) L a
and the above identity, (E4) and (B2) imply
(6.4)

UR(®) = Q[@IRO)P2(di)awas Iy L a= {01(F, HADIR(O)P1 (%) + Q(F)R(O)P3(97k)} s -
We first list higher order geometric identities as follows.

Lemma 6.3. Any smooth geometric flow governed by (I=3)—(04) fulfills the following identities.

(6.5) 0,0k = ) (02 + Py 0k ) + 400 )
for any (x,t) € [0,1] X (0,T), n e NU {0} and j € {1,2,3}. Furthermore,

2n  (J) —
(6.6) o =0

for any n e NU {0} and j € {1,2,3}.
Proof. Note that we can obtain by (233) and 9,0y = 9,9,

(6.7) 89, = 6=

o = 00+ (@) - 94,
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on each F,(j ). The identity (63) can be proved inductively. When n = 0, the identity (63) coincides
with (B22). Assuming that (63) holds for some n € N U {0}, due to (622), we obtain

0tasn+1’<;(j) — asatasnKt(J') + (O'(j)(K[(j))z _ 85/1§j))8;1+1’<t(j)
— 9, (O'(j)(a;HQ ) + P (a;’lK;J))) +ﬂ£j)a;l+1Kt(j)) + (O'(j)(Kt(j))z _ as/lfj))a;l-'-th(j)

n+3
= (0;1*3 D 4P (97 k ,-))) £ 2D g2, )

which is (63) replaced n by n + 1.
The boundary condition (E8) also can be proved inductively. When n = 0, the condition (E8) is
proved by (E33). Assume that (61) holds for any 0 < n < m. We then obtain applying (63)
52D () _

t

O-( 5 (atan 0] /ll(J)ast+1 (J)) +P/2m+3(62m J)) — P/2m+3(as2ml<l(1))

since (9,652’"/9(] ) = 0 can be obtained by taking time derivative of (EIH) with n = m and /lgj )= 0is
already proved in (ZH). We now note that, for each monomial C [](8!x, G ))Al in P, o, the exponent
A; is nonzero at least for one even [ since },(I+1)A; = 2m+3 is odd, which implies P/, +3((9S2m/<t(j )) =0
due to (E8) with 0 < n < m. We thus obtain the conclusion. O

We next introduce some identities to extend (28) and (b=3) to higher order boundary conditions
at the junction point. Since we will take higher order time derivatives of the original boundary
conditions, we will need some formulas of time derivatives of o), f (), LY and so on.

We here note a formula to make later calculations simple as follows.

Lemma 6.4. For any smooth function f(t) and non-negative integers Ag,---,A; € N U {0} with
Yo+ 1)A; = h, a smooth geometric flow governed by (IZ3)—~(I2) fulfills

i 1, (A
o [ T @k as

(6.8) ,~ l.
= / O [ [@ 4D f (1) Pra (082 ds+ f0A | [0
I 1=0 1=0

ata

Proof. By means of (23) and (63), we have by a simple calculation
[ F@ ] ]@h ds
r ) 1=0

= [ aro] @M+ ) (]—[(al ”)AI)A @y 5,07 k)

()
1ﬁtJ =0 n=0 \j#n

+ f@O [ J@x) M (=D ()2 + 9417) ds
=0
- /rm 3O [ [ 40D £(1) D Py (311 (72D + P (@)

=0 n=0

+ (1) Z (ﬂ(aék,‘”y‘l

n=0 \j#n

An(agkt(]))An_l/lgj)ag+th(])
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i . . .
+ fO | |Gl 0,417 + f (1) Praa(di”) ds
=0

= [ ar@ @Y+ p P70 + f 010 (ﬂ(aiki”mij)) ds.
r =0 1=0

The boundary condition /l,(j ) L.t p(h=0 as in (Z3H) can be applied to the last term to obtain (ER). O
We next introduce a formula of time derivatives of LU,

Lemma 6.5. For any smooth geometric flow governed by (IZ3)—(1), the derivative of the length
8;’L(f), for anyn € N and j € {1,2, 3}, is a finite sum of

(k)
Al n

3 n 3
(6.9) 0@ a80R@) [ ] ] ( [ Pa@20) ds) T (P (@) Lua) [ T,
I k=1

k=1 I=1 =1
where Al(k), By and C% are non-negative integers satisfying

n

>y A+ Zn: By >1, ZS“ Zn: 20A + Zn:(m’ ~1)By < 2n.
I'=1

3
k=1 I=1 I'=1 k=1 [=1

Remark 6.6. The boundedness Qf LY) can be obtained from Lemma BI. We also remind that
the boundedness of /) and ;A a can be obtained from Lemma A6 and Lemma B=1. Therefore,
applying these boundednesses to Lemma B3, we obtain

(6.10) 167 L] < gy (167" R011)
for any j € {1, 2,3}, and thus ), QZAI(k) + >,(20" = 1) By corresponds to the geometric order.

Proof. We prove inductively. We obtain by a simple calculation as in the proof of Lemma B
(6.11) oL = - /r<f> oD (k) ds + A7 g 5

and thus the claim holds for n = 1 due to (623). We now assume Lemma B3 holds for some n € N.
We can see by (I2), (Z4) and (63)

3
3, (0@ 0ADR(®)) = 07, aADR®) |1+ ) (92AMa + 5,0, a))
k=1
. 3
= 0(5,0,A3)R(®) |1+

(L2 4 9,LD + Py(85%;) | a))
1

k

3
= Q(5,0,AF)R(®) [1+ ) ((L<k>)2 +/ (k1))? ds) + PQ(aszt)) ,
k=1 i

which implies that, if we take time derivative of Q(&, 6,A&)R((:)) in (B39), the entire product is a
finite sum of (BH) replaced n by n+ 1. Notice also that, since ), 21A1(k) +>(20" = 1) By corresponds to
the geometric order of the entire product (69), the above identity implies that }, 21Al(k) +X(2I'-1)By
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increase at most 2 if we take time derivative of Q(aJ, G,A&)R(@)) in (69). Similarly, we obtain by
(63)

oy / o, Pu(@ M) ds = / o T OP22(871M) ds + Q3 0, R(O) Pars1 (97 °%0) Ly a
I, I,

and by (63)
8 Poyr—1 (02728 Lat 5= O(F, B AG)R(O) Poyr1 (021 Ro) Lt a-

We thus, applying (61), Lemma B3 holds replaced n by n+ 1. We here note that the increasing

rate of the geometric order of Py, Poy—1 and the highest differential order of 831_2K[(k), 8521/_2/3 can

be seen from the last two identities. Notice also the increasing rate related to the geometric order of
each part is at most 2 per time derivative, and thus we have 3/, QIAI(k) +2, 42U -1)By <2n. O

We next consider the higher order derivatives of a/).

Lemma 6.7. For any smooth geometric flow governed by (IZ3)—~(I4), the derivative of the misori-
entation (9[”A(f)oz, for anyn € N and j € {1,2, 3}, is a finite sum of

3 [n-1 ) 3 n-1 )
(6.12) ]_[(]—[(a;LU))A?”)Q(&) with Y > 1+ 1A =n,
J=1 \1=0 Jj=11=0

where P(o ) is a polynomial in 63’0'(1‘) with m € NU{0} and k € {1, 2,3} such that every monomial
1t contains 1S non-constant.

Proof. For n =1, the claim holds by means of (). The differential equation () implies also

n—1 ) n—1 . )
& (]‘[(a;M)Af”) JOEDY (ﬂ(afL<f’)A5”) A (@ LY g LD 0(5)

1=0 m=0 \l#m
n—1 . o) 3 .
" ( (OLLUNA: ) - 0(5) Z 8,AV g
1=0 k=1
= N A ) N 4
— Z (G,IL(-’))A' ) .Am(atmL(./))Am —13;11+1L(J) - Q(5)
m=0 \l#£m
n—-1 . & 3
[ [@rLthn ) 0@) ), L,
1=0 k=1

which shows that the form of each term is preserved in the sense of (B12) and the increase rate of
(I +1)A; is just 1 per time derivative. We thus see that Lemma B replaced n by n+ 1 holds if it
holds for some n € N. O

We now derive higher order boundary conditions from (Z8) and (B=3).

Lemma 6.8. For any smooth geometric flow governed by (I=3)—(IZ4), n € N and j € {1,2, 3}, there
exist Iéil) and 1;1111 such that

(6.13)

M-

Il
—

((am)m P . Iéf;)) -0,
J
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( (j))n+162n+1 J)L I(/)
g s atdtop4

= (UL g2l D) ot w07 O for e {1,2,3),

(6.14)

where £ is the function defined by (520), and I(]) and I(]) are represented by
1) = n(ey 1 oi 1f<£”Lata+Q<a>R(®>P2n+1<a ") Lara

(6.15) AL . > o
* Z O (5, 8" AG)R(©) Pyt 2 (92" 2" %1) Lot -
m=1
(6.16) Iy, = Q(F)R(O)Pansa(92"R) Lt +ZQm(cr 3" AG)R(8) Poyaz-om (021 72"%) L .

m=1
Furthermore, 6t"f(j) s a finite sum of
Qni1(5, 0] Adt)

G —— with my,mo € N.
(1 — <Tt] ’th >)(2m1+1)/2(0'(])0'(]"’1))”12

Proof. We first prove the identity (613). Taking the time derivative of (Z8) and using (63), we have

3
0= (200,09 (@AVa) + (D)2 + Po) + (DA o) |
= at a
which implies that (B3) with n = 1 holds. Assume that (B3) holds for some n € N. We then take
the time derivative of (6I3) and apply (633), (64) and (E3) to obtain

3
0= a,((c D) 202 k") Loy g+0, (n( Dy 2P 92 ) Loy 5
J=1

+0/(Q(3) Ponst (724 ) Lot a +Z@(Qm(0 3" AG)R () Pons1-2m (02" 2"%0)) Lat 4

m=1

3
_ Z {Ql(a_, atAa,)aSQnKt(J) " (O_(j))n+36s2n+2kt(J) " (O'(j))m?/lt(j)agml ) " Q(O')P2n+3(a %)
=1

+01(5, BAG)R(O) Pops1 (82"7'R,) + Q(F)R(O) Pays3(82"%)) + n(a )22 W) g2+ D)
+01(5, B,AG)R(O) Poyy1(07"7%K,) + Q(F)R(O) Poyy3(82'%;)

+ 3 (Onen (&, AG) R(B) Py 12 (922"
m=1

+ O (@, 0" AR (8) Panss o (922277, )|

-

at a

3
— Z {(O_(j))n+3652n+2 () + (l’l + 1)(0_(1))n+2/l(])02n+1 () + Q(O')R(®)P2n+3(82"/<t)
Jj=1
n+l

+ 3 On(&, 5" ADR(®) Pansgam (92 R |

-

m=1

which coincides with (B13) replaced n by n+ 1. We thus obtain (6B13) for any n € N.
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The identity (E14) follows from the time derivatives of (523) applying a similar calculation to
obtain (63). The form of 8" f/) can be obtained easily since f\/) is of the form

f(j) — Ql(a', 8IA&)
(1= (¢ DN 12 (5 () g (4D)2
the formula <Tl(j) , Tt(j Uy is given by (1) and the calculus rule (622) holds. O

Remark 6.9. Applying (610) and the boundedness of L) and o/, for any constants Al(j) satisfying
2321 Z;:ol(l + 1)A1(j) = n, we obtain

3 [n-1 o
[ (l_[(a,lU”)A/ ) 0(@)
j=1 \I=0
{constant if AV =0 forany [=1,2,---,n—1, j=123,
< )
_ _9 > A .
[T IS (P<ar(102172%,0) ™ otherwise.

Since the inequalities

ot 21-2 A on—4
[1TT(Peatoz=2i0)" <Py s a0 (102 %i1)
j=1 I=1 ! !
and
3 n-1 ) 3 n-1 )
DY A <23 N+ 1A <o
j=11=1 j=11=0
hold for n > 2, Lemma B2 implies
. M if n=1,
(6.17) 67 Aa)| < et e e
M + P<on (165" Kell)  if n > 2
for some constant M. It further implies
(6.18) 101, (5,6 A@) Py (9P R)] < Pcanyaay (1057 M2y,
which will be used to estimate terms related to I l(j ) in Lemma EX. Further applying (E=20), we can
obtain
‘ M if n=1,
(6.19) orF) < g
M + P<onsa (|65 kel)  if n > 2

for some constant M and any j € {1, 2, 3}.

In section B2, we applied Lemma BT2 to control the terms on the right hand side of (5I0) except
the negative term. In this section, we will apply the following Gagliardo-Nirenberg interpolation
inequalities instead of Lemma to the higher order estimates. We refer to [, 2] for the details of
the interpolation inequalities.

Proposition 6.10. Let I' be a smooth plane curve with finite length L. If u is a smooth function
defined on I', m > 1, p € [2,00] and n € {0,1,---,m — 1}, then there exist constants C1 and Co,
which are independent of T, such that

1- ()
(6.20) 105 ullr < C1||3§"”||[L)2||M||L2p + WHMHL%
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where

n+1/2

n+l1/2-1/p @f pe [2 OO)
p: m ‘ 9 9
Z if p=co.

We further derive estimates to apply to the polynomials P; in the higher order estimates of the
curvatures.

Lemma 6.11. Let I be a smooth plane curve with finite length L. Let also n € NU {0}. Then, the
following estimates hold.

(i) If k is a smooth function defined on I' and non-negative integers A; for 1 =0,1,--- ,n satisfy
n n
ZA;ZQ, Z(l+1)Als2n+4.
=0 =0

Then, for any & > 0, there exist constants C3 > 0 and q1 > 0 such that

n q1
(6.21) /1—[ |01k < 8/ 10" k| + |k|? ds + C3 (/ |k|? ds) .
o r r

(i) If k is a smooth function defined on T and non-negative real values A; for 1 =0,1,--- ,n satisfy

ZA, >0, Z(z+1)A, < 2n+3.
=0 =0

Then, for any € > 0, there exist constants Cy > 0 and g2 > 0 such that

n q2
(6.22) ]_[ [ e/|ag+1k|2+ |k|? ds + C4 (/|K|2 ds) .
1=0 I T

(iii) If k9) is a smooth function defined on T for j = 1,2,3, n > 1 and non-negative real values
Al(k) forl=0,1,---,2n and k =1, 2,3 satisfy

2n—-2

Zgl Da+nal <on.

k=1 1=0
Then, for any € >0 and t > 0, there exist constants Cs,q3 > 0 and g4 > —1 such that

2n—-2

3
. (k)
|(9s2n,<(1)| ) 1_[ l_[ |5S1K(k)|A,

k=1 [=0

t2n—1

L

(6.23) ,
q3
< Zgﬂ" / |02 )2 4 kB2 gg 4 Cyr9 ( / Tk ds)
k=1 r r

forany j=1,2,3.
Proof. We first discuss the case (i). By the Hélder inequality, we have

n

n n 1/B;
[ 1A [, |AB [, nA
[T Tiatett as <] | ( 1ot ) = Tnail™, .
=g 1=0 \YT =0
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where the exponents B; satisfy >, 1/B; = 1 and A;B; > 2 for every [ € {0,--- ,n} satisfying A; # 0.
Indeed, letting
5 .:{1 if H{l: A £0) =1, A #0,
o m if #{L: A #0}=m, A #0,

where #{l : A; # 0} is the number of non-zero exponents A;, we can easily see that the exponents
B satisfy the conditions by applying 3} ; A; > 2. Therefore, due to (E220), we have

n n
1,1A 1 pIA 1-p))A
[T ottt as < [ ] (10l + el )™ e 57
=0 1=0

ZicoPLAL S (1-pp) A
< C (10 el + el 2) ™ el

(6.24)

where p; = w and C is some constant. Notice that Y. A; > 2 or 27 (I +1)A; < 2n+4

holds under the assumptions 2 < 3/" y A; and Y)_ (I + 1)A; < 2n+ 4. We then have
[+1/2)A; - 1/B 1oL+ DA =2 5 A/2 -1
:E:‘”’QZZ:ZE: (I+1/2)A = 1/B; 2 1=0

n+1 n+1

Therefore, we can proceed to estimate (6224) by applying Young’s inequality as
23 g (A-pp A
2-y1 oA
/1—[ |81K|A’ ds < 8/ |8§+1K|2 + k> ds + Cs (/ |x|? ds) o
i r

and also the positivity of the exponent (23,(1 — p;)A;)/(2 — > p;A;) can be seen. Letting g1 =
221 = p)AD/(2 = X piAr), we have (E2).
For the case (ii), we have by applying (6220)

n n

[ A 1 pIA 1-pn)A

= [ [nokeiip < (N0 ullze + lixll ) fll {50
L= =0 1=0

A
sk] ™

ZicoPIAL S (1-pp) A
< C (10 kg + el )™ e,

1+1/2

and C is some constant. Since ), A; > > ({+1)A;/(n+1), we have by >, (I+1)A; < 2n+3
oI+ 1A =5 2120 A oI+ 1A -5 Z o(I+1DA;/(n+1)
:E:/)P4l:: <

where p; =

n+1 - n+1
_ (2n+1) YL, (I+ 1A < (2n+1)(2n +3) <o 1 -
2(n+1)2 2(n+1)2 2(n+1)2

Therefore, we can obtain (E222) by Young’s inequality as in the case (i).
The estimate in the case (iii) also can be proved by a similar argument. Due to the calculations
in the case (ii), we have

2n—-2

1621 ]—[ l_l 16k <k>|A“‘>

k=1 [=0

. ) 3 ZQn 2 (k) (k)
< C(tn||83n+1/((])|lL2 + ln”K(J)”LQ)p (l—[ (fn||33n+1k(k)||L2 + lnllk(k)||L2) A ) .
k=1

2n1
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2 (k) 4 (k) 2252 (1-pyaM
2n=1-n(p+EiL, 5752 0,0 A ||k (J)” 1—[ 1P (k)” i=0 (= ’

where p = 23;;1{2, pl(k) = l;nlﬁ and C is some constant. Since the geometric order of the left hand

side is not larger than 4n + 1, which is smaller than twice of the highest order of the derivative in
right hand side plus 3, we can see

2n—-2

p+Z Y pa® <2

k=1 [=0

as in the case (ii). Therefore, applying Young’s inequality, we have, for some Cs, g3 > 0,

2]1 2 3 qs3
2n=1 |82n OIp l_[ l_[ |8’ (k)|A<k) < ZEth/|as2n+1K(k)|2+|K(k)|2 ds + Cs144 (/lK(k)|2 ds)
k=1 [=0 Lo k=1 r r
with

(k k
2(2n - 1-n(p+ %5, 2752 p, 0 A1)
k k
2- (p+Zi 27 A

q4 =

Since g4 > —1 is equivalent to

3 - 3 2n-2
0<2 (2n -1~ n( £ Z “‘M“")) - (p > pl(k)Al(k))
k=1 1=0 k=1 1=0
3 2n-2
=4n—(2n+1) (p £ p,(")A,(")) :
k=1 1=0

we prove the positivity to obtain g4 > —1. Due to )}, Al(k) > > (I+1)A;/(2n—1) and }; Zl(l+1)Al(k) <
2n, we have

k=1 1=0
| 3 2 | 3, 22

— (k) (k)
_2n—§—2 (I+1)A) +§Z Al

k=1 I=1 k=1 I=1

3 2n-2 3 2n-2 (k)

22”‘%‘2 (l+1)Al(k)+%Z (Z;DAIZ

k=1 I=1 k=1 I=1 n-=

3 2n-2
_ 1 dn -3 (k) 1 dn -3 1
2n—§—4n_2;;(1+1)fx1 2= - = s > 0
We thus obtain the conclusion. m|

We now prove the higher order estimate of the curvatures for any k € N applying the exponential
L?-decay of the curvatures. Note that the weights #” in the following proposition enable us to
obtain not only the decay estimate but also the smoothing effect, namely, the following estimate is
independent of the derivatives of the initial curvatures.
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Proposition 6.12. Assume (A1)-(A3). Let a pair of {Fl(j)}je{l’g’g} and @ be a smooth geometric

flow governed by (I3)—(IZ2) in the time interval [0,T). Let also ms be the constant in Lemma F-3.
Then, for any n € N, there exist 5, c13,C14,C15,c16 > 0 and c17 > =1 such that if

3 3
(6.25) E(0) < o (0)ms, Z (A(j)ao)Q < g5, JZ:; /réf) (0'(A(j)ozo))2 (K(()j))QdS < g5,

Jj=1
then
3 2n m )
o ()ym+2 qm ()2
Zlferg)m!(“ Y23 ds
(6.26) ” t . ) ,
Z —c1af g7 ' - (N2, ()2
< c13/ "+ e df + cq5 ) / (07) (k)" ds

for any t € [0,T).

Proof. Note that the length LY) is uniformly positive and bounded for j € {1, 2, 3} due to Lemma AT,
Lemma B2 and the first assumption in (623). The uniformly boundedness of |9 a /)| for m € NU{0}
and j € {1, 2,3} also follows from (9) and (6225). We will choose &5 in (EZ3) small so that Corollary
A1, Corollary 10 and Proposition bI3 can be applied. In this setting, we can regard the functions
R and Q as bounded coefficients, as we remarked in Remark 62, and this boundedness will be used
through this proof without citing. Note also that we can use the estimates (BI8) and (619) in this
setting. We first derive a higher order energy type identity. Due to (E23), (24), (633) and (68), for
any j € {1,2,3}, we have by a similar calculation to (51)

2n
" )\m m, (J
2 @@ ds

m=0

2n 2n -1
" . ; " . ;
= — Lo ()ym+3 am+l ()2 ()Nm+2  am ()12
2/r(_,.)20m!<a )@ ) ds*/r<j>§1: @y ds
m= t m=

t

d
dt Jro

(6.27) N
" / oo, 08D a) Py, o0 k") + 0D, 98 a) Py, 3k ds
th m=0

-

2n
tm . . . . . .
" Z %{2(0'(]))m+3(9?1+1kt(])(9;ﬂkt(]) + (0(’))m+2/1§])((3?’l<,(’))2} { ’
o ™ at a
where Q(c, 8,AVa) is a polynomial (for each term) in o, 8,0 and §;,AV e, and thus Q is
uniformly bounded. Due to (E221) and o(0) < o), the third integral on the right hand side of
(627) can be divided by a higher order term and the L?-norm of the curvature as

2n

[ 2@ .889a0P, 00k + 0. 08D 0) Py, (0747} d
1—‘z =0

(6.28) "

m

2n 2m
1 t . : N
z b ()ym+3  qm+1 ()12 my () 9m
SQ/FU.)ZOm!(a Y3 (g a’s+MZ;)t 1%
t m= m=
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for some positive constants M, g, with m € {0,1,---,2n}. Note that although we may obtain the

terms ||/<t(j )||q’§ with some different exponents ¢,,, we can here replace the different exponents by

a same exponent ¢/, due to the exponential L?-decay of the curvature as in Proposition 513, by
choosing ¢/, small and M large depending on the weighted L?-norm of the initial curvatures and the
initial misorientations if necessary. For example, for any 0 < g, | < g, ,, we have

) Dm ) ((9m.2 m2 ", m,
I 12 = (1 O D) < M)

where M is a constant depending on the weighted L?-norm of the initial curvatures and the initial
misorientations. Since, on the right hand side of (6222), the second integral can be absorbed into the
first integral, we see that

/( ) Z _(O_(]))m+2(am (]))2 ds
J

2m

1 ™o . -

(6.29) < -3 /F . Z (@) ds+ M Y N
t m:o . m:0

2n
+Zﬁ{2(o_(j))m+3asm+1kt(f)a;n (])+(0_(]))m+2/1(J)(am J))2}{
m!

m=0

-

at a

by applying the inequality (6228). Therefore, we continue to estimate the boundary terms. We now
let

J(]) {2( (j))m+30m+1 (J)am (’)+(o-(f))m+2/l(])(6m (J)) }{
m

form € {0,1,---,2n} and j € {1, 2, 3}.

Hereafter we omit the trace operator |, z since we discuss only the boundary terms at the junction
point a for a while. The boundary term J(()] ) can be estimated as in (61), (6I2). We thus obtain,
due to (24), (63), (513), (63) and (519),

ata

3 3
D97 < D 1e@)IPIRINLF D +10@) - |4 1Pl 1)
(6.30) P

=1
< 1@ RO)[(PL(IIZ:) + Ps(lI&D).-
This kind of strategy can be applied to J;IQ, for m" € N. Indeed, since (63), (E13) and (EI6) show

(224D (33" 1172 = Q(F)R(O) Par 13 (97" Ry),

()" 292 (1), | = QF)R(O) Paprs3(02" %) + ) 01T, 0 AG)R(O) Payyr s (92"
=1

(o.(j))m’+1as2m’+1Kt(j)I§{n)/ — m/(o_(j))Qm’+2/1(j)a?m’+1K(j)a2m’—1K(j)

+02" 1) (Q(F)R(O) Poyr 1 (92" R,)

+ 3 01(F. /AT RO Poyrar-2 (02" ),
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Iézjn)’léin) +1 T Q(&)R(é)P4rn’+3(as2m ) + Z Ql( mm{m Z}AQ/)R(@)p4m 143 21((92’" (]))

we obtain
2m’
G _ !t Wm'+2 a2m’ () () D m+1 q2m’+1 (1) () ) 1)
Tom = WP((‘T(I))”’ 207 i + Ly ) ()i o) = 2y Iy

_ ( (/))2m +2/1(J)(62m (]))2 2( (j))m +2a2m’ (])I(]),+1 2(0'(j))m1+1052m/+1Kt(j)lzm'}

’

t2m

~ 2m)!

t2m’
(6.31) C2m - 1)!
+ 12 92D (F)R(B) Payr 1 (02 2R,)

2((0_(j))m’+26s2m/Kl(j) " I;{;l)/)((O'(j))m,Ha?m,H () I(J)

’+1)

(O_(j))2m’+2/ll(j)a?m’+1Kt(j)as2m’—1Kt(j)

m
+ 3" 015, 9| ABR®) Payria-2(92" 7))

I=1
2m’ ) ) _

o (Q(ﬁ)R(G))P4mf+3(r93’" R)+ Y 0u(, 9" N AG)R(O) Paprsa-2 (97" k)
=1

For the first term, we can apply (513) with

AU = (O-(j))m’+2as2m’Kt(1) 7

5D, B — (O-(j))m’+1(9s2m’+lkt(1) 1)

2m’+1°

(613), (614) and (E19) to obtain

2m’
t . ’ !’
E (2 ,)!2((0_(]))m +262m (]) + I(J) )((O_(]))m +182m +1 (J) + I(]),+1)

3 t2m

Z T (@R D 1) @G = 0 U < P (107 R ).
J=

Substituting it into the sum of (E231) and using (BIX), we have
2m’
(j ! 2m'+2 () a2m'+1 () 42m'~1  (j)
Z]m/ = Z{ m(a(”) R P P e VX
(6.32) + 12 921D (Q(F)R(B) Payr 1 (02 2R,)

ml
+ 3" 015, S ABIR(B) Payr1-21(92" &) |+ Py (102 )
=1

We here obtained critical terms with the coefficient 92" *!«; () , and thus we will change the terms to

a time derivative of lower order terms using (63) and also (6:3), (632) as

’

2m
t j ’ f 4 / ’_ / ’ ’
- —(le N (0-(]))2m +2/lt(J)aSZm +1Kt(J)as2m 1Kt(]) + t2m aSQm +1 (J) (Q(O')R(@)Pgm +1(a 2m’ 2K;))
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_t2m’ (IN2m'+1 1 (J) q 92m’=1,.(J) 92m’-1 (J)
— m + m'— m’—
- (Qm/ _ 1)[ (0- ! ) /lt alas Ky av Ky

+12 9,921 (Q(GVR(B) Py (92" 2R))) + 12 Q(G)R(B) P13 (92" Ry)

t2m, T ’ 7 ’_ ] m/ mr m
9 (-—2.(2 AP @ 2 5 (08I RB) o (57 %)))

+ 12" L Q(FYR(O) P41 (92" TH&) + 12" 01(5, ,AG) R(O) P41 (92" 7Ry)
+ 12" Q(F)R(O) Py 13(92™ &)

= 0, (" Q@) R(B)Pan1 (92" 'R ) + 12" Q@) R(O) Paprs1 (92" 'R
+12" 01(5, AT R(O) Payrs1 (07" ™'R,) + 1™ Q(F)R(O) Para3 (2™ &y),

which implies, estimating the non-differential terms as in (6232) and substituting it to (632),
ZJ(”, < 0, (12" Q@R Pa1 (27| + 12" 7 Pt (102" R + 12 P (1977 & ).
Since Young’s inequality implies

3
Po(18i&N) < > P« ),

j=1

the estimate (6222) can be applied to the non-differential terms as

3
D IS < 0 (2 Q@) R(B)Payr i (9771

3

1 1‘2 -1 : ’
E (N\2m'+2 f 92m’ ]) 2
. + — - 0
(6 33) ‘= 8 /rt(j) (2m’ - 1)! (@) ( s )+

’

o /)‘(O_(j))Zm’+3(aS2m’+1Kt(]))2 ds.
~ 3

+MZ( 2m 1” (])||q2m’ 1 +l2m “Kt(])”q2m )

J=1

for some positive constants M, d5,—1 and g, . The strategy for critical terms in the estimate of Jélj;l),
is not necessary to Jélfn),_l since the estimate (E223) can be applied to critical terms in the following
estimate of J;J ) _;- Indeed, as the calculation in (6231), applying (63), (613) and (618), we have

2m’-1
t . ’ ’ ’_ ; ;
i1 = 2w = D)1 ()" 202 i+ 1) ()™ o~ + 1), )

m’—1
#1271 ! (Q(G)R(@))sz @ 2k) + ) 0i(&, a;A&m(@)sz,_zz(af'"’-l-”m)
=1

2m’—1
+t2’”"1( O(F)R(®)Pay 1 (37" ') + Z 01,0, AG) R(©) Py 41218 1@)
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which implies, applying the formulas (613), (613) and (614) to the first term and the estimates
(6I8) and (E19) to P; and 9 ~2f\), respectively,

0 _ a4 (j)ym'+2 52m’ (J) D\ ) am' =1 £(j) _ am’=1 £(j-1)
ZJQm -17 23(21’11’—1)' ((0- ) as +I )Kt (6t f at f )

m'—1
21 ) (Q(a)R(@)PQm (@7 2R) + ), 01(F, OfAG)R() Payr—21 (97" %))

=1
. 2m’—1
42 (Q(5)R(®)P4m'+1(3s2m TR+ ) 0i(E 0 ADRO) P29 1K,>)
=1

3
< 202 kDN (P o (102" 2Rl + M) + 12" T P g (102" 7 Re)
j=1
for some positive constant M’. Applying (B223) to the critical terms with the coefficient 832’",/90 ) and
(B222) to the remained terms, we have
3 3

2m’—1 2m/
() 1 T (hem 2 a2m (N2, L ()n2m'+3 ¢ a2m’+1 _())\2
Z‘ng -1 = ;8/r;j> Q=T O k) s (TG )" ds
(6.34) 7 =

3
# 3 ) (3 e )

for some constants M, 4om'—1, ‘},Qm'—l > 0 and ro,-1 > —1.
We now substitute (6230), (633) and (6234) into the summation of (B229) with respect to j €
{1,2,3} and apply the exponential L2-decay of the curvatures as in Proposition 53 to obtain

3 2n
d Z " : ;
dt /rm Z m! (O-(J))erz(a;anU))Q ds
j:l t m=0 :

n 2n
< Z o, ( 2m Q(O')R(®)P4m +1(82m 1Kt) Lata) C_;g (Z M+ tcl7) e 14t
m’=1 m=0

for some constants €13,C14 > 0 and cy;7 > —1. Integrating it and applying (E22) again to the
polynomials Pyyr+1(82™ 71&;) Lat 5, we have by means of the L2-exponential decay of the curvatures
as in Proposition b3

3 2n 3

" . . . .
Z ‘/H 2: '(O'(J))m+2(8;,nKt(J))2 ds — § (‘)(O_éj))Z(K(()J))Z ds
_=1 rt] =0 m! _]'=1 1"0]

t2n .
3 P QIR P (27 oy 4 L2 / (Zf’”“””)e‘““ i
0

2

m’=1

3 5 g
< %Z/(.) Z (; m,)'(O_(j))2m/+2(33mfkt(j>)2 ds + 013/ (Zt +lc17)e c1af dt+c15 Z o’ -cigt
Jj=1 0 oy )

for some c15, c16 > 0, which implies (628). O




54 TAKASHI KAGAYA, MASASHI MIZUNO, AND KEISUKE TAKASAO

Remark 6.13. (i) The Rayleigh quotient in Section 5 cannot be applied to the negative terms in
(B29) because of the difference of the boundary conditions for the curvature and those derivatives.
Therefore, we cannot obtain exponential decay of the higher order derivatives of the curvatures
directly extending the method for the exponential L?-decay of the curvatures.

(ii) In Proposition B12, we assumed (A1l)-(A3) and the smallness of the initial datum. On the other

hand, under only the assumptions (A1) and (A3), the boundedness of SUD je(1,2,3}, re[to.T] ||/<t(j)||Hk for
each tg € (0,T) and k € N can be proved if the following properties hold for r < T and j € {1, 2, 3};

(a) ||/<t(])||L2 is bounded;

(b) LY (z) is positive;

(c) ®U+) — @) € (0,7) at the junction point @ or (EH) holds.
This kind of H*-boundedness was proved in [34] for the classical curvature flow applying energy type
estimates as in the proof of Proposition 612, and thus we refer to [34] for the detailed proof. We here
remark that some estimates of the misorientation parameters are needed in addition to the argument
n [34]. As we discussed in Remark ER, the boundedness of o(AY @) and §,AV @ can be obtained
only assuming (A1) and (A3). Therefore, according to the discussions in Remark BB and Remark
B9, the inequalities (610), (617) and (EI8) can be obtained assuming only (Al) and (A3). We
also remark that the estimate to control f as in (619) can be derived assuming (A1), (A3) and the
property (c) above. By means of these estimates, we can extend the argument as in [34] to obtain
the H2-boundedness of the curvatures in our problem without assuming (A2) and the smallness of
the initial datum.

While we already derived the higher order estimates of the curvatures, C* or the Holder estimates
of the angle function ®) defined by (21) are not obvious and are necessary to discuss the maximum
existence time via the existence theorem as in Proposition ZT4. Therefore, we give the following
corollary.

Corollary 6.14. Let ®Y) be the angle function, defined by (Z0) and satisfying the restriction on the
parametrization (229), for a smooth geometric flow governed by (I=3)—~(IZ4d). Then, under the assump-
tions in Proposition @13, for any B € (0,1/2), to > 0 and k € NU{0}, there exist c18, 19, 20,21 > 0
such that

3
: - 1.8

(6.35) D 10V (0) = O Nl s gy < 18177 for 1€ [0,1], Zu@(ﬂuck (0.1]x[10.00)) < €19

j=1
and
(6.36)
3 . . . - 3
Z ILD () =LD (0)|+|la W (1) -] < captT  for 1 € [0,1], Z LN e 00 I e .00y < €21
j=1 j=1

Proof. Let M and ¢ be positive constants independent of ®) and will be re-chosen as necessary
through this proof. Due to the restriction (29), we can see that

(6.37) s = st(j) (x) =LY (0)x for x € [0,1],

where s = s(] ) is the arc-length parameter of Ft(j ). Since the right hand side of (B228) is uniformly
bounded in ¢ and o) > o-(0) holds, we have

M
(6.38) 10612 < =, 10212 <

M
172’ t

for >0, je{l,23}
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Here, || - ||;2 means that the L?-norm on Ft(j ) with respect to the arc-length. Furthermore, by means
of Proposition bI3 and Proposition 610, we have
. . 3 . 3 N1 3
639 195k e < M2, + NPT 16N E, < Me e,
' : A A A 1
16 < MUk, + kN2 N2, < M5

for any t > 0 and j € {1, 2, 3}.
First we prove

3
(6.40) 109, 1) — ®(()j)||L°° < M (min{t, 1})% for > 0.
=

J
Re-write the first identity in (E4) to obtain

30 (x,1) = oD (s (x), 1) + xx? (s (x), DA Lt a
()

. . Sy
+ O'(j)Kt(])(s,(])(x), 1) {/
0

which implies, due to (69), (6z39) and the boundedness of ||K,(j )|| 12,

(6.41) 2 )
(Kt] (s, t))2 ds —x/rt(j)(/(t/ (s, t))2 ds¢,

o t . ~ ~
109 (., 1) - @(()J)”Lm < /0 10,0 (-, 1) || di

t 3

. | . . o

<M /0 10kt + 1 - > e+ I 17,
k=1

<M | Fi1+72+71)e ™ di < M(min{r,1})7.
By means of (641) and 3,0V = ¢ /LU) we can see that 6;16)’6"(9(1') can be represented by a

polynomial in the derivatives of the curvatures with respect to the arc-length and the time derivatives
of the misorientations/lengths for any n,m € N U {0} except n = m = 0 since we already derived the

formulation of ﬂf’ Mat 7 in (270). Notice that the second estimate in (6238) follows from (I4), (610)
and (BI7) since the derivatives of the curvatures are bounded away from ¢ = 0 as in Proposition
BEI2. Therefore, the second estimate in (E233) also can be obtained easily.

We thus next prove the first estimate in (6233). If ¢ < |x — y|? and ¢ < 1, we have by (640)

109 (x,1) -8 (x)) = (0 (5,1) — O (y))| < M1T < M1T~%|x = ylV.

It thus sufficient to consider the case |x — y|?> < ¢. Since the length L) is uniformly positive and
bounded, by means of the Sobolev inequality and (6231), we have

006D (s(x).1) = 306D (s(9). )] < MBI 12 + 1076 2)]5(x) = s(w)]2
< M3 12 + 190 2) e = )2
for any n € NU {0}. It can be applied to obtain, due to (EZ1),
16,09 (x,1) - 8,09 (y,1)]
< Dok (s(x), 1) = 8k (s(y), 1)
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+x =yl - 1k (5(x), DAY Lag al + 1927 Lag al - 1€ (s(x), 1) = 9 (s(y), 1)
)
(%)

. . st X . .
+ D1 (s(0),1) = 1 (s (@), 1) - /0 (") (5,1))" ds = x /F K (5,1)% ds

()
X . 5,77 (%) R .
+ g ()0 / (k" (5.1))" ds = (x = y) / (5,12 ds
N t

Dy

| | ,
< {10kl + 102112 x =yl

3
k j j j 1
+ (Z I ’||Lm) (et ke = g1+ Al Nl + 1105 1 2) ke = 912
k=1

+ (e 2 + 1012 125 1% = 912 + 16 1ol 120 + 16120 1x = o,
which implies, applying (638), (6239) and the boundedness of ||Kt(j )|| 12,

) . 3+2B
10,09 (x,1) = 8,0V (1, )] < M{(A+1 2+t D —yl2 + T+ 2+ Dx—y|} < M T |x — yl.

Here t < 1 and ¢ > |x — y|? have been used. Since # < 1, we thus obtain

. . . ! . A~ . ~ ~
10V (x,1) - 0 (x)) — (@Y (y,1) - Y ()] < / 10,09 (x, 1) — 8,09 (y,7)| df < Mt1~%|x — y|P.
0

Combining (620), we have the first estimate in (E233).

For the continuity of L) at ¢ = 0 as in (6238) can be obtained applying the boundedness of ||/, 2
and (E39) to (E10). The continuity of @'/ at ¢ = 0 also follows from the exponential decay of d,a'/)
as in (E14). O

We finally proceed to the proof of Theorem 2.

Proof of Theorem 2. Let
_mg3 _ min{eg, &5}

where m3, g4 and &5 are constants obtainz:d in Lemma E22|, Proposition BT3 and Proposition 612,
respectively. We first define the angle function G)(()j ) satisfying the restriction on the parametrization
(29) by (EI). Since we assume that F(()j ) is of class H? and satisfies (IR), by means of the Sobolev
inequality and 8x®éj) = L(J')(O)Kt(j), we then see that @éj) € C%([O, 1]) N H'(0,1) and the pair of (:)0
and @ satisfy the compatibility condition of order 0 for (E-12), namely,

3

Z o (AY ap) cos @éj)(l) = Z o (AY ) sin @éj)(l) =0.
Jj=1 Jj=1

w

Notice also that, since () is satisfied at ¢ = 0, the parametrization f(()j ) of Féj ) is of form
. X . . X . . .
(6.42) £ (x) = ( / LY cos O (%) dx, / LY sinel (%) di) +PY,
0 0

where L(()j ) is the length of F(()j ), and we also have

(/0 L(()]) cos @61)()6) dx,/o L(()J) sin @éj)(x) dx) + P
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! k k ! k k
= (/0 L(() )cosG)(() )(x) dx,/o L(() )sinG)(() )(x) dx | + PR

for any j,k € {1,2,3} since ujleréf) is a triod. Therefore, we can approximate (:)0 and Ly by
C:)(),s/ e (C*(]0,1]))? and Zo,g/, respectively, so that
(i) @é{g, — @éj) in CA([0,1]) and H'(0, 1), and Lé{g, — L(()j) as & — 0 for any j € {1, 2, 3}.
(ii) The pair of ©0. and & satisfies the compatibility condition of any order k € N for (ZI2).
(iii) ®g, and Lo, satisty, for any j, k € {1, 2, 3},

r . )
(/ L(’) cos (9(]) (x) dx, / L(()jg, sin @(()]; (x) dx) + PV
0 0 ’ ’

1
= (/ L(k) COS ®(k) (x) dx, / L(()I;), sin G)(()kg,(x) dx) +PH)
0 0 ’ ’

Note that, since we only need to adjust the approximation near the boundary to satisfy (ii), the
conditions (i), (ii) and (iii) are compatible even if the pair of ®y and @ satisfies the compatibility
condition of order 0 only. Constructing an approximated initial curve F(’ ) by the formula as in (622)

from G)(J ), and Lo ., we then see that the pair of {F }jeq1,2,3) and @g satisfies the assumptions in
Theorem [0 with any k > 3 and hence we obtain a smooth geometric ﬂow governed by ([=3)—(I=0)
starting from the approximated initial datum. Let {F[ o }16{1 2,3y and {a (t) }jef1,2,3) be the moving
triod and the set of misorientations of the smooth geometrlc flow, respectively. Since the length of
F(]), is L(J), and the curvature K(j), of F(J), is dg @m = @é{;,/Lo,g/, we may see that

3 3

. . . 2 . 2 .

ZO'(A(])O/())LBJ;, < o (0)yms, Z {(A(J)ozo) +/( 5 (O'(A(J)ao)) (K(()J;,)Q ds} < min{ey, &5}
Jj=1 J=1 FO{‘e'

is satisfied for small &’ > 0 by means of the convergence as in (i). Therefore, all estimates in Section

A-Section B can be applied to the smooth geometric flow starting from the approximated initial

datum to extend the maximum existence time. We summarize the estimates as follows.

(a) By means of Lemma BT and Lemma B2, the length Lg) of Fg) is uniformly positive and
bounded from above.
(b) By means of Lemma B9, the angle function 8(1,) of F(J), satisfy ®(’+1) G)(]) € (0,7) at the

junction point @, (t) of the moving triod {F },e{l 2,3y for any j € {1,2,3} and r > 0.
(c¢) The a priori estimates as in Corollary 614 holds

Therefore, we can apply Proposition Z14 to conclude that the flow exists globally in time.
Furthermore, applying the Arzela-Ascoli theorem, there exists a solution O c (C*([0, 1]%(0, 20)))3,
L € (C((0,0)))3, & € (C*((0,)))? to (ZI2) such that O, Ly, @ sub-converges to the solution in
(Cp. (10, 1] % (0, 00)))3 % (C Cp (0, 00)))3 % ( Cp ((0, 00)))3. Then, we can construct a smooth geometric
flow governed by (I3)—(IZ2) from the solution to (EI2) by the formulation as (6242), and we can
also see that each curve I' ,(j ) of the smooth geometric flow converges to the original initial curve
F(()j ) as t — 0 in the C'*8 topology, for any B € (0,1/2), due to the convergence property (i) and
the continuities as in (623H) and (E238). On the other hand, since the exponential L2-decay of the
derivatives of the curvatures can be obtained by a similar estimate for (E239) away from ¢ = 0, by
means of the uniqueness of the stationary solution as in Proposition B and the exponential decay
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of AWa, as t — oo, each curve Ft(j ) converges to a line segment of the unique Steiner triod in C®

topology and /) (1) converges to (cy(()l) + a((JQ) + a(()3)) /3 due to the preservation of Z?:l a(1). O

Remark 6.15. (i) According to Remark E13, the boundedness of

||®(j)||c)’;,t([0,1]><[to,T]) + ”L(j)”Cf([to,T]) + ||a(1)||c,’<([to,T])’

for each k € N,0 <ty < T, can be obtained if the properties (a)-(b) in Remark hold for t < T
and j € {1, 2,3}. Therefore, a smooth geometric flow can be constructed if the initial triod is of class
H?. Furthermore, if its maximum existence time 7" is finite, then either (a), (b) or (c) is lost at the
time T".

(ii) In the study [34] for the classical curvature flow, the regularity estimates of the parametrization

£W) are derived from the energy type estimates for not only the curvature but also a restricted tangent
92¢0)
[0x£0)[2°
tangent velocity and, additionally, some discussion to conclude that [8,&¢)| # 0 if L&) > 0, which is
not obvious for the re-parametrization in [34], is not necessary in our method.

Tt(j )). In our method, we does not require the energy type estimate of the

velocity /l,(j )= ¢

REFERENCES

[1] R. A. Adams and J. J. F. Fournier, “Sobolev spaces”, second ed., Pure and Applied Mathematics (Amsterdam),
vol. 140, Elsevier/Academic Press, Amsterdam, 2003.

[2] T. Aubin, “Some nonlinear problems in Riemannian geometry”, Springer Monographs in Mathematics, Springer-
Verlag, Berlin, 1998.

[3] P. Baldi, E. Haus, and C. Mantegazza, Networks self-similarly moving by curvature with two triple junctions, Atti
Accad. Naz. Lincei Rend. Lincei Mat. Appl. 28 (2017), 323-338.

[4] P. Baldi, E. Haus, and C. Mantegazza, Non-ezistence of theta-shaped self-similarly shrinking networks moving by
curvature, Comm. Partial Differential Equations 43 (2018), 403—-427.

[5] K. A. Brakke, “The motion of a surface by its mean curvature”, Mathematical Notes, vol. 20, Princeton University
Press, Princeton, N.J., 1978.

[6] L. Bronsard and F. Reitich, On three-phase boundary motion and the singular limit of a vector-valued Ginzburg-
Landau equation, Arch. Rational Mech. Anal. 124 (1993), 355-379.

[7] X. Chen and J.-S. Guo, Self-similar solutions of a 2-D multiple-phase curvature flow, Phys. D 229 (2007), 22-34.

[8] K.-S. Chou and X.-P. Zhu, “The curve shortening problem”, Chapman & Hall/CRC, Boca Raton, FL, 2001.

[9] A. Dall’Acqua, C.-C. Lin, and P. Pozzi, Elastic flow of networks: long-time ezistence result, Geom. Flows 4
(2019), 83-136.

[10] S. D. Eidelman and N. V. Zhitarashu, “Parabolic boundary value problems”, Operator Theory: Advances and
Applications, vol. 101, Birkh&user Verlag, Basel, 1998, Translated from the Russian original by Gennady Pasechnik
and Andrei Iacob.

[11] Y. Epshteyn, C. Liu, and M. Mizuno, Large time asymptotic behavior of grain boundaries motion with dynamic
lattice misorientations and with triple junctions drag, Commun. Math. Sci. 19 (2021), 1403-1428.

[12] Y. Epshteyn, C. Liu, and M. Mizuno, Motion of Grain Boundaries with Dynamic Lattice Misorientations and
with Triple Junctions Drag, STAM J. Math. Anal. 53 (2021), 3072-3097.

[13] Y. Epshteyn, C. Liu, and M. Mizuno, A stochastic model of grain boundary dynamics: A Fokker-Planck perspec-
tive, Math. Models Methods Appl. Sci. 32 (2022), 2189-2236.

[14] M. Gage and R. S. Hamilton, The heat equation shrinking convex plane curves, J. Differential Geom. 23 (1986),
69-96.

[15] H. Garcke, Y. Kohsaka, and D. Sevéovie, Nonlinear stability of stationary solutions for curvature flow with triple
junction, Hokkaido Math. J. 38 (2009), 721-769.

[16] D. Gilbarg and N. S. Trudinger, “Elliptic partial differential equations of second order”, Classics in Mathematics,
Springer-Verlag, Berlin, 2001, Reprint of the 1998 edition.

[17] M. GoBwein, J. Menzel, and A. Pluda, Ezistence and uniqueness of the motion by curvature of reqular networks,
Interfaces Free Bound. (2022), DOI 10.4171/IFB/477.



CURVATURE FLOW OF NETWORKS WITH MISORIENTATIONS 59

[18] M. A. Grayson, The heat equation shrinks embedded plane curves to round points, J. Differential Geom. 26 (1987),
285-314.

[19] C. Herring, Surface tension as a motivation for sintering, Fundamental Contributions to the Continuum Theory
of Evolving Phase Interfaces in Solids, Springer, 1999, 33-69.

[20] G. Huisken, Asymptotic behavior for singularities of the mean curvature flow, J. Differential Geom. 31 (1990),
285-299.

[21] R. Ikota and E. Yanagida, A stability criterion for stationary curves to the curvature-driven motion with a triple
junction, Differential Integral Equations 16 (2003), 707-726.

[22] T. Ilmanen, A. Neves, and F. Schulze, On short time existence for the planar network flow, J. Differential Geom.
111 (2019), 39-89.

[23] L. Kim and Y. Tonegawa, On the mean curvature flow of grain boundaries, Ann. Inst. Fourier (Grenoble) 67
(2017), 43-142.

[24] L. Kim and Y. Tonegawa, Existence and regularity theorems of one-dimensional Brakke flows, Interfaces Free
Bound. 22 (2020), 505-550.

[25] D. Kinderlehrer and C. Liu, Fvolution of grain boundaries, Math. Models Methods Appl. Sci. 11 (2001), 713-729.

[26] O. A. Ladyzenskaja, V. A. Solonnikov, and N. N. Ural’ceva, “Linear and quasilinear equations of parabolic
type”, Translated from the Russian by S. Smith. Translations of Mathematical Monographs, Vol. 23, American
Mathematical Society, Providence, R.I., 1967.

[27] T. Laux and F. Otto, Convergence of the thresholding scheme for multi-phase mean-curvature flow, Calc. Var.
Partial Differential Equations 55 (2016), Art. 129, 74.

[28] T. Laux and F. Otto, Brakke’s inequality for the thresholding scheme, Calc. Var. Partial Differential Equations
59 (2020), Paper No. 39, 26.

[29] T. Laux and T. M. Simon, Convergence of the Allen-Cahn equation to multiphase mean curvature flow, Comm.
Pure Appl. Math. 71 (2018), 1597-1647.

[30] J. Lira, R. Mazzeo, A. Pluda, and M. Saez, Short-time existsnce for the network flow, arXiv:2101.04302.

[31] A.Lunardi, E. Sinestrari, and W. von Wahl, A semigroup approach to the time dependent parabolic initial-boundary
value problem, Differential Integral Equations 5 (1992), 1275-1306.

[32] A. Magni, C. Mantegazza, and M. Novaga, Motion by curvature of planar networks, II, Ann. Sc. Norm. Super.
Pisa Cl. Sci. (5) 15 (2016), 117-144.

[33] C. Mantegazza, M. Novaga, and A. Pluda, Type-0 singularities in the network flow—evolution of trees, J. Reine
Angew. Math. 792 (2022), 189-221.

[34] C. Mantegazza, M. Novaga, and V. M. Tortorelli, Motion by curvature of planar networks, Ann. Sc. Norm. Super.
Pisa Cl. Sci. (5) 3 (2004), 235-324.

[35] M. Mizuno and K. Takasao, A curve shortening equation with time-dependent mobility related to grain boundary
motions, Interfaces Free Bound. 23 (2021), 169-190.

[36] W. W. Mullins, Two-dimensional motion of idealized grain boundaries, Journal of Applied Physics 27 (1956),
900-904.

[37] W. W. Mullins, Theory of thermal grooving, Journal of Applied Physics 28 (1957), 333-339.

[38] A. Pluda and M. Pozzetta, Lojasiewicz-Simon inequalities for minimal networks: stability and convergence,
arXiv:2204.08921.

(Takashi Kagaya) GRADUATE SCHOOL OF ENGINEERING, MURORAN INSTITUTE OF THECHNOLOGY, 27-1 MIZUMOTO-
CHO, MURORAN-SHI, HOKKAIDO 050-8585, JAPAN
Email address: kagaya®mmm.muroran-it.ac. jp

(Masashi Mizuno) DEPARTMENT OF MATHEMATICS, COLLEGE OF SCIENCE AND TECHNOLOGY, NIHON UNIVER-
SITY, 1-8-14 KANDA-SURUGADAI, CHIYODA-KU, Tokyo 101-8308, JAPAN
Email address: mizuno.masashi@nihon-u.ac. jp

(Keisuke Takasao) DEPARTMENT OF MATHEMATICS, KYOTO UNIVERSITY, KITASHIRAKAWA-OTWAKECHO SAKYO,
Kyoro 606-8502, JAPAN
Email address: k.takasao@math.kyoto-u.ac.jp



	1. Introduction
	Acknowledgment
	2. Local existence theory in a smooth setting
	2.1. Parametrization of t(j) and re-formulation of the problem
	2.2. Linearized system
	2.3. Short-time existence

	3. Equilibrium
	4. Geometric properties and exponential decay of misorientations
	5. Exponential L2-decay of the curvatures
	5.1. Rayleigh quotient
	5.2. Proof of the exponential L2-decay of the curvatures

	6. Higher order decay of the curvatures
	References

