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Abstract. We analyse the hydrodynamical behavior of the long jumps symmetric exclu-
sion process in the presence of a slow barrier. The jump rates are given by a symmetric
transition probability p(·) with infinite variance. When jumps occur from Z∗– to N the rates
are slowed down by a factor αn–β (with α > 0 and β ≥ 0). We obtain several partial differ-
ential equations given in terms of the regional fractional Laplacian on R∗ and with different
boundary conditions. Surprisingly, in opposition to the diffusive regime, we get different
regimes depending on whether α = 1 (all bonds with the same rate) or α ̸= 1.

1. Introduction

In the field of Statistical Mechanics, it is common to derive the macroscopic properties
of some fluids from the microscopic interactions of its molecules. This procedure is usually
done by using interacting particle systems (IPS), which were introduced in the mathematics
community in [18], and when modelling the particles’ movement under these systems, the
evolution of each particle is assumed to be stochastic. Typically, in many problems, there
is a very large number of particles, placed at certain sites of a lattice, that evolve according
to some stochastic rule and whose dynamics conserves one or more quantities; and the goal,
consists of studying the temporal evolution of the conserved quantities of the system. One
of the most classical IPS is the exclusion process, where particles obey an exclusion rule that
allows at most one particle per site. A particularly interesting macroscopic characterization
of the exclusion process is its hydrodynamic limit, where one derives one or several PDEs
that describe the space/time evolution of a physical quantity (for instance, the density of
particles).

The hydrodynamic limit of the symmetric exclusion process has been studied in a variety
of settings. In [17], it was considered the case where particles evolve on a periodic lattice and
perform nearest-neighbor jumps; in [8, 9], the evolution is as in the previous case, but the
jump rate at the bond {–1,0} is slowed down with respect to the jump rate in all the other
bonds of the periodic lattice; and in [15], the case where particles evolve on Z and perform
long jumps according to the transition probability given by

p(z) = 1z ̸=0cγ |z|–γ–1 (1.1)
with γ < 2, i.e. with infinite variance. Above cγ is a normalizing constant. Moreover, the

case of exclusion processes with long jumps given by the transition probability given in (1.1)
but in contact with stochastic reservoirs has also been extensively studied in [4, 3, 2, 10].
Recently, in [6], it was studied the case of the exclusion process evolving on Z and with long
jumps given by the transition probability described in (1.1) with γ > 2, so that it has finite
variance. In all the previous models when the transition probability has finite variance, the
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hydrodynamic limit can be derived by speeding up the process in the diffusive time scale tn2

and the hydrodynamic limit is described by the heat equation, given in terms of the usual
Laplacian, which is a local operator. However, when the transition probability has an infinite
variance, i.e. when γ < 2, the hydrodynamic limit has a different behavior, as is seen in [15], [3]
and [2]. In all the aforementioned articles, the hydrodynamic limit was obtained by speeding
up the process in the super-diffusive time scale tnγ , and the hydrodynamic equation is given
in terms of the fractional Laplacian or the regional fractional Laplacian but on a bounded
domain.

In this article, we are mainly inspired by putting together the two works [15] and [9]; and
our goal is tro try to understand how microscopic deffects propagate to the macroscopic level.
To that end, our model is also an exclusion process where particles move on a infinite lattice
as in [15], but we introduce slow bonds connecting negative to positive sites, with a crossing
rate given by α

2nβ p(·), where α > 0 and β ≥ 0, see Figure 1. The presence of these slow bonds
will hinder the transport of mass between (–∞,0) and [0,∞) and this will have an impact at
the macroscopic level as we will see below.
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Figure 1. Dynamics of the long-jumps symmetric exclusion with slow bonds.

In the companion article [6], we analysed the case where p(·) has an finite variance, and
by speeding up the process in the diffusive time scale, we derived the heat equation with
different boundary conditions depending on the regime of β . More precisely, when β > 1 we
obtained Neumann boundary conditions; when β = 1 we obtained Robin boundary conditions
and when β < 1 we do not see any boundary effect at the macroscopic level. All there results
are indepent of the value of α, appart the Robin case, where α regulates the intensity of the
flux at the barrier. These results are in accordance with what was previously obtained in
[8, 9] for the nearest-neighbor case.

In this article we analyse the case where p(·) has an infinite variance. Since the jump rate
from negative sites to positive sites in the lattice is slowed down with respect to all the other
rates, by speeding up the process in the super-diffusive time scale tnγ we get an hydrodynamic
equation given in terms of the (regional) fractional Laplacian, as described in (2.5) and (2.7),
which is a nonlocal operator and is not as classical in the PDE literature as the usual Laplacian
operator. Up to our knowledge, this is the first derivation of a PDE involving the regional
fractional Laplacian defined on an unbounded domain, as the hydrodynamic limit of an IPS.
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Our method of proof is the entropy method introduced by [14]. It consists of using entropy
bounds between the initial state of the system and a reference measure which is the stationary
measure, in order to show that the sequence of empirical measures associated to the density is
tight; and characterize uniquely the limiting point. This characterization consists in showing
that this limit point is a Dirac measure on the trajectory of absolutely continuous measures
with respect to the Lebesgue measure, whose density is a weak solution to the hydrodynamic
equation. If the uniqueness of the weak solution is proved, then the convergence of the whole
sequence to its limiting point follows.

We observe that since the slowed jump rates are given by α
2nβ p(·), we obtain Neumann

boundary conditions or Robin boundary conditions, depending on the value of β and γ. More
precisely, if (α,β ) = (1,0) we trivially recover the setting of [15], where the fractional heat
equation without boundary conditions was derived; and the same behavior is obtained if we
have ”few” slow bonds, since their macroscopic effect is negligible in the limit. This is a
sort of a geometric condition which is stated more precisely in (2.1). On the other hand,
the majority of the difficulties in our work is related to the more interesting case where all
the bonds that connect Z∗– to N are slow, creating thus a slow barrier from negative sites to
positive sites in the lattice. In this setting, we obtain hydrodynamic equations which have
similarities to those obtained in [2]. The hydrodynamic equations are written in terms of the
regional fractional Laplacian restricted to R∗ and the boundary conditions are given in terms
of fractional derivatives as stated in [13] and [12]. We highlight that the appearance of the
regional fractional Laplacian is not only restricted to the slow case, but also when β = 0 but
α ̸= 1, where we already find a superposition of the fractional Laplacian and of the regional
fractional Laplacian, which is rather surprising. In this regime, the rates from negative to
positive sites differ with respect to all other rates only by a constant, i.e. there is no difference
with respect to the size of the system given by n. Even so, the impact of this change at the
macroscopic level is to really change the nature of the PDE from the fractional heat equation
(i.e. when β = 0 and α = 1) to a PDE given by a mixture of the fractional Laplacian and the
regional fractional Laplacian on R∗.

Let us now discuss the slow case, i.e. β > 0. If γ ∈ (0,1] or γ ∈ (1,2) and β > γ – 1, we get
fractional Neumann boundary conditions; while if γ ∈ (1,2) and β = γ – 1, we get fractional
Robin boundary conditions. Finally, if γ ∈ (1,2) and β ∈ (0,γ – 1), we have a hydrodynamic
equation also written in terms of the regional fractional Laplacian. In all the cases, but the
last, we were able to prove the uniqueness of our weak solutions, which, as we mentioned
above, is a crucial ingredient to prove our results. In the last case, unfortunately, we were
not able to prove the uniqueness of weak solutions. This equation has similarities to the one
obtained in [6] for β ∈ (0,1), but now we do not have a version of Proposition B.3 in [6] for
the fractional Sobolev space i.e., we do not know if a continuous function f : R→ R whose
restrictions to (–∞,0) and (0,∞) belong to the fractional Sobolev space on (–∞,0) and (0,∞)
respectively, is such that f belongs to the fractional Sobolev on R. Therefore, we were not able
to apply Oleinik’s trick to prove such uniqueness result. Nevertheless, with our arguments,
we not only prove the existence of weak solutions to that equation, but we also characterize
them in a very reasonable way, by showing that despite the equation being given in terms
of the regional fractional Laplacian on R∗, the solution is continuous at the origin and has
some other properties, as described in Remark 2.8. The summary with the hydrodynamic
equations that we obtain for every regime of α and β are listed in Figure 2.
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Now we discuss the main difficulties in the development of our proofs. In the microscopic
setting, at the critical case γ ∈ (1,2) and β = γ – 1, a technical replacement lemma is needed
in order to obtain fractional Robin boundary conditions. In order to prove the required two-
blocks estimate, we make use of a moving particle lemma, reminiscent of the work developed
in [2], but the arguments involved are quite technical due to the presence of slow bonds.
Regarding the macroscopic setting, our main difficulty is to deal with PDEs given in terms of
a regional fractional Laplacian defined on unbounded domains. This operator is not discussed
in the literature as the regional fractional Laplacian defined on bounded domains (as was
obtained in [2]). Therefore, we did not find results regarding the uniqueness of weak solutions
of any of the PDEs that we obtain, and we had to derive them by ourselves. Moreover, we
did not find results ensuring that the regional fractional Laplacian defined on the semi-line
is well-defined on our set of test functions, nor that we can apply the integration by parts
formula as stated in [13] (which deals with the regional fractional Laplacian on bounded
intervals). Again, we had to derive these proofs to fit our setting. Finally, since we cover
all the range of the parameters, the passage from the microscopic to the macroscopic level
uses several results which need very precise estimates that had to be carefully done as, for
example, Proposition A.6. All this program that we developed works by choosing the spaces
of test functions in a non-trivial way; in one hand, they need to be small enough in order
to obtain the convergence results stated in Appendix A; on the other hand, they have to be
large enough to obtain the uniqueness of weak solutions as given in our definitions.

Finally, the critical case γ = 2 (for which the transition probability has an infinite variance)
is not considered in this article, because, when speeding up the process in the n2

log(n) time scale,
at the macroscopic level, we obtain the usual heat equation instead of a fractional diffusion
equation. This is similar to what has been done in [10] and we leave this for a future work.

Here follows an outline of this article. In Section 2.1 we introduce our models, we define all
the notions of weak solutions that we derive and we state our main result, the hydrodynamic
limit. In Section 3 we prove tightness of the sequence of empirical measures. In Section 4
we characterize the limiting point by showing that it is concentrated on a Dirac measure of a
trajectory of measures which are absolutely continuous with respect to the Lebesgue measure,
whose density is a weak solution of the corresponding hydrodynamic equation. In Section
5 we show some properties of the weak solutions, and Section 6 is devoted to the proof of
several estimates which are needed from the microscopic system in order to characterize the
solutions. We complement the article with two appendices: Appendix A is concerned with
all the convergences from the discrete system to the macroscopic quantities, and Appendix
B is devoted to exploration of tools from analysis to deal with fractional Sobolev spaces and
the fractional operators that we deal with, and also with the proof of uniqueness of our weak
solutions.

2. The model and hydrodynamics

2.1. Long-range exclusion with slow bonds in Z. Before describing our model we de-
scribe some sets that are used along the article as Z := {. . . ,–1,0,1, . . .}, Z∗– := {–1,–2, . . .},
N := {0,1,2, . . . ,}, R∗– := (–∞,0), R∗+ := (0,∞) , R+ := [0,∞) and R∗ = R∗–∪R∗+ = R\{0}. Now
we describe the dynamics of our model. All the exchanges of particles occur at all bonds
{x,y ∈ Z : x ̸= y} and we make the identification of {x,y} and {y,x}. We denote the set of all
bonds by B and the elements of the lattice are called sites and are denoted by Latin letters
such as x,y,z.
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The exclusion process has state space given by Ω := {0,1}Z and the elements of Ω are
configurations and we denote them by Greek letters such as η ,ξ . Given a configuration η
and a site x, we denote the number of particles at x by η(x). Given a bond {x,y}, a particle
can only move between x and y if η(x) ̸= η(y) and in this case, η(x) and η(y) exchange their
values and produce a new configuration ηx,y ∈Ω given by:

ηx,y(z) = η(y)1z=x + η(x)1z=y + η(z)1z ̸=x,y.
The exchange between the sites x and y occurs with probability p(x–y), where p : Z→R is

given by (1.1). Observe that the variance of p(·) is infinite since γ < 2. The sum ∑z∈N zp(z)
is infinite for γ ∈ (0,1], but finite for γ ∈ (1,2) and in this case we denote it by m.

Now we denote
S0 :=

{
{x,y} ∈B : x < 0,y≥ 0

}
and consider S⊂S0; furthermore, the complement of Swith respect to B will be denoted by
F. In this work, S (resp. F) is the set of slow (resp. fast) bonds. Let n be a positive integer
and fix the parameters α > 0 and β ≥ 0. Given a configuration η , the rate of the transition
at the bond {x,y} is denoted by ξ n

x,y(η) and it is given by

ξ n
x,y(η) =

{
αn–β [η(x)(1– η(y))+ η(y)(1– η(x))],{x,y} ∈S,
[η(x)(1– η(y))+ η(y)(1– η(x))],{x,y} ∈F.

We observe that the reason for which we called above the bonds of S slow bonds is due to the
fact that β ≥ 0. In the particular case (α,β ) = (1,0) all the bonds produce the same rate and
we say by convention that S= ∅.

A function f : Ω→ R is said to be local if there exists a finite set Λ ⊂ Z such that f is
determined by the value of η(x) for x ∈ Λ. The infinitesimal generator Ln of our process is
defined on local functions f : Ω→ R by

Lnf(η) :=1
2 ∑

{x,y}∈B
p(x–y)ξ n

x,y(η)[f(ηx,y) – f(η)].

Let a ∈ (0,1). The Bernoulli product measure in Ω is denoted by νa and has marginals given
by νa{η ∈Ω : η(x) = 1} = a, for every x∈Z. Under this measure, the random variables {η(x) :
x∈Z} are independent and identically distributed with Bernoulli distribution of parameter a.
A simple computation, based on the symmetry of p(·), shows that the measure νa is reversible
with respect to Ln.

We will say that we have a thick barrier if S= S0. On the other hand, we will say that we
have a thin barrier blocking the movement of particles between Z∗– and N if

∃δ ∈ [0,1]∩ (γ –1,∞) : ∑
{x,y}∈S

|y –x|δ p(y–x) < ∞. (2.1)

Observe that of α = 1 and β = 0, we have S0 = /0, therefore (2.1) is trivially satisfied. An
example of a model with a thin barrier can be obtained by taking S := {(x,0) : x ∈ Z} and
δ = 1 for γ ∈ (1,2); δ = 1/2 for γ = 1; δ = 0 for γ ∈ (0,1). The motivation for stating (2.1) is
to give a concrete example of an infinite set of slow bonds that does not have any macroscopic
effect, and this is reminiscent of the condition σ2

S < σ2 in [6]. Nevertheless, we acknowledge
that there is a wide variety of barriers which are nor thin, nor thick (e.g., choose S= S0 –S1,
where S1 is a finite subset of S0). Most of the results stated here are concerned with the most
interesting case S= S0, which is analogous to the condition σ2

S = σ2 in [6].
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From here on, we fix a finite time horizon T > 0. Moreover, we denote ηn
t (x) := ηtnγ (x),

so that ηn
t has infinitesimal generator nγLn. Let D([0,T],Ω) be the Skorohod space, i.e., the

space of càdlàg trajectories (right-continuous and with left limits everywhere) f : [0,T]→ Ω
endowed with the Skorohod topology, see [5].

Let M+(R) be the space of non-negative Radon measures on R equipped with the weak
topology. For η ∈Ω, the empirical measure associated to the density is denoted by πn(η ,du)
and it is defined by

πn(η ,du) := 1
n ∑

x
η(x)δ x

n

(
du

)
∈M+(R).

Above δb is a Dirac measure on b ∈R. For G : R→R, ⟨πn,G⟩ denotes the integral of G with
respect to πn(η ,du).

Let g : R→ [0,1] be a measurable function. We say that a sequence (µn)n≥1 of probability
measures on Ω is associated to the profile g if for every function G ∈ C0

c(R) and for every
δ > 0, it holds

lim
n→∞

µn

(
η ∈Ω :

∣∣∣⟨πn,G⟩–
∫
R

G(u)g(u)du
∣∣∣ > δ

)
= 0.

Above C0
c(R) denotes the space of continuous functions with compact support. For every

n≥ 1, Pµn is the probability measure on D([0,T],Ω) induced by the Markov process {ηn
t ; t≥ 0}

and by the initial configuration ηn
0 with distribution µn and Eµn is the expectation with respect

to Pµn . Let πn
t (η ,dq) := πn(ηn

t ,dq). Let D([0,T],M+(R)) be the space of càdlàg trajectories
f : [0,T]→M+(R) with the Skorohod topology. In particular, (πn

t )0≤t≤T ∈ D([0,T],M+(R)).
Finally, we define (Qn)n≥1 as the sequence of probability measures on D([0,T],M+(R)) in-
duced by the Markov process (πn

t )0≤t≤T and by the initial configuration ηn
0 with distribution

µn.
When we have a thick barrier (i.e. S=S0) separating Z∗– and N, at the microscopic level we

expect to have boundary conditions that mimic a macroscopic blockage of mass between R∗–
and R+. Because of this, in some cases it will be convenient to deal with functions which may
be discontinuous at the origin but have smooth restrictions in R– and R+. Before defining
the space of test functions, we present the notation for functions depending only on the space
variable. For the remainder of this work, I ⊂ R will always denote an open interval I. For
r ∈ N, we denote by Cr (I) the set of functions defined on I that are r times differentiable.
Moreover, C∞(I) :=∩∞

r=1Cr(I). We also consider the set Cr
c(I) of functions G∈Cr (I) such that

G has a compact support K⊂ I, that may include 0 when I = R. Finally, we denote by Cr
c0(R)

the subset of Cr
c(R) of functions with a compact support which does not include the origin;

more exactly, if G ∈Cr
c0(R), there exist 0 < b̄ < b such that G(u) = 0 if |u|≤ b̄ or |u|≥ b. We

say that G ∈C∞
c (R∗) if there exist G–,G+ ∈C∞

c (R) such that G(u) = G–(u)1u<0 +G+(u)1u≥0.

2.2. Fractional Sobolev spaces and Fractional operators. Regardless of the measure
space X, we denote the Lebesgue measure in X by µ so that L2(X) := L2(X,dµ) is the space
of functions f : X→ R such that

∫
X |f|2dµ < ∞ and its norm is denoted by ∥ · ∥2,X. Also,

L∞(X) := L∞(X,dµ) is the space of functions f : X→R with finite essential supremum and its
norm is denoted by ∥ · ∥∞.
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Following Section 2 of [7], we define the fractional Sobolev spaces where our solutions
belong to. The Sobolev space H

γ
2 (I) is the set of functions f ∈ L2(I) such that
x
I2

|f(u) – f(v)|2
|u –v|γ+1 dudv < ∞.

With an abuse of notation, we will say that f ∈H
γ
2
(
R∗

)
if f– := f|R∗– ∈H

γ
2
(
R∗–

)
and f+ :=

f|R∗+ ∈H
γ
2
(
R∗+

)
. Now we recall Theorem 8.2 of [7]. Given an (open or closed) interval J⊂R

and d1 ∈ (0,1), we say that f : J→ R belongs to Cd1(J) if there exists a constant C1 > 0 such
that |f(u)– f(v)|≤ C1|u –v|d1 , for every u,v ∈ J.

Proposition 2.1. Let γ ∈ (1,2) and f ∈ H
γ
2 (I). Then there exists (exactly) one function

f̃ ∈ C
γ–1
2 (Ī ) such that f = f̃ almost everywhere in I. Above, Ī denotes the closure of I.

From last proposition and for γ ∈ (1,2), we know that for f ∈H
γ
2 (I), the functions f– and

f+ have continuous representatives f̃– and f̃+ in (–∞,0] and [0,∞), respectively. If there exists
a ∈ R such that g := f–a ∈H

γ
2
(
R∗

)
, we denote

f(0+) := lim
ε→0+

1
ε

∫ ε

0
f(u)du = a+ lim

ε→0+

1
ε

∫ ε

0
g̃+(u)du = a+ g̃+(0);

f(0–) := lim
ε→0+

1
ε

∫ 0

–ε
f(u)du = a+ lim

ε→0+

1
ε

∫ 0

–ε
g̃–(u)du = a+ g̃–(0).

Above, g̃– and g̃+ are the continuous representatives of g– := g|R∗– and g+ := g|R∗+ in (–∞,0]
and [0,∞), respectively.

Remark 2.2. Observe that H
γ
2 (R)⊂H

γ
2
(
R∗

)
since f|R∗– ∈H

γ
2
(
R∗–

)
and f|R∗+ ∈H

γ
2
(
R∗+

)
for

every f ∈H
γ
2 (R).

We note that when f∈H
γ
2 (R), since it has a unique representative which is continuous, then

f̃ coincides with f̃– and f̃+ on (–∞,0] and [0,∞), respectively, and f(0+) = f+(0) = f(0) = f–(0) =
f(0–). But, when f ∈H

γ
2
(
R∗

)
, we do not have a global representative in R, and therefore it is

not guaranteed that f(0+) = f(0–).

2.2.1. Introducing the time dependence. Similarly to Definition 23.1 of [19], we say that ρ :
[0,T]→ L2(I) belongs to L2(0,T;H

γ
2 (I)

)
if

∥ρ∥2
L2
(

0,T;H
γ
2 (I)

) :=
∫ T

0
∥ρ(t, ·)∥2

H
γ
2
(
I
)dt < ∞.

As above, given ρ ∈ L2(0,T;H
γ
2 (I)

)
, we say that ρ̃ is the continuous (regarding the space

variable) representative of ρ if ρ̃(t, ·) ∈ H
γ
2 (I) and ρ̃(t, ·) ∈ C0(Ī) for a.e. t ∈ [0,T]. This

means that ρ = ρ̃ almost everywhere on [0,T]× I. Moreover, ρ̃ is unique apart of a set of
measure zero in [0,T]× I.

We say that ρ ∈ L2
(

0,T;H
γ
2
(
R∗

))
if ρ(t, ·) ∈H

γ
2 (R∗) for a.e. t ∈ [0,T] and we note that

from Remark 2.2, it holds L2
(

0,T;H
γ
2
(
R
))
⊂ L2

(
0,T;H

γ
2
(
R∗

))
.
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As above, with an abuse of notation, given ρ[0,T]×R, we say that ρ ∈L2
(

0,T;H
γ
2
(
R∗

))
if

ρ– := ρ|[0,T]×R∗– ∈ L2
(

0,T;H
γ
2
(
R∗–

))
and ρ+ := ρ|[0,T]×R∗+ ∈ L2

(
0,T;H

γ
2
(
R∗+

))
. In particular,

L2
(

0,T;H
γ
2
(
R
))
⊂ L2

(
0,T;H

γ
2
(
R∗

))
.

Now we define our space of test functions. As in [19], given a normed vector space (N,∥·∥N),
we say that P([0,T],N) is the space of all polynomials G : [0,T]→ N, i.e., there exists k ∈ N
such that G(t) = a0 + a1t + . . .+ aktk, with aj ∈ N, for every j = 0,1, . . . ,k and every t ∈
[0,T]. We say G ∈ P

(
[0,T],C∞

c (R∗)
)

if there exists k ∈ N such that G(t) = a0 + a1t + . . .+
aktk, with aj ∈ C∞

c (R∗), for every j = 0,1, . . . ,k and every t ∈ [0,T]. Note that for every G ∈
P
(
[0,T],C∞

c (R∗)
)
, there exist G–,G+ ∈P

(
[0,T],C∞

c (R)
)

such that G(t,u) = 1u∈(–∞,0)G–(t,u)+
1u∈[0,∞)G+(t,u). It is simple to check that P

(
[0,T],C∞

c (R)
)
⊂ P

(
[0,T],C∞

c (R∗)
)
. Moreover,

given G ∈ P
(
[0,T],C∞

c (R∗)
)
, there exists b > 0 : G(s,u) = 0 when |u| ≥ b, for every s ∈ [0,T].

We denote
bG := min

{
b ∈ N : G(s,u) = 0 for (s,u) ∈ [0,T]×

(
(–∞,–b]∪ [b,∞)

)}
. (2.2)

Moreover, if G ∈ P
(
[0,T],C∞

c0(R)
)
, there exists b̄ > 0 : G(s,u) = 0 when |u| ≤ b̄, for every

s ∈ [0,T]. We denote
b̄G = sup

{
b ∈ [0,bG] : G(s,u) = 0 for (s,u) ∈ [0,T]× [–b,b]

}
. (2.3)

Finally we will introduce some fractional operators that will be relevant in the statement of
the hydrodynamic equations. We begin with the fractional Laplacian.

2.2.2. Fractional Laplacian. Let G : R→ R. For every ε > 0 and u ∈ R, we define

[–(–∆)
γ
2 G]ε(u) := cγ

∫ ∞

–∞
1{|u–v|≥ε}

G(v)–G(u)
|u–v|γ+1 dv. (2.4)

The fractional Laplacian –(–∆)
γ
2 of exponent γ

2 is defined on the set of functions G : R→ R
such that ∫

R

|G(u)|(
1+ |u|

)γ+1 du < ∞

by
[–(–∆)

γ
2 G](u) := lim

ε→0+
[–(–∆)

γ
2 G]ε(u),∀u ∈ R, (2.5)

provided that the limit exists. From Proposition B.1 we know that the fractional Laplacian is
well-defined for functions G ∈C2

c(R). Now we will introduce the regional fractional Laplacian
defined on open intervals of the real line.

2.2.3. Regional fractional Laplacian. Let I be an open interval of R and let G : R→ R. For
every ε > 0, we define [–(–∆)

γ
2
I G]ε : I→ R, on u ∈ I, by

[–(–∆)
γ
2
I G]ε(u) := cγ

∫
I
1{|u–v|≥ε}

G(v)–G(u)
|u–v|γ+1 dv. (2.6)

The regional fractional Laplacian [–(–∆)
γ
2
I G] : I→ R of exponent γ

2 is defined on the set of
functions G : R→ R such that ∫

I

|G(u)|(
1+ |u|

)γ+1 du < ∞,
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and on u ∈ I, by

[–(–∆)
γ
2
I G](u) = lim

ε→0+
[–(–∆)

γ
2
I G]ε(u) (2.7)

provided the limit exists. We will be interested when I = R∗– or I = R∗+. In these cases,
from Proposition B.2 we know that the regional fractional Laplacian on I is well-defined
on functions G ∈ C2

c(R∗) when γ ∈ (1,2) and it is well-defined on functions G ∈ C2
c0(R) when

γ ∈ (0,1]. We observe that [–(–∆)
γ
2
I G] does not depend on the values of G in R–I and for I =R,

the definitions of [–(–∆)
γ
2
I G]ε and [–(–∆)

γ
2
I G] coincide with the definitions of [–(–∆)

γ
2 G]ε and

[–(–∆)
γ
2 G], respectively. If G is such that [–(–∆)

γ
2
R∗–

G] and [–(–∆)
γ
2
R∗+

G] are well-defined, with

an abuse of notation, we define the regional fractional Laplacian on R∗ as [–(–∆)
γ
2
R∗G] : R→R

by

[–(–∆)
γ
2
R∗G](x) = 1x>0[–(–∆)

γ
2
R∗+

G](x)+1x<0[–(–∆)
γ
2
R∗–

G](x) (2.8)

Inspired from [12], we define the fractional derivatives

Dγ f(0+) := – lim
u→0+

f′(u)u2–γ and Dγ f(0–) := – lim
u→0–

f′(–u)u2–γ ,

when the limits exist. We observe that Dγ f(0+) = Dγ f(0–) = 0 when f ∈ C1
c(R∗).

2.3. Hydrodynamic equations. Now we define the notions of weak solution of the hydro-
dynamic equations that we obtain.

Definition 2.3. Let g : R→ [0,1] be a measurable function. We say that ρ : [0,T]×R→ [0,1]
is a weak solution of the fractional diffusion equation in R with initial condition g{

∂tρ(t,u) =
[
– (–∆)

γ
2 ρ

]
(t,u), (t,u) ∈ (0,T]×R,

ρ(0,u) = g(u),u ∈ R
(2.9)

if the following two conditions hold:
(1) for every t∈ [0,T] and for every G∈SDif := P

(
[0,T],C∞

c (R)
)
, it holds FFrDif(t,ρ,G,g) =

0, where

FFrDif(t,ρ,G,g) :=
∫
R

ρ(t,u)G(t,u)du–
∫
R
g(u)G(0,u)du–

∫ t

0

∫
R

ρ(s,u)
[
[–(–∆)

γ
2 ]+ ∂s

]
G(s,u)duds;

(2) there exists a ∈ (0,1) such that ρ̄ ∈ L2
(

0,T;H
γ
2 (R)

)
, where ρ̄ := ρ –a.

Definition 2.4. Let κ ≥ 0 and g : R→ [0,1] a measurable function. We say that ρ : [0,T]×
R→ [0,1] is a weak solution of the fractional diffusion equation in R∗ with fractional Robin
boundary conditions and initial condition g

∂tρ(t,u) =
[
– (–∆)

γ
2
R∗ρ

]
(t,u), (t,u) ∈ [0,T]×R∗,

Dγρ(t,0+) = Dγρ(t,0–) = κ
Cγ

[ρ(t,0+) – ρ(t,0–)], t ∈ (0,T],
ρ(0,u) = g(u),u ∈ R

(2.10)

if the following two conditions hold:
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(1) for every t ∈ [0,T] and for every G ∈Sγ , it holds FFrRob(t,ρ,G,g,κ) = 0, where

FFrRob(t,ρ,G,g,κ) :=
∫
R

ρ(t,u)G(t,u)du–
∫
R
g(u)G(0,u)du

–
∫ t

0

∫
R

ρ(s,u)
[
[–(–∆)

γ
2
R∗ ]+ ∂s

]
G(s,u)duds

+κ1γ∈(1,2)

∫ t

0
[ρ(s,0+) – ρ(s,0–)][G(s,0+) –G(s,0–)]ds;

(2) there exists a ∈ (0,1) such that ρ̄ ∈ L2
(

0,T;H
γ
2 (R∗)

)
, where ρ̄ := ρ –a.

Above, in (2.10), Cγ is the constant produced by taking α = γ in equation (3.8) of [12].
Moreover, Sγ = SRob := P

(
[0,T],C∞

c (R∗)
)

if γ ∈ (1,2) and Sγ = SNeu := P
(
[0,T],C∞

c0(R)
)

if
γ ∈ (0,1].

Remark 2.5. Taking κ = 0 in last definition, we denote FFrNeu(t,ρ,G,g) = FFrRob(t,ρ,G,g,0)
and we say that ρ is a weak solution to the fractional diffusion equation with fractional Neu-
mann boundary conditions.

Definition 2.6. Let κ ∈ (0,1)∪ (1,∞) and g : R→ [0,1] a measurable function. We say that
ρ : [0,T]×R→ [0,1] is a weak solution of the fractional diffusion equation in R∗ with initial
condition g

∂tρ(t,u) =
[(

κ[–(–∆)
γ
2 ]+ (1– κ)[–(–∆)

γ
2
R∗ ]

)
ρ
]
(t,u), (t,u) ∈ [0,T]×R∗,

Dγρ(t,0+) = Dγρ(t,0–), t ∈ (0,T],
ρ(0,u) = g(u),u ∈ R,

(2.11)

if the following two conditions hold:
(1) for every t ∈ [0,T] and for every G ∈Sγ , it holds FFrDif2(t,ρ,G,g,κ) = 0, where

FFrDif2(t,ρ,G,g,κ) :=
∫
R

ρ(t,u)G(t,u)du–
∫
R
g(u)G(0,u)du

–
∫ t

0

∫
R

ρ(s,u)
[
κ[–(–∆)

γ
2 ]+ (1– κ)[–(–∆)

γ
2
R∗ ]+ ∂s

]
G(s,u)duds;

(2) there exists a ∈ (0,1) such that ρ̄ ∈ L2
(

0,T;H
γ
2 (R)

)
, where ρ̄ := ρ –a.

Above, Sγ = SDif if γ ∈ (1,2), and Sγ = SNeu if γ ∈ (0,1].

Definition 2.7. Let g : R→ [0,1] be a measurable function. We say that ρ : [0,T]×R→ [0,1]
is a weak solution of the fractional diffusion equation in R∗ with initial condition g

∂tρ(t,u) =
[
– (–∆)

γ
2
R∗ρ

]
(t,u), (t,u) ∈ [0,T]×R∗,

Dγρ(t,0+) = Dγρ(t,0–), t ∈ (0,T],
ρ(0,u) = g(u),u ∈ R

(2.12)

if the following conditions hold:
(1) FFrRob(t,ρ,G,g,0) = 0, for every t ∈ [0,T], for every G ∈SRob0 where

SRob0 := {G ∈SRob : G–(0) = G+(0)}; (2.13)
(2) there exists a ∈ (0,1) such that ρ̄ ∈ L2(0,T;H

γ
2 (R∗)

)
, where ρ̄ := ρ –a;

(3) ρ(s,0+) = ρ(s,0–), for a.e. s ∈ [0,T];
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Remark 2.8. We prove in Proposition B.5 that from (2) and (3) of Definition (2.7), we get,
for γ ∈ (1,2), that

a) ρ has a continuous representative ρ̃ such that ρ̃(s, ·) is γ–1
2 -Hölder continuous, for a.e.

s ∈ [0,T];
and in Proposition B.6 we prove that from (2) of Definition (2.7) and a) we get, for every
γ ∈ (1,2), that

b) there exists a ∈ (0,1) such that ρ̄ ∈ L2(0,T;H
γ
2 –δ (R)

)
, for every δ ∈ (0, γ–1

2 ), where
ρ̄ := ρ –a.

We observe that from b) there exists (Gk)k≥1 ⊂ SDif ⊊ SRob0 such that for every δ ∈ (0, γ–1
2 ),

it holds
limk→∞∥Gk – ρ̄∥

L2
(

0,T;H
γ
2 –δ (R∗–)

) = limk→∞∥Gk – ρ̄∥
L2
(

0,T;H
γ
2 –δ (R∗+)

) = 0.

Now we will state a similar (and very desirable) condition that, unfortunately, we were not
able to prove, but that would be enough to prove the uniqueness of weak solutions of (2.12):
∃(Gk)k≥1 ⊂SRob0 : limk→∞∥Gk – ρ̄∥

L2
(

0,T;H
γ
2 (R∗–)

) = limk→∞∥Gk – ρ̄∥
L2
(

0,T;H
γ
2 (R∗+)

) = 0. (2.14)

The uniqueness of weak solutions of (2.9), (2.10) and (2.11) is proved in Appendix B, where
we also prove the uniqueness of weak solutions of (2.12) assuming (2.14).

2.4. The main result. Now we will enunciate the hydrodynamic limit of our model. Here-
inafter we write f(n)≲ g(n) if there exists a constant C independent of n such that f(n)≤Cg(n)
for every n≥ 1.

Theorem 2.9. (Hydrodynamic Limit) Let g : R→ [0,1] be a measurable function. Let
(µn)n≥1 be a sequence of probability measures in Ω associated to the profile g such that
H(µn|νa) ≲ n, for some a ∈ (0,1). Then, for any 0≤ t≤ T, any G ∈ C0

c(R) and any δ > 0,

lim
n→∞

Pµn

(
ηn
· ∈ D([0,T],Ω) :

∣∣∣⟨πn
t ,G⟩–

∫
R

G(u)ρ(t,u)du
∣∣∣ > δ

)
= 0,

where ρ is the unique weak solution of

(2.9), if (2.1) holds;
(2.11), with κ = α if S= S0 and β = 0;
(2.10), with κ = 0 if S= S0, γ ∈ (0,1] and β > 0;
(2.10), with κ = αm if S= S0, γ ∈ (1,2) and β = γ –1;
(2.10), with κ = 0 if S= S0, γ ∈ (1,2) and β > γ –1.

In the regime S= S0, γ ∈ (1,2) and β ∈ (0,γ – 1), we have that (Qn)n≥1 is tight and all
limit points are concentrated on trajectories of the form πt(du) = ρt(u)du, where ρ is a weak
solution of (2.12).

We observe that if we assume (2.1), then we have a behavior that does not change when
(γ,β ) ranges on (0,2)×R+, since in this case we do not have a sufficiently large number of slow
bonds in order to block the passage of particles between Z∗– and N. On the other hand, when
S= S0 we have a phase transition depending on the values of β and γ, similarly to Theorem
4.1 of [2]. Indeed, if γ ∈ (1,2) there are three possibilities: if β ∈ (0,γ –1) the profile is almost
everywhere Hölder-continuous; for β > γ – 1 there is no transport of mass between R∗– and
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R+; and finally, in the critical case β = γ – 1, we have fractional Robin boundary conditions
that depend on the value of α. On the other hand, for γ ∈ (0,1] and β > 0, the profile can
be approximated by test functions in SNeu and, macroscopically, we do not have mass flowing
through the origin. Most remarkably, even when β = 0, we have a particular phase (both for
γ ∈ (0,1] and γ ∈ (1,2)), which is quite different from the diffusive behavior (i.e. when γ > 2).
Heuristically, this happens because for S= S0, the flow of mass through the slow bonds is
significantly faster when γ < 2 compared to γ > 2. Macroscopically, this different behavior
can be justified by the presence of the fractional Laplacian, which is a non-local operator.

The rest of this article is devoted to the proof of last theorem. From here on we fix a∈ (0,1)
such that H(µn|νa)≲ n. In Section 3, we prove that the sequence (Qn)n≥1 is tight with respect
to the Skorohod topology of D

(
[0,T],M+(R)

)
and therefore it has at least one limiting point

Q. We prove that any limit point Q is concentrated on trajectories that satisfy the first (resp.
second) condition of weak solutions of the corresponding hydrodynamic equations from the
results of Section 4 and Section 6 (resp. Section 5). The necessary replacement lemmas
are proved in Section 6 and the uniqueness of the hydrodynamic equations is explained in
Appendix B. Finally, we present some auxiliary results in Appendix A. The uniqueness of the
weak solutions of the corresponding hydrodynamic equation implies in the uniqueness of the
limit point Q and in the convergence of the sequence (Qn)n≥1, leading to the desired result.

Remark 2.10. We comment a bit on statement of the previous theorem in the case γ ∈ (1,2)
and β ∈ (0,γ – 1). Since we were only able to prove the uniqueness of weak solutions of
(2.12) assuming (2.14), we could not obtain the convergence as in the other regimes. In case
uniqueness can be proved without assuming (2.14), then convergence would follow.

The results of Theorem 2.9 are summarized in Figure 2.

(2.11) & κ = α if α ̸= 1 or (2.9) if α = 1

(2.11) &
κ = αm

(2.10) & κ = 0

(2.12)

γ
=

2

γ
=

1

γ
=

0
β = γ –1

β = 0

Figure 2. Hydrodynamic behavior. Vertical and horizontal axis refer to the
values of β ≥ 0 and γ ∈ (0,2), respectively.

3. Tightness

This section is devoted to the proof of tightness of the sequence (Qn)n≥1. To that end we
invoke Proposition 4.1.6 of [17], which tells us that it is enough to show that, for every ε > 0,

lim
δ→0+

limsup
n→∞

sup
τ∈TT,τ̄≤δ

Pµn

[
ηn
· ∈ D([0,T],Ω) :

∣∣⟨πn
τ+τ̄ ,G⟩– ⟨πn

τ ,G⟩
∣∣ > ε

]
= 0, (3.1)



SYMMETRIC SUPER-DIFFUSIVE EXCLUSION WITH SLOW BARRIER 13

for any function G ∈ C2
c(R). In last display TT represents the set of stopping times bounded

by T, which means τ + τ̄ should be read as min{τ + τ̄,T}. Actually, we claim that in order
to conclude tightness, it is enough to show last result but for G ∈ C2

c0(R). Indeed, given
G ∈ C2

c(R), there exists (Gk)k≥1 ⊂ C2
c0(R) such that limk→∞ ∥G – Gk∥1,R = 0 and since the

probability in (3.1) is bounded by

Pµn

[
ηn
· ∈ D([0,T],Ω) :

∣∣⟨πn
τ+τ̄ ,Gk⟩– ⟨πn

τ ,Gk⟩
∣∣ > ε

2

]
+Pµn

[
ηn
· ∈ D([0,T],Ω) :

∣∣⟨πn
τ+τ̄ ,G–Gk⟩– ⟨πn

τ ,G–Gk⟩
∣∣ > ε

2

]
,

we can conclude the claim.
From Dynkin’s formula, see, for example Appendix 1 of [17], for every t≥ 0 we have that

Mn
t (G) = ⟨πn

t ,G(t, ·)⟩– ⟨πn
0 ,G(0, ·)⟩–

∫ t

0
(nγLn + ∂s)⟨πn

s ,G(s, ·)⟩ds, (3.2)

is a martingale for every G sufficiently smooth. We observe that (3.1) is a direct consequence
of the next result combined with Markov’s inequality.
Proposition 3.1. For G ∈ C2

c0(R), it holds

lim
δ→0+

limsup
n→∞

sup
τ∈TT,τ̄≤δ

Eµn

[∣∣∣∫ τ+τ̄

τ
nγLn⟨πn

s ,G⟩ds
∣∣∣] = 0.

Proposition 3.2. Let G ∈ SRob if S= S0, γ ∈ (1,2) and β ∈ [γ – 1,∞), and let G ∈ SDif
otherwise. We have

lim
δ→0+

limsup
n→∞

sup
τ∈TT,τ̄≤δ

Eµn

[(
Mn

τ (G)–Mn
τ+τ̄(G)

)2
]

= 0.

Remark 3.3. The statement of the previous result also includes functions G which are time
dependent and may be discontinuous at the origin. This general result is not necessary here
but it will be useful ahead.

Before presenting the proof of last results we first obtain the action of the generator on the
empirical measure and we state it as a proposition since it will be used several times along
the article. Its proof is a simple a long computation that is left to the reader.
Proposition 3.4. For any G, it holds∫ t

0
nγLn⟨πn

s ,G(s, ·)⟩ds =
∫ t

0

1
n ∑

x
nγKnG

(
s, x

n
)

ηn
s (x)ds (3.3)

+
∫ t

0

nγ–1

2

(
1– α

nβ

)
∑

{x,y}∈S
[G(s, y

n) –G(s, x
n)]p(y–x)[ηn

s (y)– ηn
s (x)]ds

(3.4)

=
∫ t

0
∑

{x,y}∈F
nγ–1[G(s, y

n) –G(s, x
n)]p(y–x)ηn

s (x)ds (3.5)

+
∫ t

0
αnγ–1–β ∑

{x,y}∈S
[G(s, y

n) –G(s, x
n)]p(y–x)ηn

s (x)ds, (3.6)

where
KnG

(x
n
)

:= ∑
y

[
G(y

n) –G(x
n)
]
p(y–x) = ∑

z

[
G( z+x

n ) –G(x
n)
]
p(z). (3.7)
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Last identity has been written in two different ways since we will use (3.3) and (3.4) when
(2.1) holds; and (3.6) and (3.5) otherwise.

Proof of Proposition 3.1. The proof follows if we show that, sups∈[0,T] |nγLn⟨πn
s ,G⟩| ≲ 1.

I.) If (2.1) holds, since |ηn
s (x)|≤ 1, then from (3.3) and (3.4), we have that

|nγLn⟨πn
s ,G⟩|≤1

n ∑
x

|nγKnG
(x

n
)

– [–(–∆)
γ
2 G](x

n)|+ 1
n ∑

x
|[–(–∆)

γ
2 G](x

n)|

+nγ–1

2

(
1– α

nβ

)
∑

{x,y}∈S
|G(s, y

n) –G(s, x
n)|p(y–x).

Now, from Proposition A.1 and Proposition A.3, we conclude that

|nγLn⟨πn
s ,G⟩| ≲

∫
R

|[–(–∆)
γ
2 G](u)|du ≲ 1,

and this ends the proof in case (2.1) holds.
II.) If (2.1) does not hold, since |ηn

s (x)|≤ 1, from (3.6) and (3.5), we can write
|nγLn⟨πn

s ,G⟩|

≤1
n ∑

x

∣∣∣nγ ∑
y:{x,y}∈F

[G(y
n) –G(x

n)]p(y–x)– [–(–∆)
γ
2
R∗G](x

n)
∣∣∣

+α
1
n ∑

x

∣∣∣nγ–β ∑
y:{x,y}∈S

[G(y
n) –G(x

n)]p(y–x)–1β=0
(
[–(–∆)

γ
2 G](x

n) – [–(–∆)
γ
2
R∗G](x

n)
)∣∣∣

+1
n ∑

x

∣∣∣[–(–∆)
γ
2
R∗G](x

n)
∣∣∣+ α1β=0

1
n ∑

x

∣∣∣[–(–∆)
γ
2 G](x

n) – [–(–∆)
γ
2
R∗G](x

n)
∣∣∣.

Then from Proposition A.6 and Proposition A.8, we have

|nγLn⟨πn
s ,G⟩| ≲ α

∫
R

|[–(–∆)
γ
2 G](u)|du+(α +1)

∫
R

|[–(–∆)
γ
2
R∗G](u)|du ≲ 1.

□
Proof of Proposition 3.2. From Dynkin’s formula

Eµn

[(
Mn

τ (G)–Mn
τ+τ̄(G)

)2
]

= Eµn

[∫ τ+τ̄

τ
nγ (Ln[⟨πn

s ,G(s, ·)⟩]2 –2⟨πn
s ,G(s, ·)⟩Ln⟨πn

s ,G(s, ·)⟩
)

ds
]
.

Simple computations show that for G ∈ SRob (which also includes G ∈ SDif), the integrand
function in last display is equal to

nγ–2

2 ∑
{w,z}∈F

[
G
(
s, w

n
)

–G
(
s, z

n
)
]2p(w–z)[η(w)– η(z)]2

+αnγ–2

2nβ ∑
{w,z}∈S

[
G
(
s, w

n
)

–G
(
s, z

n
)
]2p(w–z)[η(w)– η(z)]2.

Since |ηn
s (z)|≤ 1 for every z ∈ Z, if G ∈SDif, then the last display can be bounded from above

by

α +1
2 nγ–2 ∑

w,z

[
G
(
s, z

n
)

–G
(
s, w

n
)]2p(z–w)
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and from Proposition A.10 the proof ends. Finally, if we assume G∈SRob and S=S0, γ ∈ (1,2)
and β ≥ γ –1, then the integrand function can be bounded from above by

1
2

∞

∑
w=0

∞

∑
z=0

[
G+

(
s, w

n
)

–G+
(
s, z

n
)
]2p(w–z)+ 1

2
–1
∑

w=–∞

–1
∑

z=–∞

[
G–

(
s, w

n
)

–G–
(
s, z

n
)
]2p(w–z)

+ α
2n ∑

{w,z}∈S

[
G
(
s, w

n
)

–G
(
s, z

n
)
]2p(w–z) ≲ max{nγ–2,n–1}+n–1 ≲ max{nγ–2,n–1}.

Above we applied Proposition A.10 for G+ and G–; furthermore, we note the sum over
{w,z} ∈S in last line is bounded by m(2∥G∥∞)2, since γ > 1. This ends the proof. □

4. Characterization of limit points

In this section we characterize the limit point Q of the sequence (Qn)n≥1, whose existence
is a consequence of the results of last section. We first observe that since we deal with an
exclusion process, according to Section 4.2 of [17], Q is concentrated on trajectories πt(du)
which are absolutely continuous with respect to the Lebesgue measure, that is πt(du) =
ρ(t,u)du. Now we want to show that Q is concentrated on trajectories ρ satisfying the first
condition of weak solutions of our hydrodynamic equations. Before doing that, we first show
that the third condition of weak solutions of (2.12) holds for γ ∈ (1,2) and β ∈ [0,γ –1).

Proposition 4.1. Assume γ ∈ (1,2) and β ∈ [0,γ –1). Under the limit point Q we have

Q
(

π· ∈ D
(
[0,T],M+(R)

)
: ∀t ∈ [0,T],

∫ t

0
[ρ(s,0+) – ρ(s,0–)]ds = 0

)
= 1.

To simplify notation in all what follows, we erase π· from the sets where we look at.

Proof. In order to prove the proposition, it is enough to verify, for any δ > 0

Q
(

sup
t∈[0,T]

∣∣∣∫ t

0
[ρ(s,0+) – ρ(s,0–)]ds

∣∣∣ > δ
)

= 0. (4.1)

For every ε > 0 we define two approximations of the identity given by

ι0+
ε (u) := 1

ε
1(0,ε](u); and ι0–

ε (u) := 1
ε
1[–ε,0)(u). (4.2)

From Proposition 5.3 and Proposition 2.1, there exists C > 0 such that sups∈[0,T] |ρ(s,u) –
ρ(s,v)|≤ C|u–v|

γ–1
2 for u,v such that uv≥ 0. This leads to

lim
ε→0+

Q
(

sup
t∈[0,T]

∣∣∣∫ t

0

∫ ε

0

[ρ(s,0+) – ρ(s,u)]
ε

duds
∣∣∣ > δ

3

)
= lim

ε→0+
Q
(

sup
t∈[0,T]

∣∣∣∫ t

0

∫ 0

–ε

[ρ(s,0–) – ρ(s,u)]
ε

duds
∣∣∣ > δ

3

)
= 0.

To get (4.1) it is enough to prove that

lim
ε→0+

Q
(

sup
t∈[0,T]

∣∣∣∫ t

0

∫
R

ρ(s,u)[ι0+
ε (u)– ι0–

ε (u)]duds
∣∣∣ > δ

3

)
= 0.

Since ι0+
ε and ι0–

ε are not continuous functions, we cannot use Portmanteau’s Theorem directly.
However, we can approximate these functions by a continuous function in such a way that the
error vanishes. When dealing with the continuous function we apply Portmanteau’s theorem
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and then, by approximating again, we go back to our original functions. Doing so, we are
reduced to prove that

lim
ε→0+

liminf
n→∞

Qn
(

sup
t∈[0,T]

∣∣∣∫ t

0

∫
R

[⟨πn
s , ι0+

ε ⟩– ⟨πn
s , ι0–

ε ⟩]duds
∣∣∣ > δ

12

)
= 0.

Above, the term δ/12 is arbitrary and could be replaced by any positive term smaller that
δ/3. For ℓ≥ 1we define the empirical averages on a box of size ℓ around 0 as

η→ℓ(0) := 1
ℓ

ℓ

∑
y=1

η(y) and η←ℓ(0) := 1
ℓ

–1
∑

y=–ℓ
η(y). (4.3)

Hereinafter we interpret εn as ⌊εn⌋ and with this notation, the last double limit can be
rewritten as

lim
ε→0+

liminf
n→∞

Pµn

(
sup

t∈[0,T]

∣∣∣∫ t

0
[η→εn

s (0) – η←εn
s (0)]ds

∣∣∣ > δ
12

)
= 0.

From β ∈ [0,γ –1), Markov’s inequality and taking F(s) = 1 for every s ∈ [0,T] in Lemma 6.4,
we get the result. □

In the remaining results of this section, we prove that Q is concentrated on trajectories ρ
satisfying the first condition of weak solutions of the hydrodynamic equations described in
Theorem 2.9. We begin by treating the case where (2.1) holds.

Proposition 4.2. Assume (2.1). Then, the limit point Q is concentrated on trajectories of
measures satisfying the first condition of Definition 2.3, i.e.,

Q
(

π· ∈ D([0,T],M +(R)) : ∀t ∈ [0,T],∀G ∈SDif, FFrDif(t,ρ,G,g) = 0
)

= 1.

Proof. In order to prove the proposition, it is enough to verify for any δ > 0 and G∈SDif that

Q
(

sup
t∈[0,T]

|FFrDif(t,ρ,G,g)| > δ
)

= 0. (4.4)

We can bound the probability in (4.4) by the sum of the following two terms:

Q
(

sup
t∈[0,T]

∣∣∣∫
R

ρ(t,u)G(t,u)du– ρ(0,u)G(0,u)du–
∫ t

0

∫
R

ρ(s,u)
[
[–(–∆)

γ
2 ]+ ∂s

]
G(s,u)duds

∣∣∣ > δ
2

)
(4.5)

and
Q
(

sup
t∈[0,T]

∣∣∣∫
R

[
ρ(0,u)–g(u)

]
G(0,u)du

∣∣∣ > δ
2

)
.

Since Q is a limit point of (Qn)n≥1, which is induced by (µn)n≥1 associated to the profile
g, then the last display is equal to zero. Therefore, it remains only to treat (4.5). We
first observe that [–(–∆)

γ
2 G(s, ·)] is not in C∞

c (R). However, since [–(–∆)
γ
2 G(s, ·)] ∈ L1(R), we

can approximate [–(–∆)
γ
2 G(s, ·)] in L1(R) by a sequence in C∞

c (R) in order to make use of
Portmanteau’s Theorem as in the previous proof. Doing so, it is enough to treat

liminf
n→∞

Qn
(

sup
t∈[0,T]

∣∣∣∫
R

ρ(t,u)G(t,u)du–
∫
R

ρ(0,u)G(0,u)du

–
∫ t

0

∫
R

ρ(s,u)
[
[–(–∆)

γ
2 ]+ ∂s

]
G(s,u)duds

∣∣∣ > δ
8

)
.
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From (3.2) and Proposition 3.4, we can bound the last probability by the sum of the next
three terms

liminf
n→∞

Pµn

(
sup

t∈[0,T]
|Mn

t (G)| > δ
24

)
, (4.6)

liminf
n→∞

Pµn

(
sup

t∈[0,T]

∣∣∣∫ t

0

{1
n ∑

x
nγKnG

(
s, x

n
)

ηn
s (x)– ⟨πn

s ,–(–∆)
γ
2 G(s, ·)⟩

}
ds
∣∣∣ > δ

24

)
(4.7)

and

liminf
n→∞

Pµn

(
sup

t∈[0,T]

∣∣∣∫ t

0

nγ–1

2

(
1– α

nβ

)
∑

{x,y}∈S
[G(s, y

n) –G(s, x
n)]p(y–x)[ηn

s (y)– ηn
s (x)]ds

∣∣∣ > δ
24

)
.

(4.8)

From Doob’s inequality and Proposition 3.2, the limit in (4.6) is equal to zero. From Corollary
A.2, Corollary A.4 and Markov’s inequality, then (4.7) and (4.8), respectively, are also equal
to zero. □

Next we treat the case where S= S0, β = 0 and α ̸= 1 (observe that (α,β ) = (1,0) is
equivalent to S= ∅).

Proposition 4.3. Assume S= S0, β = 0 and α ̸= 1. Then

Q
(

π· ∈ D([0,T],M+(R)) : ∀t ∈ [0,T],∀G ∈Sγ , FFrDif2(t,ρ,G,g,α) = 0
)

= 1,

where Sγ = SDif if γ ∈ (1,2) and Sγ = SNeu if γ ∈ (0,1].

Proof. As in the previous proof, it is enough to verify for any δ > 0 and G ∈Sγ that

Q
(

sup
t∈[0,T]

|FFrDif2(t,ρ,G,g,α)| > δ
)

= 0. (4.9)

Now we observe that [–(–∆)
γ
2 G(s, ·)] and [–(–∆)

γ
2
R∗G(s, ·)] are not in C∞

c (R). However, since
[–(–∆)

γ
2 G(s, ·)] and [–(–∆)

γ
2
R∗G(s, ·)] are in L1(R), we can approximate them in L1(R) by se-

quences in C∞
c (R) so that we can use Portmanteau’s Theorem as we did in the previous proof.

Since Q is a limit point of (Qn)n≥1, induced by (µn)n≥1 associated to the profile g, to conclude,
it is enough to prove that

liminf
n→∞

Qn
(

sup
t∈[0,T]

∣∣∣∫
R

ρ(t,u)G(t,u)du–
∫
R

ρ(0,u)G(0,u)du–
∫ t

0

∫
R

ρ(s,u)∂sG(s,u)duds

–
∫ t

0

∫
R

ρ(s,u)
[
α[–(–∆)

γ
2 ]+ (1– α)[–(–∆)

γ
2
R∗ ]

]
G(s,u)duds

∣∣∣ > δ
8

)
= 0.

From (3.2) and Proposition 3.4, we can bound the limit in the last display by the sum of the
next three terms

liminf
n→∞

Pµn

(
sup

t∈[0,T]
|Mn

t (G)| > δ
24

)
, (4.10)

liminf
n→∞

Pµn

(
sup

t∈[0,T]

∣∣∣∫ t

0

{
nγ–1 ∑

{x,y}∈F
[G(s, y

n) –G(s, x
n)]p(y–x)ηn

s (x)– ⟨πn
s , [–(–∆)

γ
2 G](s, ·)⟩

}
ds
∣∣∣ > δ

24

)
,

(4.11)
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liminf
n→∞

Pµn

(
sup

t∈[0,T]

∣∣∣∫ t

0

{
αnγ–1–β ∑

{x,y}∈S
[G(s, y

n) –G(s, x
n)]p(y–x)ηn

s (x)

–α
(
⟨πn

s , [–(–∆)
γ
2 G](s, ·)⟩– ⟨πn

s , [–(–∆)
γ
2
R∗G](s, ·)⟩

)}
ds
∣∣∣ > δ

24

)
. (4.12)

From Doob’s inequality and Proposition 3.2, the limit in (4.10) is equal to zero. From Corol-
lary A.7, Corollary A.9 and Markov’s inequality, then (4.11) and (4.12), respectively, are also
equal to zero. This ends the proof. □

Finally we treat the case where S= S0 and β > 0.

Proposition 4.4. Assume that S= S0 and β > 0. Then

Q
(

π· ∈ D([0,T],M+(R)) : ∀t ∈ [0,T],∀G ∈Sγ , FFrRob(t,ρ,G,g,mα1γ∈(1,2)1β=γ–1) = 0
)

= 1,

where Sγ = SNeu when γ ∈ (0,1] and Sγ = SRob0 when γ ∈ (1,2).

Proof. As above, we are left to verify, for any δ > 0 and G ∈Sγ , that

Q
(

sup
t∈[0,T]

|FFrRob(t,ρ,G,g,mα1γ∈(1,2)1β=γ–1)| > δ
)

= 0.

Observe that, in the case (γ,β ) ∈ (1,2)× {γ – 1}, due to the boundary terms ρ(s,0–) and
ρ(s,0+) that appear in last display, we deal with sets which are not open in the Skorohod
topology and, for that reason, we are not able to use directly Portmanteau’s Theorem. In order
to avoid this problem, we will proceed in the same way we did in the proof of Proposition 4.1,
making use of the two approximations of the identity ι0+

ε and ι0–
ε defined in (4.2). Moreover,

since [–(–∆)
γ
2
R∗G(s, ·)] is not in C∞

c (R), we will approximate it in L1(R) by a sequence in C∞
c (R)

in order to make use of Portmanteau’s Theorem, exactly as we did in the proof of Proposition
4.1. Moreover, summing and subtracting to ρ(s,0+) (resp., ρ(s,0–)) the mean ⟨πs, ι0+

ε ⟩ (resp.,
⟨πs, ι0–

ε ⟩); recalling that Q is a limit point of (Qn)n≥1, induced by (µn)n≥1 associated to the
profile g; and approximating ι0+

ε and ι0–
ε by continuous functions in such a way that the

error vanishes as ε → 0+, it is enough to prove that

liminf
n→∞

Qn
(

sup
t∈[0,T]

∣∣∣∫
R

ρ(t,u)G(t,u)du–
∫
R

ρ(0,u)G(0,u)du

–
∫ t

0

[∫
R

ρ(s,u)
([

– (–∆)
γ
2
R∗G

]
(s,u)+ ∂sG(s,u)

)
du

]
ds

+mα1γ∈(1,2)1β=γ–1

∫ t

0
[⟨πs, ι0+

ε ⟩– ⟨πs, ι0–
ε ⟩][G(s,0+) –G(s,0–)]ds

∣∣∣ > δ
12

)
= 0. (4.13)

From (3.2) and Proposition 3.4, we can bound the limit in last display by the sum of the next
three terms

liminf
n→∞

Pµn

(
sup

t∈[0,T]
|Mn

t (G)| > δ
36

)
, (4.14)

liminf
n→∞

Pµn

(
sup

t∈[0,T]

∣∣∣∫ t

0
∑

{x,z}∈F
nγ–1[G(s, y

n) –G(s, x
n)]p(y–x)ηn

s (x)– ⟨πn
s ,–(–∆)

γ
2
R∗G(s, ·)⟩ds

∣∣∣ > δ
36

)
,

(4.15)
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limsup
ε→0+

liminf
n→∞

Pµn

(
sup

t∈[0,T]

∣∣∣∫ t

0

{
αnγ–1–β ∑

{x,z}∈S
[G(s, y

n) –G(s, x
n)]p(y–x)ηn

s (x)

–mα1γ∈(1,2)1β=γ–1

∫ t

0
[G(s,0–) –G(s,0+)][η→nε

s (0) – η←nε
s (0)]

}
ds
∣∣∣ > δ

36

)
.

(4.16)

From Doob’s inequality and Proposition 3.2, we conclude that (4.14) is equal to zero. From
Corollary A.7 and Markov’s inequality, we conclude that (4.15) is also equal to zero. Finally,
from Corollary A.9, Proposition 6.5 and Markov’s inequality, we conclude that (4.16) is also
equal to zero. □

5. Energy estimates

In this section, our goal is to prove that ρ belongs to some fractional Sobolev space, i.e. that
ρ satisfies the second condition of weak solutions of our hydrodynamic equations. Hereinafter,
we fix Ca > 0 such that

H(µn|νa)≤ Can,∀n≥ 1, (5.1)

where H(µn|νa) is the entropy bound in the statement of Theorem 2.9. Similarly to [6],
we begin stating an important result which does not depend on the dynamics but only on
H(µn|νa). Recall that ρ̄ := ρ – a. We do not present the proof of next result since it is given
in Section 5.1 of [6].

Proposition 5.1. For all S⊂S0, all γ ∈ (0,2), for any β ≥ 0 and any α > 0, we have that

Q
(

π· ∈ D
(
[0,T],M+(R)

)
:
∫ T

0

∫
R

[ρ̄(t,u)]2dudt < ∞
)

= 1.

Now we assume that either (2.1) holds or β = 0 and our goal is to prove that ρ̄ belongs to
the fractional Sobolev space on the full line. Our proof is strongly inspired by the strategy
presented in Subsection 3.3 of [3].

Proposition 5.2. Assume that (2.1) holds or β = 0. Then

Q
(

π· ∈ D([0,T],M+(R)) : ρ̄ ∈ L2(0,T;H
γ
2 (R)

))
= 1.

Proof. Let ε > 0 and fix F ∈ C0,∞
c

(
(0,T)×R2). We denote the antisymmetric (with respect

to the space variable) part of F as Fa, defined on t ∈ (0,T) and u,v ∈ R by

Fa(t,u,v) := F(t,u,v) –F(t,v,u)
2 .

I.) First we assume (2.1). From this and the fact that there exists Cδ (independent of t)
such that |Fa(t,u,v)|≤ Cδ |u –v|δ for every u,v ∈ R, for every t ∈ [0,T], we get that

Eµn

[∣∣∣∫ T

0

nγ

n ∑
{x,y}∈S
|x–y|≥εn

Fa (t, x
n , y

n
)

p(y–x)[ηn
t (y)– ηn

t (x)]dt
∣∣∣]≲ nγ–1–δ ∑

{y,z}∈S
p(y–z)|y–x|δ .
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Since δ > γ –1, taking n→ ∞ the left-hand side of the last display goes to zero and we have

lim
n→∞

Eµn

[∫ T

0

nγ

n ∑
|x–y|≥εn

Fa (t, x
n , y

n
)

p(y–x)[ηn
t (y)– ηn

t (x)]dt
]

= lim
n→∞

Eµn

[∫ T

0

nγ

n ∑
{x,y}∈F
|x–y|≥εn

Fa (t, x
n , y

n
)

p(y–x)[ηn
t (y)– ηn

t (x)]dt
]
. (5.2)

Now we follow closely the proof of item i) of Theorem 3.2 in [3]. Recall (5.1). By the entropy
inequality, Jensen’s inequality and Feynman-Kac’s formula, we have

1
nEµn

[∫ T

0
nγ ∑

{x,y}∈F
|x–y|≥εn

Fa (t, x
n , y

n
)

p(y–x)[ηn
t (y)– ηn

t (x)]dt
]

≤Ca +
∫ T

0
sup

f

{
nγ–1

[
∑

{x,y}∈F
|x–y|≥εn

Fa (t, x
n , y

n
)

p(y–x)
∫

[η(y)– η(x)]dνa + ⟨Ln
√

f,
√

f⟩νa

]}
dt,

where the supremum is taken over all the densities f on Ω with respect to νa. Above,
⟨f,g⟩νa is the scalar product between f and g in L2(Ω,νa), that is, ⟨f,g⟩νa :=

∫
f(η)g(η)dνa

and ⟨Ln
√

f,
√

f⟩νa is the Dirichlet form. A simple computation shows that

⟨Ln
√

f,
√

f⟩νa = –1
2Dn(

√
f,νa), (5.3)

where Dn(
√

f,νa) := DF
n (
√

f,νa)+DS
n(
√

f,νa), with

DF
n (
√

f,νa) := 1
2 ∑

{x,y}∈F
p(y–x)Ix,y(

√
f,νa), DS

n(
√

f,νa) := α
2nβ ∑

{x,y}∈S
p(y–x)Ix,y(

√
f,νa),

(5.4)

and Ix,y(
√

f,νa) :=
∫

[
√

f
(
ηx,y

)
–
√

f
(
η
)
]2dνa. From this, we get for every t ∈ (0,T):

∑
{x,y}∈F
|x–y|≥εn

Fa (t, x
n , y

n
)

p(y–x)
∫

[η(y)– η(x)]dνa + ⟨Ln
√

f,
√

f⟩νa

≤ ∑
{x,y}∈F
|x–y|≥εn

p(y–x)
[∣∣Fa (t, x

n , y
n
)∣∣∣∣∣∫ [η(y)– η(x)]dνa

∣∣∣– Ix,y(
√

f,νa)
4

]
. (5.5)

Now observe that from a change of variables η to ηx,y and from Young’s inequality, there
exists a positive constant Ax,y such that∣∣∣∫ [η(x)– η(y)]f(η)dνa

∣∣∣≤ Ix,y(
√

f,νa)
2Ax,y

+2Ax,y. (5.6)

Choosing Ax,y := 2|Fa (t, x
n , y

n
)

| in (5.6), we can bound the expression in (5.5) from above by
4cγ

n2 ∑
{x,y}∈F
|x–y|≥εn

[Fa (t, x
n , y

n
)
]2
∣∣∣x

n – y
n

∣∣∣–1–γ
,
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from where we conclude that for every n≥ 1

Eµn

[∫ T

0

1
nnγ ∑

{x,y}∈F
|x–y|≥εn

Fa (t, x
n , y

n
)

p(y–x)[ηn
t (y)– ηn

t (x)]dt
]

≤Ca +
∫ T

0
4cγ

1
n2 ∑

{x,y}∈F
|x–y|≥εn

[Fa (t, x
n , y

n
)
]2
∣∣∣x

n – y
n

∣∣∣–1–γ
dt.

Let Qε = {(u,v) ∈ R2 : |u–v|≥ ε}. Taking the limit when n→ ∞ and recalling (5.2) we have

cγEQ

[∫ T

0

x
Qε

Fa(t,u,v)|u–v|–1–γ [ρ(t,v) – ρ(t,u)]dudvdt
]

= lim
n→∞

Eµn

[∫ T

0

1
nnγ ∑

{x,y}∈F
|x–y|≥εn

Fa (t, x
n , y

n
)

p(y–x)[ηn
t (y)– ηn

t (x)]dt
]

≤Ca + lim
n→∞

{∫ T

0
4cγ

1
n2 ∑

{x,y}∈F
|x–y|≥εn

[Fa (t, x
n , y

n
)
]2
∣∣∣x

n – y
n

∣∣∣–1–γ
dt
}

≤Ca +cγEQ

[∫ T

0

x
Qε

4[Fa(t,u,v)]2|u –v|–1–γdudvdt
]
,

which is the same as

EQ

[∫ T

0

x
Qε

{ [ρ(t,v) – ρ(t,u)]Fa(t,u,v)
|u–v|1+γ –C0

[Fa(t,u,v)]2
|u –v|1+γ

}
dudvdt

]
≤ Ca

cγ
, (5.7)

for C0 = 4.
II.) Now assume β = 0. Repeating the previous steps we are lead to

Eµn

[∫ T

0

1
nnγ ∑

|x–y|≥εn
Fa (t, x

n , y
n
)

p(y–x)[ηn
t (y)– ηn

t (x)]dt
]

≤Ca +
∫ T

0
4(1+ α–1)cγ

1
n2 ∑

|x–y|≥εn
[Fa (t, x

n , y
n
)
]2
∣∣∣x

n – y
n

∣∣∣–1–γ
dt,

for every n ≥ 1, and we conclude that (5.7) holds with C0 = 4(1 + α–1). For every F on
C0,∞

c
(
(0,T)×R2), we have that

x
Qε

{ [ρ(t,v) – ρ(t,u)]F(t,u,v)
|u–v|1+γ –C0

[F(t,u,v)]2
|u –v|1+γ

}
dudv

≤
x
Qε

{ [ρ(t,v) – ρ(t,u)]Fa(t,u,v)
|u–v|1+γ –C0

[Fa(t,u,v)]2
|u –v|1+γ

}
dudv,

which leads to

EQ

[
sup

F

{∫ T

0

x
Qε

{ [ρ(t,v) – ρ(t,u)]F(t,u,v)
|u–v|1+γ –C0

[F(t,u,v)]2
|u –v|1+γ

}
dudvdt

}]
≤ Ca

cγ
. (5.8)
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Above we made use of Lemma 7.5 in [16] to insert the supremum (which is carried over F
on C0,∞

c
(
(0,T)×R2) inside the expectation. Now we consider the Hilbert space L2 (R2,dµε

)
,

where µε is the measure whose density with respect to the Lebesgue measure is given by
(u,v)∈R2→1{|u–v|≥ε}|u–v|–1–γ . We can define Π : (0,T)×R2 by Π(t,u,v) = π(t,v)–π(t,u),∀t∈
I, for every u,v ∈ R.

From (5.8), the density of C0,∞
c

(
(0,T)×R2) in L2 (R2,dµε

)
and Riesz’s Representation

Theorem, there exists C1 > 0 such that

EQ

[∫ T

0

x
Qε

[ρ(t,v) – ρ(t,u)]2
|u –v|1+γ dudvdt

]
≤ C1.

Letting ε → 0+, we conclude, from the Monotone Convergence Theorem, that

EQ

[∫ T

0

x
R2

[ρ̄(t,v) – ρ̄(t,u)]2
|u –v|1+γ dudvdt

]
= EQ

[∫ T

0

x
R2

[ρ(t,v) – ρ(t,u)]2
|u –v|1+γ dudvdt

]
< ∞.

Combining this with Proposition 5.1, we have the desired result. □

The proof of the next result is completely analogous to the previous one and for that reason
it will be omitted.

Proposition 5.3. For all S⊂S0, all γ ∈ (0,2), for any β ≥ 0 and any α > 0, we have that

Q
(

ρ̄|[0,T]×R∗+ ∈ L2(0,T;H
γ
2 (R∗+)

))
= Q

(
ρ̄|[0,T]×R∗– ∈ L2(0,T;H

γ
2 (R∗–)

))
= 1.

In particular, Q
(

ρ̄ ∈ L2(0,T;H
γ
2 (R∗)

))
= 1.

6. Useful L1(Pµn) estimates

In this section, we assume that S=S0 and γ ∈ (1,2) and show some convergences in L1(Pµn)
that were used along the article. Recall (4.3). The proof of the next result is analogous to
the proof of Lemma 6.1 and Lemma 6.2 in [6] and for that reason it will be omitted.

Lemma 6.1. (One-block estimate) Let γ ∈ (1,2). For ε > 0 and n≥ 1, let ℓ0 = ℓ0(ε,n) :=
εnγ–1. Let F ∈ L∞([0,T]) and θ ∈ L1(Z). Then, for every t ∈ [0,T],

limsup
ε→0+

limsup
n→∞

Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0
F(s)

–1
∑

z=–∞
θ(z)[ηn

s (z) – η←ℓ0
s (0)]ds

∣∣∣] = 0, (6.1)

limsup
ε→0+

limsup
n→∞

Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0
F(s)

∞

∑
z=0

θ(z)[ηn
s (z) – η→ℓ0

s (0)]ds
∣∣∣] = 0 (6.2)

and
limsup

ε→0+
limsup

n→∞
Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0
F(s)[η→ℓ0

s (0) – ηn
s (0)]ds

∣∣∣] = 0. (6.3)

Moreover if β ∈ [0,γ –1), we have

limsup
ε→0+

limsup
n→∞

Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0
F(s)[η←ℓ0

s (0) – ηn
s (0)]ds

∣∣∣] = 0. (6.4)
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At a first glance the reader might be asking about the restriction on the parameter β
appearing in last display. This restriction comes from the fact that (6.4) involves the exchange
of particles from a subset of Z∗– to the site x = 0 and to do that one has to use the slow bonds.
For that reason the error depends on the value of β and for β < γ – 1 this exchange can still
be done.

Recall the definition of Dn given in (5.3) and of Ix,y given in(5.4). The following lemma
is analogous to Lemma 5.8 in [2]; for the convenience of the reader, we will describe the
arguments in a detailed way.

Lemma 6.2. (Moving particle lemma)
Fix n≥ 1, ℓ0 < n–1 and M≥ 1 such that 2Mℓ0 < n–1. For i ∈ {1, . . . ,M}, let ℓi := 2iℓ0. Let f
be a density with respect to νa. There exists Cγ > 0 depending only on γ such that

M
∑
i=1

ℓi–1

∑
y=1

Iy,y+ℓi–1(
√

f,νa)
(ℓi–1)γ ≤ CγDn(

√
f,νa) (6.5)

and
M
∑
i=1

–1
∑

y=–ℓi–1

Iy,y–ℓi–1(
√

f,νa)
(ℓi–1)γ ≤ CγDn(

√
f,νa). (6.6)

Proof. We prove only (6.5), but we observe that the proof of (6.6) is analogous. We can
assume without loss of generality that ℓ0 is even (the argument is easy to extend to ℓ0 odd)
and as a consequence ℓi–1 is an even number for any i ∈ {1, . . . ,M}. Fix i ∈ {1, . . . ,M}. For
every y ∈ {1, . . . ,ℓi–1} consider the ℓi–1

2 possibilities for a particle to jump from y to y + ℓi–1
with at most two steps. Hence for any j ∈ {1, . . . , ℓi–1

2 }, define

z0,j := zi
0,j(y) = y, z1,j := zi

1,j(y) = y+ ℓi–1
2 +j z2,j := zi

2,j(y) = y+ ℓi–1. (6.7)

In order to simplify the notation, we will omit the index i in z0,j, z1,j and z2,j. The sites
defined in (6.7) correspond to one jump of length ℓi–1

2 +j from z0,j = y to z1,j and one jump of
length ℓi–1

2 – j from z1,j to z2,j = y+ ℓi–1. Observe that for j = ℓi–1
2 , there is only one jump from

y to y+ ℓi–1 so that z1,j = z2,j. Observe that√
f
(
ηy,y+ℓi–1

)
–
√

f
(
η
)

=
√

f
(
ηz0,j,z2,j

)
–
√

f
(
η
)

(6.8)

is non zero if, and only if, η(z0,j) ̸= η(z2,j). We want to rewrite (6.8) using the intermediate
point z1,j. To do that we consider separately the possible combinations of values of the zq,j
with p ∈ {q,1,2}. First, assume that η(z0,j) = 1 and η(z2,j) = 0. In this case we have two
possibilities:

a) when η(z1,j) = 0, we observe that ηz0,j,z2,j = (ηz0,j,z1,j)z1,j,z2,j . So, in this particular case
we can write (6.8) as[√

f
(
(ηz0,j,z1,j)z1,j,z2,j

)
–
√

f
(
ηz0,j,z1,j

)]
+
[√

f(ηz0,j,z1,j) –
√

f(η)
]
. (6.9)

b) when η(z1,j) = 1, we observe that ηz0,j,z2,j = (ηz1,j,z2,j)z0,j,z1,j . So, in this particular case
we can write (6.8) as[√

f
(
(ηz1,j,z2,j)z0,j,z1,j

)
–
√

f
(
ηz1,j,z2,j

)]
+
[√

f(ηz1,j,z2,j) –
√

f(η)
]
. (6.10)
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We also have to consider the case η(z1,j) = 0 and η(z2,j) = 1. Reasoning similarly to what we
did above, if η(z1,j) = 0 we can rewrite (6.8) as (6.10), otherwise, if η(z1,j) = 1 we can rewrite
(6.8) as (6.9). Let us now consider the following sets of configurations:

Ω̃1
i,y,j = {η ∈Ω :η(z0,j) = 1,η(z1,j) = 0,η(z2,j) = 0 or η(z0,j) = 0,η(z1,j) = 1,η(z2,j) = 1}

Ω̃2
i,y,j = {η ∈Ω :η(z0,j) = 1,η(z1,j) = 1,η(z2,j) = 0 or η(z0,j) = 0,η(z1,j) = 0,η(z2,j) = 1}.

Observe that Ω̃1
i,y,j and Ω̃2

i,y,j are disjoint sets. Now, thanks to the reasoning that we did
above and using the inequality (a+b)2 ≤ 2(a2 +b2), we can write

Iy,y+ℓi–1(
√

f,νa) =
∫ (√

f
(
ηy,y+ℓi–1

)
–
√

f
(
η
))2dνa

≲
∫

Ω̃1
i,y,j

(√
f
(
(ηz0,j,z1,j)z1,j,z2,j

)
–
√

f
(
ηz0,j,z1,j

))2
dνa +

∫
Ω̃1

i,y,j

(√
f(ηz0,j,z1,j) –

√
f(η)

)2
dνa

+
∫

Ω̃2
i,y,j

(√
f
(
(ηz1,j,z2,j)z0,j,z1,j

)
–
√

f
(
ηz1,j,z2,j

))2
dνa +

∫
Ω̃2

i,y,j

(√
f(ηz1,j,z2,j) –

√
f(η)

)2
dνa

≤
∫ (√

f
(
(ηz0,j,z1,j)z1,j,z2,j

)
–
√

f
(
ηz0,j,z1,j

))2
dνa +

∫ (√
f(ηz0,j,z1,j) –

√
f(η)

)2
dνa

+
∫ (√

f
(
(ηz1,j,z2,j)z0,j,z1,j

)
–
√

f
(
ηz1,j,z2,j

))2
dνa +

∫ (√
f(ηz1,j,z2,j) –

√
f(η)

)2
dνa.

Since νa(ηx,y) = νa(η) for every x,y ∈ Z and every η ∈Ω, last display can be bounded from
above by a constant times

Iz1,j,z2,j(
√

f,νa)+Iz0,j,z1,j(
√

f,νa)+Iz0,j,z1,j(
√

f,νa)+Iz1,j,z2,j(
√

f,νa).

Observe now that by construction we have [p(zk,j –zk–1,j)]–1 ≲ ℓ
1+γ
i–1 (the longest possible jump

has size at most ℓi–1). Hence, we have

Iy,y+ℓi–1(
√

f,νa) ≲ ℓ
1+γ
i–1

2
∑
k=1

p(zk,j –zk–1,j)Izk–1,j,zk,j(
√

f,νa).

Since last inequality is true for any j ∈ {1, . . . , ℓi–1
2 }, we can write

ℓi–1Iy,y+ℓi–1(
√

f,νa) ≲ ℓ
1+γ
i–1

ℓi–1/2

∑
j=1

2
∑
k=1

p(zk,j –zk–1,j)Izk–1,j,zk,j(
√

f,νa),

which implies that
M
∑
i=1

ℓi–1

∑
y=1

Iy,y+ℓi–1(
√

f,νa)
ℓ

γ
i–1

≲
M
∑
i=1

ℓi–1

∑
y=1

ℓi–1/2

∑
j=1

2
∑
k=1

p(zk,j –zk–1,j)Izk–1,j,zk,j(
√

f,νa). (6.11)

Recall that the zk,j’s depend in fact on i and y. We claim that when i,y, j,k describe the sets
involved in last sum, the pairs (zk–1,j, zk,j) := (zi

k–1,j(y),zi
k,j(y)) are all different, i.e.

Φ : (i,y, j,k)→ (zi
k–1,j(y),zi

k,j(y)) ∈ Z∗–×Z∗– is injective. (6.12)
Therefore, recalling (5.4), we can bound from above the term on the right-hand side of (6.11)
by

∑
v,w∈Z∗–

v≤w

p(w–v)Iv,w(
√

f,νN
ρ(·)) ≲ Dn(

√
f,νa). (6.13)
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Putting together (6.13) and (6.11) we get the statement. We still have to prove (6.12) to
conclude the proof. Let us assume that Φ(i,y, j,k) = Φ(i′,y′, j′,k′) and let us prove that
(i,y, j,k) = (i′,y′, j′,k′). We distinguish four cases according to the values of k and k′.

i) k = k′ = 1: then zi
0,j(y) = zi′

0,j′(y
′) and zi

1,j(y) = zi′
1,j′(y

′) imply that y = y′, ℓi–1
2 + j =

ℓi′–1
2 +j′. Since 1≤ j≤ ℓi–1/2 and 1≤ j′ ≤ ℓi′–1/2 we have that

1+ ℓi–1
2 ≤

ℓi–1
2 +j≤ ℓi–1 and 1+ ℓi′–1

2 ≤
ℓi′–1

2 +j′ ≤ ℓi′–1. (6.14)

If i ≤ i′ – 1 then ℓi–1 ≤ ℓi′–1
2 < ℓi′–1

2 + 1 and the equality ℓi–1
2 + j = ℓi′–1

2 + j′ is then in
contradiction with (6.14). If i′ ≤ i – 1 then ℓi′–1 ≤ ℓi–1

2 < 1 + ℓi–1
2 the equality ℓi–1

2 + j =
ℓi′–1

2 +j′ is then again in contradiction with (6.14). Hence i = i′ and consequently j = j′
and we are done.

ii) k = 1 and k′ = 2: then zi
0,j(y) = zi′

1,j′(y
′) and zi

1,j(y) = zi′
2,j′(y

′) imply that y = y′+
ℓi′–1

2 + j′, y + ℓi–1
2 + j = y′+ ℓi′–1, and hence by replacing y in the second equality by

y′+ ℓi′–1
2 +j′, we get y = y′+ ℓi′–1

2 +j′, ℓi–1
2 +j = ℓi′–1

2 –j′. Since 1≤ y≤ ℓi–1, 1≤ y′≤ ℓi′–1,
1≤ j≤ ℓi–1/2 and 1≤ j′ ≤ ℓi′–1/2 we have that

1≤ y≤ ℓi–1 and 2+ ℓi′–1
2 ≤ y≤ 2ℓi′–1,

1+ ℓi–1
2 ≤

ℓi–1
2 +j≤ ℓi–1 and 0≤ ℓi–1

2 +j≤ ℓi′–1
2 –1.

(6.15)

If i≤ i′ –1 then ℓi–1 ≤ ℓi′–1
2 < 2+ ℓi′–1

2 and there is a contradiction with the first line of
(6.15). If i′ ≤ i then ℓi′–1 ≤ ℓi–1, hence ℓi′–1

2 –1 < 1+ ℓi–1
2 , which is in contradiction with

the second line of (6.15). Hence this case is not possible and we are done.
iii) k = 2 and k′ = 1: by symmetry this case is equivalent to the previous one.
iv) k′ = 2 and k = 2: then zi

1,j(y) = zi′
1,j′(y

′) and zi
2,j(y) = zi′

2,j′(y
′) imply that

ℓi–1
2 +j+y = ℓi′–1

2 +j′+y′, ℓi–1 +y = ℓi′–1 +y′.

The second equality and the fact that 1≤ y≤ ℓi–1, resp. 1≤ y′ ≤ ℓi′–1 implies that

1+ ℓi–1 ≤ y+ ℓi–1 ≤ 2ℓi–1 and 1+ ℓi′–1 ≤ y+ ℓi–1 ≤ 2ℓi′–1. (6.16)

If i≤ i′ –1 then 2ℓi–1 ≤ ℓi′–1 < ℓi′–1 +1 which is in contradiction with (6.16). Similarly
if i′ ≤ i – 1 then 2ℓi′–1 ≤ ℓi–1 < ℓi–1 +1 is in contradiction with (6.16). Hence i = i′ and
consequently we deduce that y = y′ and j = j′.

This concludes the proof of the lemma. □

Lemma 6.3. (Two-blocks estimate) Let γ > 1. For ε > 0 and for n≥ 1 let ℓ0 = ℓ0(ε,n) :=
εnγ–1, and F ∈ L∞([0,T]). For every t ∈ [0,T],

limsup
ε→0+

limsup
n→∞

Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0
F(s)[η←ℓ0

s (0) – η←εn
s (0)]ds

∣∣∣] = 0, (6.17)

limsup
ε→0+

limsup
n→∞

Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0
F(s)[η→ℓ0

s (0) – η→εn
s (0)]ds

∣∣∣] = 0. (6.18)

Proof. We present the proof of (6.18), but the proof of (6.17) is analogous. Recall (5.1). By
the entropy and Jensen’s inequalities, and Feynman-Kac’s formula, we bound the expectation
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in (6.18) from above by
Ca
D +Tsup

f

{
∥F∥∞|⟨η→ℓ0(0) – η→εn(0), f⟩νa |+ nγ–1

D ⟨Ln
√

f,
√

f⟩νa

}
, (6.19)

where D > 0 and the supremum is carried over all the densities f with respect to νa. Let
ℓi := 2iℓ0 and M = (2– γ) log(n)

log(2) , so that 2Mℓ0 = εn. We can write

η→ℓ0(0) – η→εn(0) =
M
∑
i=1

[ 1
ℓi–1

ℓi–1

∑
y=1

η(y)– 1
ℓi

ℓi

∑
y=1

η(y)
]

=
M
∑
i=1

1
ℓi

ℓi–1

∑
y=1

[η(y)– η(y+ ℓi–1)].

From this we get

⟨η→ℓ0(0) – η→εn(0), f⟩νa =
M
∑
i=1

1
ℓi

ℓi–1

∑
y=1

∫
[η(y)– η(y+ ℓi–1)]f(η)dνa. (6.20)

Recall (5.6). For every i = 1, . . . ,M and every y = 1, . . . ,ℓi–1, we will choose

Ay,y+ℓi–1 = CγD(ℓi–1)γ∥F∥∞

nγ–1ℓi
> 0,

where Cγ is given by (6.5). From (6.20), (5.6) and Lemma 6.2, we can bound the expression
inside the supremum in (6.19) by

∥F∥∞

M
∑
i=1

1
ℓi

ℓi–1

∑
y=1

∣∣∣∫ [η(y)– η(y+ ℓi–1)]f(η)dνa

∣∣∣– nγ–1

2D Dn(
√

f,νa)

≤∥F∥∞

M
∑
i=1

1
ℓi

ℓi–1

∑
y=1

[nγ–1ℓiIy,y+ℓi–1(
√

f,νa)
2CγD(ℓi–1)γ∥F∥∞

+2CγD(ℓi–1)γ∥F∥∞

nγ–1ℓi

]
– nγ–1

2D Dn(
√

f,νa)

≤
CγD∥F∥∞(2Mℓ0)γ–1

2γnγ–1 = Cγ∥F∥∞

2γ Dεγ–1.

Choosing D = ε
1–γ
2 > 0, we can bound (6.19) by

(Ca +TCmpl∥F∥∞

2γ )ε
γ–1
2 ,

that vanishes as ε → 0 since γ > 1. □

Combining Lemma 6.1 and Lemma 6.3 we get the next result.

Lemma 6.4. (Replacement Lemma) Let γ > 1. Let F ∈ L∞([0,T]) and θ ∈ L1(Z). Then
for every t ∈ [0,T],

limsup
ε→0+

limsup
n→∞

Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0
F(s)

–1
∑

z=–∞
θ(z)[ηn

s (z) – η←εn
s (0)]ds

∣∣∣] = 0,

limsup
ε→0+

limsup
n→∞

Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0
F(s)

∞

∑
z=0

θ(z)[ηn
s (z) – η→εn

s (0)]ds
∣∣∣] = 0

and
limsup

ε→0+
limsup

n→∞
Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0
F(s)[η→εn

s (0) – ηn
s (0)]ds

∣∣∣] = 0.
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Moreover if β ∈ [0,γ –1), we have

limsup
ε→0+

limsup
n→∞

Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0
F(s)[η←εn

s (0) – ηn
s (0)]ds

∣∣∣] = 0.

We end this section with an useful application of the Replacement Lemma, that will be
useful to treat (3.6). The proof of the next result is analogous to the proof of Proposition 6.4
in [6] and for that reason it will be omitted.

Proposition 6.5. Assume S= S0, γ ∈ (1,2) and β ≥ γ –1. Let t ∈ [0,T] and G ∈SRob. Then,

limsup
ε→0+

limsup
n→∞

Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0

{
αnγ–1–β ∑

{x,z}∈S
[G(s, x

n) –G(s, z
n)]p(x–z)ηn

s (z)

–1β=γ–1mα[G(s,0–) –G(s,0+)][η→nε
s (0) – η←nε

s (0)]
}

ds
∣∣∣] = 0. (6.21)

Appendix A. Convergences at the discrete level

In this section we present several propositions which were used along the article and which
allowed us treating the integral term in Dynkin’s martingale given in Proposition 3.4. The
first two result we present are useful to treat (3.3) and justify the choice nγ for the time scale.

Next proposition states that nγKnG
(
s, ·

)
converges to [–(–∆)

γ
2 G]

(
s, ·

)
in L1(Z) as n→ ∞

and justifies the choice of SDif as the space of test functions in the weak formulation of (2.9).
We observe that contrarily to Lemma 5.1 in [2], here we deal with a sum over x ∈ Z and for
that reason we have to be more careful.

Proposition A.1. Recall the definition of Kn in (3.7). For every γ ∈ (0,2) and G ∈SDif, it
holds

lim
n→∞

1
n ∑

x
sup

s∈[0,T]
|nγKnG

(
s, x

n
)

– [–(–∆)
γ
2 G]

(
s, x

n
)

| = 0.

Proof. Recall (2.2). Let b ∈ N : b≥max{1,bG}. We prove the result in three steps.
I). First we claim that

lim
n→∞

1
n

∞

∑
x=2bn+1

sup
s∈[0,T]

|nγKnG
(
s, x

n
)

– [–(–∆)
γ
2 G](s, x

n)| = 0, (A.1)

lim
n→∞

1
n

–2bn–1
∑

x=–∞
sup

s∈[0,T]
|nγKnG

(
s, x

n
)

– [–(–∆)
γ
2 G](s, x

n)| = 0. (A.2)

We prove only (A.1), but we observe that the proof of (A.2) is completely analogous. Since
b≥ bG, then sups∈[0,T] G(s,u) = 0 if |u|≥ b and

1
n

∞

∑
x=2bn+1

sup
s∈[0,T]

|nγKnG
(
s, x

n
)

– [–(–∆)
γ
2 G](s, x

n)|

=cγ

n
∞

∑
x=2bn+1

sup
s∈[0,T]

∣∣∣nγ
bn–1
∑

y=–bn
G
(
s, y

n
)

[x –y]–γ–1 –
∫ b

–b
G(s,u)[x

n –u]–γ–1du
∣∣∣

=cγ

n
∞

∑
x=2bn+1

sup
s∈[0,T]

∣∣∣ bn–1
∑

y=–bn

∫ y+1
n

y
n

[fnx(s, y
n) – fnx(s,v)]dv

∣∣∣, (A.3)
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where for x≥ 2bn + 1, we define fnx : [0,T]× (–b – 1,b + 1)→ R by fnx(s,u) := G(s,u)[x
n – u]–γ–1.

Since b≥ 1, for x≥ 2bn+1, –bn≤ y≤ bn–1, v ∈ (y
n , y+1

n ), s ∈ [0,T] and u ∈ (y
n ,v), we get

|x
n –u|≥ |x

n –b|≥ |2bn+1
n –b|≥ b≥ 1,

which leads to

|∂ufnx(s,u)| = |∂uG(s,u)[x
n –u]–γ–1 – (γ +1)G(s,u)[x

n –u]–γ–2| ≲ [x
n –u]–γ–1 ≤ [x

n –b]–γ–1.

Applying the Mean Value Theorem to fnx, we have

sup
s∈[0,T]

|fnx(s, y
n) – fnx(s,v)| ≲ (v– y

n)[x
n –b]–γ–1, (A.4)

when x≥ 2bn+1, –bn≥ y≤ bn–1 and v ∈ (y
n , y+1

n ).
With the triangle inequality, we can bound the right-hand side of (A.3) by a constant times

1
n

∞

∑
x=2bn+1

[x
n –b]–γ–1

bn–1
∑

y=–bn

1
2n2 ≲ b

n

∫ ∞

b
u–γ–1du = b1–γ

γn

which goes to zero as n→ ∞, proving the first claim.
II). Now we will prove the same result as in (A.1) but with the sum restricted to |x|≤ 2bn.

This will be done in a two step procedure using (2.4) for ε > 0 fixed and later on we will take
ε → 0+. First, we claim that

lim
ε→0+

lim
n→∞

1
n ∑

|x|≤2bn
sup

s∈[0,T]
|nγKnG(s, x

n) – [–(–∆)
γ
2 G]ε(s, x

n)| = 0. (A.5)

By defining for u ∈ R, the function θu : [0,T]×R→ R

∀(s,w) ∈ [0,T]×R, θu(s,w) := G(s,u–w)+G(s,u+w)–2G(s,u), (A.6)

assuming, without loss of generality, n > 2ε–1 and recalling (2.4) and (3.7), we can rewrite

[–(–∆)
γ
2 G]ε(s,u) = cγ

∫ ∞

ε

θu(s,w)
wγ+1 dw, (A.7)

and

nγKnG(s, x
n) = nγ

∞

∑
t=1

p(t)θ x
n

(s, t
n) = nγ

nε–1
∑
t=1

p(t)θ x
n

(s, t
n)+nγ

∞

∑
t=nε

p(t)θ x
n

(s, t
n).

From this we have
1
n ∑

|x|≤2bn
sup

s∈[0,T]
|nγKnG(s, x

n) – [–(–∆)
γ
2 G]ε(s, x

n)|

≤
cγ

n ∑
|x|≤2bn

sup
s∈[0,T]

∣∣∣nγ
εn–1
∑
t=1

t–γ–1θ x
n

(s, t
n)
∣∣∣+ cγ

n ∑
|x|≤2bn

sup
s∈[0,T]

∣∣∣nγ
∞

∑
t=εn

t–γ–1θ x
n

(s, t
n) –

∫ ∞

ε

θ x
n

(s,w)

wγ+1 dw
∣∣∣.

(A.8)

Performing two Taylor expansions of second order on the function θu, we get

∀z,w ∈ R,∀s ∈ [0,T], |θz(s,w)|≤ w2∥∆G∥∞. (A.9)
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The leftmost term in (A.8) can be bounded from above by a constant times ∥∆G∥∞ε2–γ ,
which vanishes as ε → 0, since γ < 2. It remains to treat the rightmost term in (A.8). From
the triangle inequality, we get∣∣∣nγ

∞

∑
t=εn

t–γ–1θ x
n

(s, t
n) –

∫ ∞

ε

θ x
n

(s,w)

wγ+1 dw
∣∣∣ =

∣∣∣ ∞

∑
t=εn

∫ t+1
n

t
n

[(
t
n

)–γ–1
θ x

n
(s, t

n) –w–γ–1θ x
n

(s,w)
]
dw

∣∣∣
≤

∞

∑
t=εn

∫ t+1
n

t
n

|θ x
n

(s, t
n)|

[(
t
n

)–γ–1
–w–γ–1

]
dw+

∞

∑
t=εn

∫ t+1
n

t
n

w–γ–1|θ x
n

(s, t
n) – θ x

n
(s,w)|dw. (A.10)

Now we observe that for every z,w ∈R it holds |θz(s,w)|≤ 4∥G∥∞. Moreover, from the Mean
Value Theorem we have that |θz(s,y)–θz(s,w)|≤ 2∥∂uG∥∞|y–w|,∀z,w ∈R, for every s ∈ [0,T]
and

∀t ∈ N,
∫ t+1

n
t
n

[(
t
n

)–γ–1
–w–γ–1

]
dw≤ (γ +1)nγt–γ–2. (A.11)

From this we bound (A.10) from above by
∞

∑
t=εn

∫ t+1
n

t
n

4∥G∥∞

[(
t
n

)–γ–1
–w–γ–1

]
dw+2∥∂uG∥∞

∞

∑
t=εn

∫ t+1
n

t
n

w–γ–1
(

t+1
n – t

n

)
dw

≤4∥G∥∞

∞

∑
t=εn

(γ +1)nγt–γ–2 + 2∥∂uG∥∞

nγ
ε–γ ≲ ε–γ–1

n + ε–γ

n .

Therefore the rightmost term in (A.8) is bounded from above by a constant times ε–γ–1

n + ε–γ

n
and when we take the limit n→+∞ this term vanishes. From all this we conclude that (A.5)
holds, proving our claim. Finally, we claim that

lim
ε→0+

limsup
n→∞

1
n ∑

|x|≤2bn
sup

s∈[0,T]
|[–(–∆)

γ
2 G]ε(s, x

n) – [–(–∆)
γ
2 G](s, x

n)| = 0 (A.12)

and this will end the proof. Since [–(–∆)
γ
2 G](s, x

n) = limε1→0+ [–(–∆)
γ
2 G]ε1(s, x

n), recalling (A.7)
and (A.9), we get

1
n ∑

|x|≤2bn
sup

s∈[0,T]
|[–(–∆)

γ
2 G]ε(s, x

n) – [–(–∆)
γ
2 G](s, x

n)| = cγ

n ∑
|x|≤2bn

sup
s∈[0,T]

∣∣∣ lim
ε1→0+

∫ ε

ε1

θ x
n
(s,w)

wγ+1 dw
∣∣∣

≤
cγ

n ∑
|x|≤2bn

lim
ε1→0+

∫ ε

ε1

∥∆G∥∞w2

wγ+1 dw≤ 5bcγ∥∆G∥∞

2– γ
ε2–γ ,

for every n≥ 1. Since γ < 2, we get (A.12). □

Since for all s ∈ [0,T] we have |ηn
s (x)| ≤ 1, the next result is a trivial consequence of the

previous one.

Corollary A.2. If G ∈SDif, we have

lim
n→∞

Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0

{1
n ∑

x
nγKnG

(
s, x

n
)

ηn
s (x)– ⟨πn

s , [–(–∆)
γ
2 G](s, ·)⟩

}
ds
∣∣∣] = 0.

With the next two results we were able to treat (3.4). These results motivated us to impose
the condition (2.1), simplifying the proofs in some regimes.
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Proposition A.3. Assume (2.1). For G ∈SDif, it holds

limsup
n→∞

nγ–1 ∑
{y,z}∈S

p(y–z) sup
s∈[0,T]

|G(s, y
n) –G(s, z

n)| = 0.

Proof. Since G ∈ SDif, there exists a constant Cδ (independent of s) such that |G(s,u) –
G(s,v)|≤Cδ |u–v|δ for every u,v ∈R, for every s ∈ [0,T]. Since (2.1) holds, we have δ > γ –1
and taking n→ ∞ we trivially get the result. □

Since for all s ∈ [0,T] we have |ηn
s (x)| ≤ 1, the next result is a direct consequence of the

previous one.

Corollary A.4. Assume (2.1). For G ∈SDif, we have

limsup
ε→0+

limsup
n→∞

Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0

{nγ–1

2 ∑
{x,y}∈S

[
G(s, y

n) –G(s, x
n)
]
p(y–x)[ηn

s (y)– ηn
s (x)]

}
ds
∣∣∣] = 0.

(A.13)

Now we present a useful result to treat (3.6). This result is as in Proposition A.3. of [6],
where it is stated for γ > 2 but the result holds for γ > 1 and the proof can be easily adapted
from [6] to include this regime of γ.

Proposition A.5. Let γ ∈ (1,2) and G ∈SRob. Then,

lim
n→∞

sup
s∈[0,T]

∣∣∣ ∞

∑
z=0

–1
∑

x=–∞
p(y–x)

(
[G(s, y

n) –G(s, x
n)] – [G(s,0–) –G(s,0+)]

)∣∣∣ = 0. (A.14)

By symmetry the same result is true if we exchange x with z.

Finally we present two results that are useful to treat (3.5).

Proposition A.6. Let S=S0. Assume γ ∈ (1,2) and G∈SRob or that γ ∈ (0,1] and G∈SNeu.
It holds

lim
n→∞

1
n ∑

x
sup

s∈[0,T]
|nγ ∑

y:{x,y}∈F
[G(s, y

n) –G(s, x
n)]p(y–x)– [–(–∆)

γ
2
R∗G]

(
s, x

n
)

| = 0. (A.15)

Proof. We start by decomposing the sum above taking into account the relative position of
{x,y} ∈F. Since S= S0, the previous limit is bounded by

lim
n→∞

1
n

∞

∑
x=1

sup
s∈[0,T]

|nγ
∞

∑
y=1

[G(s, y
n) –G(s, x

n)]p(y–x)– [–(–∆)
γ
2
R∗+

G]
(
s, x

n
)

| (A.16)

+ lim
n→∞

1
n

–1
∑

x=–∞
sup

s∈[0,T]
|nγ

–1
∑

y=–∞
[G(s, y

n) –G(s, x
n)]p(y–x)– [–(–∆)

γ
2
R∗–

G]
(
s, x

n
)

| (A.17)

+ lim
n→∞

nγ–1
∞

∑
y=1

sup
s∈[0,T]

|G(s, y
n) –G(s, 0

n)|p(y). (A.18)

We claim that the limits in (A.18), (A.16) and (A.17) are equal to zero. Let us begin with
(A.18). Since γ ∈ (0,2), we can choose δ ∈ (γ – 1,γ)∩ [0,1]. Since G ∈ SRob, there exists C1
(independent of s) such that sups∈[0,T] |G(s, y

n)–G(s, 0
n)|≤C1yδ n–δ , for every y≥ 1 and every

n ≥ 1. Then the limit in (A.18) is bounded from above by nγ–1–δ C1cγ ∑∞
y=1 yδ–γ–1, which

vanishes as n→ +∞. Above, we used the fact that γ – 1 – δ < 0 and that the sum over y is
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convergent. It remains to deal with (A.16) and (A.17). We will only prove (A.16), but the
proof of (A.17) is analogous. The proof goes in two steps. First we treat the terms in the
sum for large values of x and then we treat at remaining terms. We split the proof now in
these two cases.

I). First step: treating terms with large values of x. Let b ∈N : b≥max{1,bG}. We claim
that

lim
n→∞

1
n

∞

∑
x=2bn+1

sup
s∈[0,T]

|nγ
∞

∑
y=1

[G(s, y
n) –G(s, x

n)]p(y–x)– [–(–∆)
γ
2
R∗+

G]
(
s, x

n
)

| = 0. (A.19)

The proof is very close to the proof of (A.1) and for that reason we just give a sketch. Since
b≥ bG, we have sups∈[0,T] G(s,u) = 0 if |u|≥ b and the limit above can be written as

lim
n→∞

cγ

n
∞

∑
x=2bn+1

sup
s∈[0,T]

∣∣∣ bn
∑
y=1

∫ y
n

y–1
n

[gn
x(s, y

n) –gn
x(s,v)]dv

∣∣∣, (A.20)

where gn
x :∈ [0,T]×(0,b)→R is given on s∈ [0,T] and u∈ (0,b) by gn

x(s,u) := G(s,u)[x
n –u]–γ–1.

Since b≥ 1, with the same reasoning we did to produce (A.4), we get

∀x≥ 2bn+1,∀y : 1≤ y≤ bn,∀v ∈ (y–1
n , y

n), sup
s∈[0,T]

|gn
x(s, y

n) –gn
x(s,v)| ≲ (v– y

n)[x
n –b]–γ–1,

and by the triangle inequality, we can bound (A.20) by a constant times b1–γ

nγ , which vanishes
as n→+∞, proving (A.19).

II). Second step: treating terms with small values of x. First we fix ε > 0 and later we
take ε → 0+. We first claim that

lim
ε→0+

lim
n→∞

1
n

εn–1
∑
x=1

sup
s∈[0,T]

|nγ
∞

∑
y=1

[G(s, y
n) –G(s, x

n)]p(y–x)| = 0. (A.21)

First note that a Taylor expansion of second order in G allows to conclude that

1
n

εn–1
∑
x=1

sup
s∈[0,T]

|nγ
2x–1
∑
y=1

[G(s, y
n) –G(s, x

n)]p(y–x)|

≤
εn–1
∑
x=1

nγ–3∥∆G∥∞

x–1
∑
t=1

cγt1–γ = ∥∆G∥∞cγ
1
n

εn–1
∑
x=1

1
n

x–1
∑
t=1

( t
n

)1–γ
≲ ∥∆G∥∞

1
n

εn
∑
x=0

(x
n

)2–γ
≲ ∥∆G∥∞ε3–γ ,

and from this we get

lim
ε→0+

lim
n→∞

1
n

εn–1
∑
x=1

sup
s∈[0,T]

|nγ
2x–1
∑
y=1

[G(s, y
n) –G(s, x

n)]p(y–x)| = 0. (A.22)

The proof of (A.21) is now a consequence of the next result:

lim
ε→0+

lim
n→∞

1
n

εn–1
∑
x=1

sup
s∈[0,T]

|nγ
∞

∑
y=2x

[G(s, y
n) –G(s, x

n)]p(y–x)| = 0. (A.23)
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To prove it we split in two cases, either γ ∈ (0,1] or γ ∈ (1,2). We start with the former. If
γ ∈ (0,1], then G ∈SNeu and sups∈[0,T] |G(s,u)| = 0 when u ∈ (0, b̄G). Then if ε < b̄G

2 we have

1
n

εn–1
∑
x=1

sup
s∈[0,T]

|nγ
∞

∑
y=2x

[G(s, y
n) –G(s, x

n)]p(y–x)|

≤1
n

εn–1
∑
x=1

sup
s∈[0,T]

|nγ
x+εn
∑

y=2x
[G(s, y

n) –G(s, x
n)]p(y–x)|+ 1

n
εn–1
∑
x=1

sup
s∈[0,T]

|nγ
∞

∑
y=x+εn+1

[G(s, y
n) –G(s, x

n)]p(y–x)|

=1
n

εn–1
∑
x=1

sup
s∈[0,T]

|nγ
∞

∑
y=b̄Gn

[G(s, y
n)]p(y–x)| = ∥G∥∞

n
εn–1
∑
x=1

1
n

∞

∑
y=b̄Gn

(
y
n – x

n

)–γ–1

≲∥G∥∞

n
εn
∑
x=1

(
b̄G – x

n

)–γ
≤ ∥G∥∞

(
b̄G
2

)–γ
ε,

which shows (A.23). If γ ∈ (1,2), a Taylor expansion of first order leads to

1
n

εn–1
∑
x=1

sup
s∈[0,T]

|nγ
∞

∑
y=2x

[G(s, y
n) –G(s, x

n)]p(y–x)|

≤nγ–2∥∂uG∥∞

εn–1
∑
x=1

εn
∑
t=x

cγt–γ +nγ–2∥∂uG∥∞

εn–1
∑
x=1

∞

∑
t=εn+1

cγt–γ

≲∥∂uG∥∞
1
n

εn
∑
x=1

2
γ –1

(
x
n

)1–γ
+∥∂uG∥∞ε

1
n

∞

∑
t=εn

(
t
n

)–γ
≲ ∥∂uG∥∞ε2–γ +∥∂uG∥∞ε2–γ ,

and this shows (A.23). Now we claim that

lim
ε→0+

lim
n→∞

1
n

εn–1
∑
x=1

sup
s∈[0,T]

|[–(–∆)
γ
2
R+

G](s, x
n)| = 0. (A.24)

As above, we split the proof into two cases, either γ ∈ (0,1] or γ ∈ (1,2). We start with the
former. If γ ∈ (0,1], then G ∈ SNeu and sups∈[0,T] |G(s,u)| = 0 when u ∈ (0, b̄G). Then, for
ε < b̄G

2 the expression inside the double limit above can be rewritten as

1
n

εn–1
∑
x=1

sup
s∈[0,T]

∣∣∣cγ lim
ε1→0+

∫ ∞

0
1{|v– x

n |≥ε1}
G(s,u)–G(s, x

n)
|u– x

n |γ+1 du
∣∣∣

=1
n

εn–1
∑
x=1

sup
s∈[0,T]

∣∣∣cγ

∫ ∞

b̄G

G(s,u)
|u– x

n |γ+1 du
∣∣∣≲ ∥G∥∞

n
εn
∑
x=1

(
b̄G – x

n

)–γ
≤ ∥G∥∞

( b̄G
2

)–γ
ε,

which leads to (A.24). If γ ∈ (1,2), choosing ε1,ε,n such that ε1 < 1
n < ε, we get∣∣∣cγ

∫
R+

1{| x
n –v|≥ε1}

G(s,v) –G(s, x
n)

|x
n –v|γ+1 duv

∣∣∣ = cγ

∣∣∣∫ ∞

– x
n

1{|u|≥ε1}
G(s,u+ x

n) –G(s, x
n)

|u|γ+1 du
∣∣∣

=cγ

∣∣∣∫ –ε1

– x
n

G(s,u+ x
n) –G(s, x

n)
(–u)γ+1 du+

∫ 1

ε1

G(s,u+ x
n) –G(s, x

n)
uγ+1 du+

∫ ∞

1

G(s,u+ x
n) –G(s, x

n)
uγ+1 du

∣∣∣.
We know that if the spatial variable in the argument of G is always positive, then G can be
replaced by G+ for γ ∈ (1,2). Performing a Taylor expansion of second order inside the first
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two integrals and a Taylor expansion of first order inside the last integral, we get

εn–1
∑
x=1

n–1
∣∣∣cγ

∫
R+

1{| x
n –v|≥ε1}

G(s,v) –G(s, x
n)

|x
n –v|γ+1 du

∣∣∣
≤

εn–1
∑
x=1

n–1cγ

∣∣∣∂uG(s, x
n)
[∫ x

n

ε1
(–u)u–γ–1du+

∫ 1

ε1
uu–γ–1du

]∣∣∣+ εn–1
∑
x=1

n–1cγ∥∂uG∥∞

∫ ∞

1
u–γdu

+
εn–1
∑
x=1

n–1cγ∥∆G∥∞

[∫ –ε1

– x
n

(–u)1–γdu+
∫ 1

ε1
u1–γdu

∣∣∣
≤

εn–1
∑
x=1

n–1cγ |∂uG(s, x
n)|

∫ 1

x
n

u–γdu+
εn–1
∑
x=1

n–1cγ∥∂uG∥∞

∫ ∞

1
u–γdu+2∥∆G∥∞cγε

∫ 1

ε1
u1–γdu

≤
εn–1
∑
x=1

n–1cγ∥∂uG∥∞

∫ ∞

x
n

u–γdu+2∥∆G∥∞cγε
∫ 1

ε1
u1–γdu

≲∥∂uG∥∞
1
n

εn
∑
x=1

(
x
n

)1–γ
+∥∆G∥∞ε ≲ ∥∂uG∥∞ε2–γ +∥∆G∥∞ε,

which leads to (A.24). From (A.21) and (A.24), we get

lim
ε→0+

lim
n→∞

1
n

εn–1
∑
x=1

sup
s∈[0,T]

|nγ
∞

∑
y=1

[G(s, y
n) –G(s, x

n)]p(y–x)– [–(–∆)
γ
2
R∗+

G]
(
s, x

n
)

| = 0. (A.25)

III). Third step: treating the remaining terms. Observe that we can write

1
n

2bn
∑

x=εn
sup

s∈[0,T]
|nγ

∞

∑
y=1

[G(s, y
n) –G(s, x

n)]p(y–x)– [–(–∆)
γ
2
R∗+

G]
(
s, x

n
)

|

≤1
n

2bn
∑

x=εn
sup

s∈[0,T]
|nγ

∞

∑
y=1

[G(s, y
n) –G(s, x

n)]p(y–x)– [–(–∆)
γ
2
R+

G]ε(s, x
n)
∣∣∣

+1
n

2bn
∑

x=εn
sup

s∈[0,T]
|[–(–∆)

γ
2
R+

G]ε(s, x
n) – [–(–∆)

γ
2 G](s, x

n)|,

where for every u > 0

[–(–∆)
γ
2
R+

G]ε(s,u) = cγ

∫ u

ε

θu(s,w)
wγ+1 dw+cγ

∫ ∞

u

G(s,u+w)–G(s,u)
wγ+1 dw, (A.26)

where the function θ has been defined in (A.6). Assuming n > 2ε–1, for x≥ εn, we also can
write

nγ
∞

∑
y=1

p(y–x)[G(s, y
n) –G(s, x

n)] = nγ
x–1
∑
t=1

p(t)θ x
n

(s, t
n)+nγ

∞

∑
t=x

p(t)[G(s, x+t
n ) –G(s, x

n)].
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From this we have

1
n

2bn
∑

x=εn
|nγ

∞

∑
y=1

p(y–x)[G(s, y
n) –G(s, x

n)] – [–(–∆)
γ
2
R+

G]ε(s, x
n)
∣∣∣

≤
cγ

n
2bn
∑

x=εn

∣∣∣nγ
εn–1
∑
t=1

t–γ–1θ x
n

(s, t
n)
∣∣∣+ cγ

n
2bn
∑

x=εn

∣∣∣nγ
x–1
∑

t=εn
t–γ–1θ x

n
(s, t

n) –
∫ x

n

ε

θ x
n

(s,w)

wγ+1 dw
∣∣∣ (A.27)

+cγ

n
2bn
∑

x=εn

∣∣∣nγ
∞

∑
t=x

t–γ–1[G(s, x+t
n ) –G(s, x

n)] –
∫ ∞

x
n

G(s, x
n +w)–G(s, x

n)
wγ+1 dw

∣∣∣. (A.28)

From (A.9), the leftmost term in (A.27) can be bounded by

1
n

2bn
∑

x=εn
cγ∥∆G∥∞

1
n

εn
∑
t=1

( t
n

)1–γ
≤ 2bcγ∥∆G∥∞

1
n

εn
∑
t=1

( t
n

)1–γ
≲ ∥∆G∥∞ε2–γ ,

and since γ < 2, it vanishes as ε→ 0. Now we analyse the the rightmost term in (A.27). From
the triangle inequality, we get∣∣∣nγ

x–1
∑

t=εn
t–γ–1θ x

n
(s, t

n) –
∫ x

n

ε

θ x
n

(s,w)

wγ+1 dw
∣∣∣

=
∣∣∣ x–1

∑
t=εn

∫ t+1
n

t
n

[( t
n

)–γ–1
θ x

n
(s, t

n) –w–γ–1θ x
n

(s,w)
]
dw

∣∣∣
≤

x–1
∑

t=εn

∫ t+1
n

t
n

|θ x
n

(s, t
n)|

[( t
n

)–γ–1
–w–γ–1

]
dw+

x–1
∑

t=εn

∫ t+1
n

t
n

w–γ–1|θ x
n

(s, t
n) – θ x

n
(s,w)|dw. (A.29)

Recall (A.9) and the application of the Mean Value Theorem above (A.11). Putting this
together with (A.11), we bound (A.29) from above by

x–1
∑

t=εn

∫ t+1
n

t
n

4∥G∥∞

[( t
n

)–γ–1
–w–γ–1

]
dw+2∥∂uG∥∞

x–1
∑

t=εn

∫ t+1
n

t
n

w–γ–1
(t+1

n – t
n

)
dw

≤4∥G∥∞

∞

∑
t=εn

(γ +1)nγt–γ–2 + 2∥∂uG∥∞

nγ
ε–γ ≲ ε–γ–1

n + ε–γ

n .

From this we get that the rightmost term in the second line of last display vanishes as ε→ 0.
Now we analyse (A.28). From the triangle inequality, we get∣∣∣nγ

∞

∑
t=x

t–γ–1[G(s, x+t
n ) –G(s, x

n)] –
∫ ∞

x
n

G(s, x
n +w)–G(s, x

n)
wγ+1 dw

∣∣∣
=
∣∣∣ ∞

∑
t=x

∫ t+1
n

t
n

[(
t
n

)–γ–1
[G(s, x+t

n ) –G(s, x
n)] –w–γ–1[G(s, x

n +w)–G(s, x
n)]

]
dw

∣∣∣
≤

∞

∑
t=εn

∫ t+1
n

t
n

|G(s, x+t
n ) –G(s, x

n)|
[(

t
n

)–γ–1
–w–γ–1

]
dw+

∞

∑
t=εn

∫ t+1
n

t
n

w–γ–1|G(s, x+t
n ) –G(s, x

n +w)|dw.

(A.30)

In the last line, we used that x≥ εn. We observe that |G(s,y) – G(s,w)|≤ ∥∂uG∥∞|y – w|, for
every y,w > 0 and every s ∈ [0,T]. Plugging this with (A.11), the expression in (A.30) is
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bounded from above by
∞

∑
t=εn

∫ t+1
n

t
n

4∥G∥∞

[( t
n

)–γ–1
–w–γ–1

]
dw+∥∂uG∥∞

∞

∑
t=εn

∫ t+1
n

t
n

w–γ–1
(t+1

n – t
n

)
dw

≤4∥G∥∞

∞

∑
t=εn

(γ +1)nγt–γ–2 + ∥∂uG∥∞

nγ
ε–γ ≲ ε–γ–1

n + ε–γ

n ,

so that (A.30) vanishes as n→+∞. Putting this all together we get

lim
ε→0+

limsup
n→∞

1
n

2bn
∑

x=εn
|nγ

∞

∑
y=1

p(y–x)[G(s, y
n) –G(s, x

n)] – [–(–∆)
γ
2
R+

G]ε(s, x
n)
∣∣∣ = 0. (A.31)

Since [–(–∆)
γ
2
R+

G](s, x
n) = limε1→0+ [–(–∆)

γ
2
R+

G]ε1(s, x
n), recalling (A.26) and (A.9), we get

1
n

2bn
∑

x=εn
sup

s∈[0,T]

∣∣∣[–(–∆)
γ
2
R∗+

G]ε(s, x
n) – [–(–∆)

γ
2
R∗+

G](s, x
n)
∣∣∣

= cγ

n
2bn
∑

x=εn
sup

s∈[0,T]

∣∣∣ lim
ε1→0+

∫ ε

ε1

θ x
n
(s,w)

wγ+1 dw
∣∣∣

≤
cγ

n
2bn
∑

x=εn
lim

ε1→0+

∫ ε

ε1

∥∆G∥∞w2

wγ+1 dw≤ 2bcγ∥∆G∥∞

2– γ
ε2–γ ,

for every n≥ 1, and since γ < 2, it vanishes as ε → 0. From this we conclude that

lim
ε→0+

limsup
n→∞

1
n

2bn
∑

x=εn
|nγ

∞

∑
y=1

p(y–x)[G(s, y
n) –G(s, x

n)] – [–(–∆)
γ
2
R+

G](s, x
n)
∣∣∣ = 0.

Finally, combining the double limit above with (A.19) and (A.25), we get (A.16). This ends
the proof. □

Since |ηn
s (x)|≤ 1, the next result is a direct consequence of the previous one.

Corollary A.7. Let S= S0. Assume that γ ∈ (1,2) and G ∈ SRob or that γ ∈ (0,1] and
G ∈SNeu. It holds

lim
n→∞

Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0

{
∑

{x,y}∈F
nγ–1[G(s, y

n) –G(s, x
n)]p(y–x)ηn

s (x)– ⟨πn
s , [–(–∆)

γ
2
R∗G](s, ·)⟩

}∣∣∣] = 0.

We end this section with two results which are consequences of Proposition A.1 and Propo-
sition A.6. For the remainder of this section, we define Sβ ,γ as

Sβ ,γ := 1{γ∈(0,1]}SNeu +1{γ∈(1,2),β=0}SDir +1{γ∈(1,2),β>0}SRob0.

Now we present the final results of this section, which were useful to treat (3.6).

Proposition A.8. Let S= S0. For every G ∈Sβ ,γ we have

lim
n→∞

1
n ∑

x
sup

s∈[0,T]

∣∣nγ ∑
{x,y}∈S

[G(s, y
n) –G(s, x

n)]p(y–x)

–1β=0
(
[–(–∆)

γ
2 G](s, x

n) –∑
x

[–(–∆)
γ
2
R∗G](s, x

n)
)∣∣ = 0.
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Proof. If β = 0, the result comes directly from Proposition A.1 and Proposition A.6. If β > 0,
there are two possibilities: γ ∈ (1,2) and γ ∈ (0,1].

I). For γ ∈ (1,2), we can choose δ ∈ [0,1]∩ (γ – β – 1,γ – 1). Since G ∈ SRob0, there exists
C > 0 (independent of s ∈ [0,T]) such that |G(s,u)–G(s,v)|≤ C|u–v|δ for every u,v ∈ R and
every s ∈ [0,T]. This leads to

1
n ∑

x
sup

s∈[0,T]
|nγ ∑

{x,y}∈S
[G(s, y

n) –G(s, x
n)]p(y–x)| ≲ 2nγ–β–1–δ

∞

∑
x=0

∞

∑
y=1

(x+y)–γ–1+δ .

Since δ ∈ (γ –β –1,γ –1), the sum above is finite and the expression in the last display vanishes
as n→ ∞, leading to the desired result.

II). For γ ∈ (0,1], we consider G∈SNeu and sups∈[0,T] |G(s,u)| = 0 for every u : |u|∈ [0, b̄G]∪
[bG,∞). This leads to

1
n ∑

x
sup

s∈[0,T]
|nγ ∑

{x,y}∈S
[G(s, y

n) –G(s, x
n)]p(y–x)|

≤2∥G∥∞nγ–β–1[ bGn

∑
y=b̄Gn

∞

∑
x=bGn

p(x+y)+
bGn

∑
y=0

bGn

∑
x=b̄Gn

p(x+y)
]

≲n–β [1
n

bGn

∑
y=b̄Gn

(
bG + y

n
)–γ + 1

n

bGn

∑
y=0

(
b̄G + y

n
)–γ]≲ n–β [∫ 2bG

bG+b̄G
u–γdu+

∫ bG+b̄G

bb̄G
u–γdu].

Since both integrals above are finite and β > 0, last display vanishes as n→ ∞. □
The next result is a trivial consequence of the previous one by the fact that the variables

η(x) are bounded.
Corollary A.9. Let S= S0. For every G ∈Sβ ,γ we have

lim
n→∞

Eµn

[
sup

t∈[0,T]

∣∣∣∫ t

0

{
αnγ–1–β ∑

{x,y}∈S
[G(s, y

n) –G(s, x
n)]p(y–x)ηn

s (x)

–α1β=0
(
⟨πn

s , [–(–∆)
γ
2 G](s, ·)⟩– ⟨πn

s , [–(–∆)
γ
2
R∗G](s, ·)⟩

)}
ds
∣∣∣] = 0.

Proposition A.10. Let G ∈SDif. Then
nγ–2 ∑

x,y
sup

s∈[0,T]
[G(s, y

n) –G(s, x
n)]2p(y–x) ≲ max{nγ–2,n–1}.

Proof. Since G ∈ SDif, there exists Cδ such that sups∈[0,T] |G(s,u) – G(s,v)| ≤ Cδ |u – v|δ , for
every u,v∈R, where δ = min{1, γ+1

2 }∈ [0,1]. Since sups∈[0,T] G(s,u) = 0, for every u : |u|≥ bG,
we have

nγ–2 ∑
x,y

sup
s∈[0,T]

[G(s, y
n) –G(s, x

n)]2p(y–x)

≲nγ–2–2δ
[

∑
|x|<(bG+1)n

|y|<bGn

|y –x|2δ–γ–1 + ∑
|x|<bGn

bGn≤|y|<(bG+1)n

|y –x|2δ–γ–1
]

+nγ–2 ∑
|x|≥(bG+1)n

|y|<bGn

|x –y|–γ–1

≲nγ–2–2δ n2 +nγ–1
∞

∑
t=n

t–γ–1 ≲ nγ–2δ +n–1 ≲ max{nγ–2,n–1},

where in the second and the last inequalities we used the fact that δ = min{1, γ+1
2 }. □
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Appendix B. Analysis tools

In this section our goal is to prove the uniqueness of the weak solutions of (2.10), (2.9),
(2.11) and (2.12) (the last one assuming (2.14)). Since we did not find in the literature a
proof of uniqueness of our weak solutions we decided to prove it. Before doing so, we prove
some useful results.

B.1. Well-definiteness of the fractional operators. In this section, we prove that the
fractional operators that we deal with are well defined on our space of test functions. Recall
(2.2). Let us begin with the fractional Laplacian.

Proposition B.1. Let G ∈ C2
c(R). For every u ∈ R, the limit

lim
ε→0+

[–(–∆)
γ
2 G]ε(u) (B.1)

exists and there exists H ∈ L1(R) such that |[–(–∆)
γ
2 G]ε |≤H, for every ε ∈ (0,bG).

The last result also holds for the regional fractional Laplacian on I = R∗– or I = R∗+. Recall
(2.3).

Proposition B.2. Let I = R∗– or I = R∗+. Let G ∈ C2
c(R∗) if γ ∈ (1,2) and G ∈ C2

c0(R) if
γ ∈ (0,1]. Then for every u ∈ I, the limit

lim
ε→0+

[–(–∆)
γ
2
I G]ε(u) (B.2)

exists and there exists H ∈ L1(I) such that |[–(–∆)
γ
2
I G]ε |≤H, for every ε ∈ (0,bG).

Proof. Let G be fixed and recall (2.2). We assume that I = R∗+, but we observe that the case
I = R∗– is analogous. Define H : R∗+→ R by

H(u) :=



cγ∥G∥∞
γ [(u–bG)–γ –u–γ ], if u > 2bG;

cγ
[∥G′′∥∞

2–γ (2bG)2–γ + ∥G′∥∞
γ–1 u1–γ], if γ ∈ (1,2) and 0 < u≤ 2bG;

cγ
[∥G′′∥∞

2–γ (2bG)2–γ + 2∥G∥∞
γ u–γ], if γ ∈ (0,1] and b̄G

2 < u≤ 2bG;
cγ
[∥G′∥∞

2–γ (2bG)2–γ + ∥G∥∞
γ

2γ

b̄γ
G

]
, if γ ∈ (0,1] and 0 < u≤ b̄G

2 .

Let u ∈ R∗+. For every ε ∈ (0,min{u
2 ,bG}), it holds

[–(–∆)
γ
2
R+

G]ε(u) = cγ

∫ u

ε

[G(u+w)–G(u)]+ [G(u–w)–G(u)]
wγ+1 dw+cγ

∫ ∞

u

G(u+w)–G(u)
wγ+1 dw.

Now observe that there are two possibilities for u: u > 2bG or 0 < u≤ 2bG. For u > 2bG, since
G(y) = 0 for every y ∈ (bG,∞), we get

∀ε ∈ (0,bG), [–(–∆)
γ
2
R+

G]ε(u) = cγ

∫ u

u–bG

G(u–w)
wγ+1 dw,

and the limit in (B.2) exists. Moreover,

|[–(–∆)
γ
2
R+

G]ε(u)| =
∣∣∣cγ

∫ u

u–bG

G(u–w)
wγ+1 dw

∣∣∣≤ cγ

∫ u

u–bG

∥G∥∞

wγ+1 dw = H(u).
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For 0 < u≤ 2bG, since G ∈ C2(R∗+), performing two Taylor expansions of second order in G,
we get∣∣∣cγ

∫ u

ε

(
G(u+w)–G(u)

)
+
(
G(u–w)–G(u)

)
wγ+1 dw

∣∣∣ =cγ

∣∣∣∫ u

ε

G′′
(
ξ1(w)

)
+G′′

(
ξ2(w)

)
2wγ–1 dw

∣∣∣
≤ cγ
∥G′′∥∞

2– γ
(2bG)2–γ < ∞,

for some ξ1(w)∈ (u,u+w) and some ξ2(w)∈ (u–w,u). Now we distinguish two cases: γ ∈ (1,2)
or γ ∈ (0,1].

I). For γ ∈ (1,2): we have∣∣∣cγ

∫ ∞

u

G(u+w)–G(u)
wγ+1 dw

∣∣∣ = cγ

∣∣∣∫ ∞

u

G′
(
ξ3(w)

)
wγ dw

∣∣∣≤ cγ
∥G′∥∞

γ –1 u1–γ < ∞

for some ξ3(w) ∈ (u,u+w), and from this, the limit in (B.2) exists. Moreover,

|[–(–∆)
γ
2
R+

G]ε(u)|≤ cγ

[∥G′′∥∞

2– γ
(2bG)2–γ + ∥G

′∥∞

γ –1 u1–γ
]

= H(u).

II). For γ ∈ (0,1] we need to distinguish again two cases: u ∈ [ b̄G
2 ,2bG) or u ∈ (0, b̄G

2 ). In the
former case we have∣∣∣cγ

∫ ∞

u

G(u+w)–G(u)
wγ+1 dw

∣∣∣≤ cγ

∫ ∞

u

2∥G∥∞

wγ+1 dw
∣∣∣≤ cγ

2∥G∥∞

γ
u–γ < ∞,

and we conclude that the limit in (B.2) exists. Moreover,

|[–(–∆)
γ
2
R+

G]ε(u)|≤ cγ

[∥G′′|∥∞

2– γ
(2bG)2–γ + 2∥G∥∞

γ
u–γ

]
= H(u).

In the later case i.e. γ ∈ (0, b̄G
2 ), we have∣∣∣cγ

∫ ∞

u

G(u+w)–G(u)
wγ+1 dw

∣∣∣ = cγ

∣∣∣∫ ∞

b̄G
2

G(u+w)
wγ+1 dw

∣∣∣≤ cγ
∥G∥∞

γ
2γ

b̄γ
G

< ∞

and we conclude that the limit in (B.2) exists. Moreover,

|[–(–∆)
γ
2
R+

G]ε(u)|≤ cγ

[∥G′′∥∞

2– γ
(2bG)2–γ + ∥G∥∞

γ
2γ

b̄γ
G

]
= H(u).

To conclude the proof it remains to prove that H ∈ L1(R∗+). For u > 2bG, applying the Mean
Value Theorem to the function x–γ we obtain (u–bG)–γ –u–γ ≤ bGγ(u–bG)–γ–1. For γ ∈ (1,2),
it holds∫

R∗+
|H(u)|du≤

∫ 2bG

0
cγ

[∥G′′∥∞

2– γ
(2bG)2–γ + ∥G

′∥∞

γ –1 u1–γ
]
du+

∫ ∞

2bG
bGγ(u–bG)–γ–1 < ∞.

while for γ ∈ (0,1], it holds∫
R∗+

|H(u)|du≤
∫ b̄G

2

0
cγ
[∥G′′∥∞

2– γ
(2bG)2–γ + ∥G∥∞

γ
2γ

b̄γ
G

]
du

+
∫ 2bG

b̄G
2

cγ

[∥G′′∥∞

2– γ
(2bG)2–γ + 2∥G∥∞

γ
u–γ

]
du+

∫ ∞

2bG
bGγ(u–bG)–γ–1 < ∞.

□
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Now will extend Theorem 3.3 of [13] (which is stated for bounded domains) to the cases
I =R, I =R∗– and I =R∗+. We recall that we identify [–(–∆)

γ
2
RG]ε with [–(–∆)

γ
2 G]ε and [–(–∆)

γ
2
RG]

with [–(–∆)
γ
2 G].

Proposition B.3. Let I∈ {R,R∗–,R∗+} and ρ : R→R a function belonging to L∞(R) such thatx
I2

[ρ(u)– ρ(v)]2|u –v|–1–γdudv < ∞. (B.3)

If I = R, let G ∈ C2
c(R). On the other hand, if I = R∗– or I = R∗+, let G ∈ C2

c(R∗) if γ ∈ (1,2]
and let G ∈ C2

c0(R∗) if γ ∈ (0,1]. Then∫
I
ρ(u)[–(–∆)

γ
2
I G](u)du = –cγ

2
x
I2

[G(u)–G(v)][ρ(u)– ρ(v)]
|u–v|1+γ dudv. (B.4)

Proof. For every k satisfying k–1 < bG, it holds∫
I
ρ(u)[–(–∆)

γ
2
I G]k–1(u)du = –cγ

2
x
I2

[G(u)–G(v)][ρ(u)– ρ(v)]
|u–v|1+γ 1{|u–v|≥k–1}dudv. (B.5)

From Propositions B.1 and B.2, there exists H ∈ L1(I) such that |ρ · [–(–∆)
γ
2
I G]k–1 | is bounded

from above by ∥ρ∥∞H, for every k–1 < bG. Moreover, we havex
I2

[G(u)–G(v)]2|u –v|–1–γdudv < ∞.

Plugging this with (B.3) and Hölder’s inequality, we get
x
I2

|G(u)–G(v)||ρ(u)– ρ(v)|
|u–v|1+γ dudv < ∞.

From the Dominated Convergence Theorem, we get

lim
k→∞

∫
I
ρ(u)[–(–∆)

γ
2
I G]k–1(u)du =

∫
I
ρ(u)[–(–∆)

γ
2
I G](u)du (B.6)

and

lim
k→∞

x
I2

[G(u)–G(v)][ρ(u)– ρ(v)]
|u–v|1+γ 1{|u–v|≥k–1}dudv =

x
I2

[G(u)–G(v)][ρ(u)– ρ(v)]
|u–v|1+γ dudv.

(B.7)

Replacing (B.6) and (B.7) in (B.5), we get the desired result. □

B.2. Results on fractional Sobolev spaces. The following result is stated and proved in
Lemma 5.2 of [7], therefore we omit its proof.

Proposition B.4. Let γ ∈ (1,2) and f ∈ H
γ
2 (R∗–),g ∈ H

γ
2 (R∗+). Let f̃e and g̃e be the even

extensions of the continuous representatives f̃ and g̃, respectively. Then f̃e, g̃e ∈H
γ
2 (R).

The next result is useful in order to conclude that condition a) is a consequence of conditions
(2) and (3) in the definition of weak solutions of (2.12), see Remark 2.8.
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Proposition B.5. Let γ ∈ (1,2) and f ∈ H
γ
2 (R∗). Denote the continuous representatives

of f|R∗– and f|R∗+ by f̃– and f̃+, respectively. Assume that f̃–(0) = f̃+(0). Then there exists
f̃ ∈ C

γ–1
2 (R) such that f = f̃ almost everywhere on R.

Proof. Denote the even extensions of f̃– and f̃+ by f̃–,e and f̃+,e, respectively. From last result,
we have that f̃–,e, f̃+,e are in H

γ
2 (R). Then from Proposition 2.1, there exists C > 0 such that

∀u,v ∈ R, |f̃–,e(u)– f̃–,e(v)|+ |f̃+,e(u)– f̃+,e(v)|≤ C|u–v|
γ–1
2 . (B.8)

Now define f̃ : R→ R by f̃(u) = 1u<0f̃–(u) +1u≥0f̃+(u). Then f = f̃ almost everywhere on R.
Moreover, we have

∀u,v ∈ (–∞,0), |f̃(u) – f̃(v)| = |f̃–,e(u)– f̃–,e(v)|≤ C|u–v|
γ–1
2 ;

∀u,v ∈ [0,∞), |f̃(u) – f̃(v)| = |f̃+,e(u)– f̃+,e(v)|≤ C|u–v|
γ–1
2 .

Finally, for u < 0 and v≥ 0, we have

|f̃(u) – f̃(v)|≤ |f̃–,e(u)– f̃–,e(0)|+ |f̃+,e(0) – f̃+,e(v)|≤ C(|u|
γ–1
2 +|v|

γ–1
2 )≤ 2C|u–v|

γ–1
2 ,

where in the last line we made use of the hypothesis f̃–(0) = f̃+(0) and of (B.8). □
The next result is useful in order to conclude that condition b) is a consequence of conditions

(2) and a) in the definition of weak solutions of (2.12), see Remark 2.8.

Proposition B.6. Let γ ∈ (1,2) and f ∈ L∞(R)∩H
γ
2 (R∗) be such that there exists f̃ ∈C

γ–1
2 (R)

satisfying f = f̃ almost everywhere in R. Then f ∈H
γ
2 –δ (R), for every δ ∈ (0, γ–1

2 ).

Proof. Let δ ∈ (0, γ–1
2 ). Since both f|(–∞,0) ∈ L2( – ∞,0)

)
and f|(0,∞) ∈ L2((0,∞)

)
, then f ∈

L2(R). Moreover, since f|(–∞,0) ∈ H
γ
2
(
(–∞,0)

)
⊂ H

γ
2 –δ((–∞,0)

)
and f|(0,∞) ∈ H

γ
2
(
(0,∞)

)
⊂

H
γ
2 –δ((0,∞)

)
, we have∫ 0

–∞

∫ 0

–∞

[f(u) – f(v)]2
|u –v|1+γ–2δ dvdu+

∫ ∞

0

∫ ∞

0

[f(u) – f(v)]2
|u –v|1+γ–2δ dvdu < ∞.

In order to prove that f ∈H
γ
2 –δ (R), we need∫ ∞

0

∫ 0

–∞

[f(u) – f(v)]2
|u –v|1+γ–2δ dvdu+

∫ 0

–∞

∫ ∞

0

[f(u) – f(v)]2
|u –v|1+γ–2δ dvdu < ∞.

We will only prove that the first double integral above is bounded, but we observe that the
same holds for the second one with an analogous reasoning. Since f is bounded, we have∫ ∞

0

∫ –1

–∞

[f(u) – f(v)]2
|u –v|1+γ–2δ dvdu≤(2∥f∥∞)2

γ(γ –1) 11–γ+2δ < ∞.

In an analogous way, we have∫ ∞

1

∫ 0

–1

[f(u) – f(v)]2
|u –v|1+γ–2δ dvdu≤= (2∥f∥∞)2(1–21–γ)

γ(γ –1) 11–γ+2δ < ∞.

It remains to prove that∫ 1

0

∫ 0

–1

[f(u) – f(v)]2
|u –v|1+γ+2δ dvdu =

∫ 1

0

∫ 0

–1

|f̃(u) – f̃(v)|2
|u –v|1+γ+2δ dvdu < ∞.
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By hypothesis, there exists C > 0 such that

∀u,v ∈ R, |f̃(u) – f̄–(v)|2 ≤ (C|u–v|
γ–1
2 )2 = C2|u –v|γ–1.

This leads to ∫ 1

0

∫ 0

–1

[f(u) – f(v)]2
|u –v|1+γ–2δ dvdu≤ C2

∫ 1

0

∫ 0

–1
|u –v|2δ–2dvdu < ∞,

which leads to the desired result. □
For γ ∈ (0,1], we will need the following density result, which is a consequence of Theorem

1.4.2.4 in [11] for unbounded intervals.

Proposition B.7. Assume γ ∈ (0,1] and I = R∗– or I = R∗+ Then Cc(I) is dense in H
γ
2 (I) with

the norm ∥ · ∥
H

γ
2 (I)

. In particular, if f ∈H
γ
2 (R∗), there exists a sequence (gk)k≥1 in Cc0(R)

such that (gk|R∗–)k≥1 converges to f|R∗– and (gk|R∗+)k≥1 converges to f|R∗+ with respect to the
norms of H

γ
2 (R∗–) and H

γ
2 (R∗+), respectively.

Proof. Without loss of generality, we can assume that I = R∗+. Let f ∈H
γ
2 (R∗+) and ε > 0.

Then there exists k0 ≥ 1 such that∫
R∗+–(0,k0)

f2(u)du+
x

(R∗+)2–(0,k0)2

[f(u) – f(v)]2
|u –v|1+γ dudv < ε.

From Theorem 1.4.2.4 in [11], there exists g ∈ C∞
c
(
(0,k0)

)
⊂ Cc(R∗+)⊂ Cc0(R) such that∫

(0,k0)
[f – g]2(u)du+

x
(0,k0)2

[(f – g)(u)– (f –g)(v)]2
|u –v|1+γ dudv < ε,

which leads to ∫
R∗+

[f – g]2(u)du+
x

(R∗+)2

[(f – g)(u)– (f –g)(v)]2
|u –v|1+γ dudv < 2ε.

Since ε is arbitrarily small, we get the desired result. □
From Theorem 7.38 in [19], we have that C∞

c (R) is dense in H
γ
2 (R) with the norm ∥·∥

H
γ
2 (R)

.

From Proposition 23.2 (d) in [19], we have that P
(
[0,T],H

γ
2 (I)

)
is dense in L2(0,T;H

γ
2 (I)

)
with the norm ∥ · ∥

L2
(

0,T;H
γ
2 (I)

). Then we can state a corollary of these results.

Lemma B.8. SDif is dense in L2(0,T;H
γ
2 (R)

)
. Moreover, if γ ∈ (0,1], then P

(
[0,T],C∞

c (I)
)

is dense in L2(0,T;H
γ
2 (I)

)
when I = R∗– or I = R∗+.

As a consequence of last result we can prove the next two lemmas. We refer the reader to
the proof of Lemma 6.1 in [3], which uses the same strategy.

Lemma B.9. Let ρ ∈ L2
(

0,T;H
γ
2 (R)

)
and (Hk)k≥1 be a sequence of functions in SDif con-

verging to ρ with respect to the norm of L2
(

0,T;H
γ
2 (R)

)
. We define Gk ∈SDif by

∀u ∈ R,∀k≥ 1, Gk(t,u) =
∫ T

t
Hk(s,u)ds,∀t ∈ [0,T].
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Let I = R, I = R∗– or I = R∗+. It holds

lim
k→∞

∫ T

0

∫
I
ρ(s,u)∂sGk(s,u)duds = –

∫ T

0

∫
I
[ρ(s,u)]2duds,

and

lim
k→∞

∫ T

0

∫
I
ρ(s,u)[–(–∆)

γ
2
I Gk](s,u)duds = –cγ

4
x
I2

[
∫ T

0 ρ(r,u)dr–
∫ T

0 ρ(s,v)ds]2
|u –v|1+γ dudv.

If γ ∈ (0,1], we will make use of the result below.

Lemma B.10. Assume γ ∈ (0,1]. Let ρ ∈ L2
(

0,T;H
γ
2 (R∗)

)
, (Hk,–)k≥1 be a sequence of func-

tions in P
(
[0,T],C∞

c (R∗–)
)

converging to ρ|[0,T]×R∗– with respect to the norm of L2
(

0,T;H
γ
2 (R∗–)

)
and (Hk,+)k≥1 be a sequence of functions in P

(
[0,T],C∞

c (R∗+)
)

converging to ρ|[0,T]×R∗+ with
respect to the norm of L2

(
0,T;H

γ
2 (R∗+)

)
. We define Hk ∈ SNeu by Hk(t,u) := Hk,–(t,u) if

(t,u) ∈ [0,T]× (–∞,0) and Hk(t,u) := Hk,+(t,u) if (t,u) ∈ [0,T]× [0,∞). Finally, we define
Gk ∈SNeu by

∀t ∈ [0,T],∀u ∈ R,∀k≥ 1, Gk(t,u) =
∫ T

t
Hk(s,u)ds.

Let I = R∗– or I = R∗+. It holds

lim
k→∞

∫ T

0

∫
I
ρ(s,u)∂sGk(s,u)duds = –

∫ T

0

∫
I
[ρ(s,u)]2duds,

and

lim
k→∞

∫ T

0

∫
I
ρ(s,u)[–(–∆)

γ
2
I Gk](s,u)duds = –cγ

4
x
I2

[
∫ T

0 ρ(r,u)dr–
∫ T

0 ρ(s,v)ds]2
|u –v|1+γ dudv.

In order to prove the uniqueness of weak solutions of (2.10) when γ ∈ (1,2) and β = γ – 1,
the following lemma will be useful. It is strongly inspired by the arguments in Section 4.4. of
[2].

Lemma B.11. Let γ ∈ (1,2). Assume that ρ : [0,T]×R → R, ρ ∈ L∞([0,T]×R), ρ ∈
L2(0,T;H

γ
2 (R)

)
and ρ(s, ·) ∈ C0(R), for a.e. s ∈ [0,T]. Let (Hk)k≥1 be a sequence in SDif

converging to ρ with respect to the norm of L2
(

0,T;H
γ
2 (R)

)
. Then

lim
k→∞

∫ T

0

∫ T

s
ρ(s,0)Hk(r,0)drds = 1

2

[∫ T

0
ρ(s,0)

]2
.

Proof. From Hölder’s inequality we have that∣∣∣∫ T

0

∫ T

s
ρ(s,0)Hk(r,0)drds– 1

2

[∫ T

0
ρ(s,0)

]2∣∣∣ =
∣∣∣∫ T

0

∫ T

s
ρ(s,0)[Hk(r,0) – ρ(r,0)]drds

∣∣∣
≤T 3

2 ∥ρ∥∞

√∫ T

0
[fk(r,0)]2dr,
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where fk := Hk –ρ, for every k≥ 1. By hypothesis, (fk)k≥1 converges to zero in L2(0,T;H
γ
2 (R)

)
.

Since ρ(r, ·) ∈C0(R), for a.e. r ∈ [0,T], from Proposition 2.1, there exists C independent of k
such that

|fk(r,0)| =
∫ 1

0
|fk(r,0)|du≤

∫ 1

0
[|fk(r,0) – fk(r,u)|+ |fk(r,u)|]du

≤C∥fk(r, ·)∥
H

γ
2 (R)

+
∫ 1

0
|fk(r,u)|du≤ (C+1)∥fk(r, ·)∥

H
γ
2 (R)

.

Integrating over time and using the hypothesis, the proof ends. □

B.3. Uniqueness of weak solutions. Recall the definition of Sγ in (2.10). We observe that
weak solutions of (2.10) deal with Sγ as the space of test functions and the uniqueness of the
weak solutions of (2.10) is equivalent to the following result.

Proposition B.12. Let ρ1,ρ2 be such that ρ1 –a, ρ2 –a∈L2(0,T;H
γ
2 (R∗)

)
, for some a∈ (0,1).

If
∀t ∈ [0,T],∀G ∈Sγ , FFrRob(t,ρ1,G,g,κ) = 0 = FFrRob(t,ρ2,G,g,κ),

then ρ1 = ρ2 almost everywhere in [0,T]×R.

Proof. Denote ρ3 := ρ1 – ρ2 = [ρ1 – a] – [ρ2 – a]. Then ρ3 ∈ L2(0,T;H
γ
2 (R∗)

)
and ρ3(s,u) ∈

H
γ
2 (R∗), for a.e. s∈ [0,T]. First we consider the case γ ∈ (1,2). Let ρ̃3,– be the even extension

of the continuous representative of ρ3(s, ·)|R∗– and define ρ̃3,+ in the same way, replacing R∗–
by R∗+. From Proposition B.4, it follows that ρ3,–(s, ·),ρ3,+(s, ·) ∈ H

γ
2 (R). Then for every

t ∈ [0,T], for every G ∈SRob we get that

0 =
∫
R

ρ3(t,u)G(t,u)du–
∫ t

0

∫
R∗–

ρ̃3,–(s,u)∂sG(s,u)duds–
∫ t

0

∫
R∗+

ρ̃3,+(s,u)∂sG(s,u)duds (B.9)

–
∫ t

0

∫
R∗–

ρ̃3,–(s,u)[–(–∆)R∗–G](s,u)duds–
∫ t

0

∫
R∗+

ρ̃3,+(s,u)[–(–∆)R∗+G](s,u)duds (B.10)

+κ
∫ t

0
[ρ̃3+(s,0) – ρ̃3,–(s,0)][G(s,0+) –G(s,0–)]ds. (B.11)

Since ρ̃3,–, ρ̃3,+ ∈ L2(0,T;H
γ
2 (R)

)
, there exist two sequences (Hk,–)k≥1, (Hk,+)k≥1 ∈ SDif such

that (Hk,–)k≥1 (resp. (Hk,+)k≥1) converges to ρ̃3,– (resp. ρ̃3,+) with respect to the norm of
L2(0,T;H

γ
2 (R)

)
. Define Gk,–(t,u) :=

∫ T
t Hk,–(s,u)ds and Gk,+(t,u) :=

∫ T
t Hk,+(s,u)ds, para

todo (t,u) ∈ [0,T]×R e para todo k≥ 1. Moreover, define Gk ∈SRob by
∀(t,u) ∈ [0,T]×R,∀k≥ 1, Gk(t,u) = 1u∈(–∞,0)Gk,–(t,u)+1u∈[0,∞)Gk,+(t,u).

In particular, Gk(T,u) = 0, for every u∈R and every k≥ 1 Taking in (B.9) t = T and G = Gk,
we get for every k≥ 1

0 =–
∫ T

0

∫
R∗–

ρ̃3,–(s,u)∂sGk,–(s,u)duds–
∫ T

0

∫
R∗+

ρ̃3,+(s,u)∂sGk,+(s,u)duds

–
∫ t

0

∫
R∗–

ρ̃3,–(s,u)[–(–∆)R∗–Gk,–](s,u)duds–
∫ t

0

∫
R∗+

ρ̃3,+(s,u)[–(–∆)R∗+Gk,+](s,u)duds

+κ
∫ T

0

∫ T

s
[ρ̃3+(s,0) – ρ̃3,–(s,0)][Hk,+(r,0) –Hk,–(r,0)]drds. (B.12)
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Since Gk,–, Gk,+ and Hk,+ –Hk,– are in SDif, we can use Lemma B.9 and Lemma B.11. Taking
the limit in (B.12) when k→ ∞, we have∫ T

0

∫
R–

[ρ̃3,–(s,u)]2duds+
∫ T

0

∫
R+

[ρ̃3,+(s,u)]2duds

+cγ

4
x

(R–)2

[
∫ T

0 ρ̃3,–(r,u) – ρ̃3,–(r,v)dr]2
|u –v|1+γ dudv+ cγ

4
x

(R+)2

[
∫ T

0 ρ̃3,+(r,u) – ρ̃3,+(r,v)dr]2
|u –v|1+γ dudv

+κ
2

(∫ T

0
[ρ̃3+(s,0) – ρ̃3,–(s,0)]ds

)2
= 0,

which implies that ρ̃3,–,ρ3,–,ρ3 are equal to zero almost everywhere on [0,T]×R– and ρ̃3,+,ρ3,+,ρ3
are equal to zero almost everywhere on [0,T]×R+. Then ρ1 = ρ2 almost everywhere on
[0,T]×R.

It remains to consider the case γ ∈ (0,1]. For every t ∈ [0,T], for every G ∈SNeu, it holds

0 =
∫
R

ρ3(t,u)G(t,u)du–
∫ t

0

∫
R∗–

ρ3(s,u)∂sG(s,u)duds–
∫ t

0

∫
R∗+

ρ3(s,u)∂sG(s,u)duds (B.13)

–
∫ t

0

∫
R∗–

ρ3(s,u)[–(–∆)R∗–G](s,u)duds–
∫ t

0

∫
R∗+

ρ3(s,u)[–(–∆)R∗+G](s,u)duds, (B.14)

Recalling that γ ∈ (0,1] and ρ3 ∈ L2(0,T;H
γ
2 (R)

)
, there exists a sequence (Hk)k≥1 ∈SNeu such

that (Hk)k≥1|[0,T]×R∗– (resp. (Hk)k≥1|[0,T]×R∗+) converges to ρ3|[0,T]×R∗– (resp. ρ3|[0,T]×R∗+) with
respect to the norm of L2(0,T;H

γ
2 (R∗–)

)
(resp. L2(0,T;H

γ
2 (R∗+)

)
). For every k ≥ 1, define

Gk ∈SNeu by Gk(t,u) :=
∫ T

t Hk(s,u)ds, for every (t,u)∈ [0,T]×R. In particular, Gk(T,u) = 0,
for every u ∈ R and every k≥ 1. Taking in (B.13) t = T and G = Gk, we get for every k≥ 1

0 =–
∫ T

0

∫
R∗–

ρ3(s,u)∂sGk,–(s,u)duds–
∫ T

0

∫
R∗+

ρ3(s,u)∂sGk,+(s,u)duds

–
∫ t

0

∫
R∗–

ρ3(s,u)[–(–∆)R∗–Gk,–](s,u)duds–
∫ t

0

∫
R∗+

ρ3(s,u)[–(–∆)R∗+Gk,+](s,u)duds. (B.15)

Since Gk,–, Gk,+,Hk,+ –Hk,– ∈SDif, we can use Lemma B.10. Taking the limit in (B.15) when
k→ ∞, we have∫ T

0

∫
R–

[ρ3(s,u)]2duds+
∫ T

0

∫
R+

[ρ3(s,u)]2duds

+cγ

4

[ x
(R–)2

[
∫ T

0 ρ3(r,u) – ρ3(r,v)dr]2
|u –v|1+γ dudv+

x
(R+)2

[
∫ T

0 ρ3(r,u) – ρ3(r,v)dr]2
|u –v|1+γ dudv

]
= 0,

which implies that ρ3 is equal to zero almost everywhere on [0,T]×R∗– and [0,T]×R∗+. Then
ρ1 = ρ2 almost everywhere on [0,T]×R.

□

The uniqueness of the weak solutions of (2.9), (2.11) and (2.12) (the last one assuming
(2.14)) are analogous to the proof given above, so we omit details.
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