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Abstract

We consider a second-order elliptic operator in divergence form with merely Holder
continuous coefficients on a bounded domain Q with C'*-boundary I" with Wentzell
boundary conditions of the type Tr Au = S0,u + aTru on I'. For strictly positive
bounded measurable 3 we prove maximal regularity on L,(2) x L,(T') for all p €
(1,00), the generation of a holomorphic Cy-semigroup with angle 7 for all p € [1, c0)

and also the generation of a holomorphic Cp-semigroup with angle 7 on C().
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1 Introduction

Recently there has been a lot of interest in parabolic systems with dynamic (Wentzell)

boundary conditions

d

pr u(t,) = —Bpult,-) on {2,

%Tr u(t,-) = —B0ou(t,:) — aTru(t,-) on 0L, (1)
u(0,-) = up on ).

Here Q0 ¢ R?is an open, bounded and connected set, B,, is a second-order elliptic operator,
a € Ly(Q), the function 5: Q — (0,00) is bounded measurable with essinf 8 > 0 and 0,
is the outward co-normal derivative associated with the operator B,,. The system (1) can
be rewritten on the product space Q2 & 02 in matrix form by
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where
B 0
A — m
(ﬁ 0, O‘)

and formally D(A) C {(v,¢) : Trv = ¢}. Typical questions are whether A generates a Cy-
semigroup, whether this semigroup is holomorphic and if so, what is the holomorphy angle.
Another question is whether the operator A has maximal L,-regularity for all r € (1, c0).

Operators with Wentzell boundary conditions have been first studied by Wentzell [Ven)]
and Feller [Fel]. Hintermann [Hin] studied elliptic operators with dynamic or Wentzell
boundary conditions on C'"*°-domains and proved generation of strongly continuous semi-
groups. Amann-Escher [AmE] considered C?-domains and operators in divergence form
with uniformly continuous symmetric principal coefficients and § = 1, and proved on
C(Q) and for all p € [1,00) on L,(2) x L,(09Q) the generation of a positive contraction
semigroup. Since the operator is self-adjoint on Ly they obtained by interpolation that the
semigroup is holomorphic on L, for all p € (1,00). In [FGGR] Favini et. al. studied degen-
erate operators of the form div(aV-) with Wentzell boundary conditions on C*-domains
with a € C*(Q) and 8 € C*(99), and proved similar results. The holomorphy on L; has
been proved by Warma [War] for the Laplacian on C*-domains with 3 € C'(9€) and he
also proved that the holomorphy angle is equal to 7. In [FGG*2] Favini et. al. extended
these results on L, for all p € [1,00) to arbitrary uniformly elliptic operators in divergence
form on C*°-domains with C'* principal coefficients and 5 € C°°(I") without proving the
optimal angle of holomorphy.

Assuming 2 merely Lipschitz and § measurable, Arendt et. al. showed in [AMPR]
that the Laplacian with Wentzell boundary conditions generates a strongly continuous
semigroup on L, for all p € [1,00) with holomorphy if p € (1,00). On C(Q) they proved
generation of a Cy-semigroup if € is of class C?* with x > 0 and 3 continuous. Moreover,
they showed that the semigroup is ultracontractive. Engel [Eng] proved that the Laplacian
with Wentzell boundary conditions on C(£) generates a holomorphic Cy-semigroup with
angle 7 if Q is of class C*°. Engel-Fragnelli [EF] extended this result to arbitrary uniformly
elliptic operators in divergence form with C'* principal coefficients on C'*°-domains and
B = 1 without proving the optimal angle of holomorphy. In [BE2] the authors generalized
and proved that uniformly elliptic operators in divergence form with Lipschitz continuous

principal coefficients on C'!'-domains and 3 = 1 generate holomorphic semigroups of
5
Riemannian manifolds with smooth boundary.

optimal angle Moreover in [Bin2], the same results were proved on smooth, compact,

In [DPZ] Denk, Priiss and Zacher discussed the question of maximal L,-regularity for
uniformly elliptic operators in non-divergence form with continuous principal coefficients
on L,(2) x L,(052) on C*°-domains with dynamic boundary conditions, with p,r € (1, c0).
Recently, in [GGGR] Goldstein et. al. proved maximal L,-regularity for uniformly elliptic
operators in non-divergence form with continuous principal coefficients on L,(£2) x L,(09)
on C?-domains with generalized Wentzell boundary conditions, with p,r € (1,00). Their
boundary conditions are dynamic boundary conditions but with an additional elliptic



second-order operator on the boundary. For such boundary conditions see also [FGG12]
and [Binl].

There are two ways to define a co-normal derivative of a function u. One (classical)
way is to define it as Zz,zzl Vg Ciy Oyu, where (v, ..., 1,) is the outward normal derivative
and the ¢y, are the principal coefficients of B,,. The second way is to define it as a weak
co-normal derivative in Ly(I") via a Gauss-Green formula (see (5)). In the smooth setting
one can apply the divergence theorem to the vector valued function F: Q — C? given
by Fj = 27:1 ¢ Qu to obtain that the two notions of co-normal derivative coincide. A
sufficient condition to apply the divergence theorem is that the ¢ € WH*°(€Q). The above
mentioned proofs for the holomorphy on C/(€2) use the classical notion of normal derivative.
For the main results in this paper we assume that Q is of class C*, with x € (0,1) and
B,, is a second-order operator in divergence form with real uniform Holder continuous
coefficients plus a real valued bounded measurable potential. Since the principal coefficients
are in general not Lipschitz continuous, the divergence theorem is not applicable. This
gives a major complication. For the functions o and f we require that 5: Q@ — (0,00)
is a bounded measurable function with essinf 5 > 0 and a € L, (). In this setting
we shall prove in Section 2 via form methods as in [AmE], [AMPR] and [AE2] that —A
generates a Cp-semigroup S on Ly(€2) x L(0€2) which is holomorphic with (semi-)angle 7.
This construction involves the weak co-normal derivative. Moreover, we shall prove in
Theorem 4.1 and Corollary 5.6 that S extends consistently to a Cy-semigroup on L, (§2) x
L,(092) for all p € [1,00) and that the semigroup is holomorphic with optimal angle 7.
In addition we prove that the generator on L, () x L,(0€2) has maximal L,-regularity for
all p,r € (1,00). We also prove that the part of A in {(u,ulr) : u € C(Q)} generates a
Co-semigroup which is holomorphic with angle 7. We emphasise that also on C' (Q) we do
not require that £ is continuous.

As in [CENN], [Eng], [EF] and [BE1] we use a similarity transformation to write the
D

transformed image of the operator A as ( plus a perturbation, where B? is the

0
)
elliptic operator with Dirichlet boundary conditions and A is the Dirichlet-to-Neumann
operator, under the condition that the operator B? is invertible. We shall show in Corol-
lary 3.9 that —SN generates a Cy-semigroup on Lo(92) which extends consistently to
a Cyp-semigroup on L,(0€2) and the latter semigroup is holomorphic with angle 7 for all
p € [1,00). Moreover, the semigroup extends to a holomorphic Cy-semigroup on C(02)
with angle 7, see Corollary 3.12. In order to prove this we first show that the semigroup
generated by —SBAN has Poisson kernel bounds on the right half-plane, using techniques de-
veloped in [EO1], [EO2] and [EO3]. Then Hieber—Priiss [HP] implies that SN has maximal
L,-regularity on L,(0Q2) for all p,r € (1,00). A perturbation result of Kunstmann-Weis
[KW] then gives maximal regularity of the operator A in L,(£2) x L,(092) for all p € (1, c0).



2 The operator in L,

In this section we introduce almost every notation that we need in this paper and construct
the operator on L.

Let  C R? be an open, bounded and connected set with Lipschitz boundary. Write
[' = 0Q2. We provide I" with the (d — 1)-dimensional Hausdorff measure, denoted by o.

For all k,1 € {1,...,d} let cx,co: © — R be bounded measurable functions with ¢z, =
a bounded measurable function and let §: I' — (0, 00) be a bounded measurable function
such that essinf § > 0. We assume that there exists a p > 0 such that Zil:l cn(r) & >
wl|€? for all z € Q and ¢ € C% Note that % is a bounded function. Define the form
a: Wh3(Q) x Wh3(Q) — C by

d
a(u,v) = Z/ckl(ﬁku)%—i—/couﬁ—l—/%(Tru)Trvda.
Q 0 r

k=1

It is well known that a is a continuous elliptic form. Define
]L2 = LQ(Q) X LQ(F)

equipped with the norm

do
w92, = / uf? + / o 5
Q T

where we recall that o is the (d — 1)-dimensional Hausdorff measure on I'. Note the factor
[ in the norm.
Define j: W'%(Q) — Ly by
j(u) = (u, Tru).
Then j is continuous and has dense range. Moreover, for all § € (0,7) there exists an

w > 0 such that
a(u,u) +wllj(u)|f, € So,

where 3y = {re” : r € [0,00) and n € [—6,6]}. Note that a(u,u) is not a real number
in general, since the function « is complex valued. We define the variational operator
A to be the m-sectorial operator in Ly associated with (a, j), see [AE2]. Then —A is the
generator of a Cy-semigroup which is holomorphic in the right half-plane. By definition for
all (u, ), (f,n) € Ly one has that (u,y) € D(A) and A(u,¢) = (f,n) if and only if

u € Wh2(Q),
¢ = Tru, and (3)

—d
a(u,v):/gfﬂ—i—/FnTrv% for all v € W2(Q).



In order to characterise the generator we introduce some more notation. Define the form
b: WH2(Q) x WH2(Q) — C by

b(u,v) = i/gckl (&gu)%—i-/gcouﬂ (4)

k=1

Further define B: W12(Q) — D'(Q) by
(Bu, T>'D/(Q)XD(Q) = b(u, 7').

We need the notion of a weak co-normal derivative. If u € W12(Q) and ¢ € Lo(T), then
we say that u € D(9Y) and 0Su = 1 if Bu € Ly(Q2) and

b(u,v)—/Q(Bu)ﬂz/meda (5)

for all v € WH2(Q). Tt follows from the Stone-Weierstral theorem that the function 1
is indeed unique. We say that 1 is the (weak) co-normal derivative of u. Note that
the co-normal derivative is independent of ¢y and that D(9S) C W'?(Q). Obviously the
co-normal derivative depends on the matrix valued function C' of principal coefficients.
This is why we denote it by 9%u.

Lemma 2.1. Let (u, ), (f,n) € Ly. Then the following are equivalent.
() (u,9) € D(A) and A(u, ) = (f,7).
(i) we DY), op=Tru, f=Bu andn=Bu+ aTru.

Proof. The proof is similar to the proof of [AE2] Proposition 4.17.
‘(i)=(ii)’. Choosing v € C°(Q?) it follows from (3) that Bu = f. Then

/g)(Bu)@‘i‘/Fﬁmd%Za(u,v):b(u,v)+/%(Tru)mda

T

for all v € W12(Q). Therefore

__do o — _
/FUTH)?_ FB(Tru)Trvda—b(u,v)—/Q(B’u)U

So u has a co-normal derivative and 0Su = 57— 5Tru.
‘(ii)=-(i)’. The proof is similar. O

So D(A) = {(u, Tru) : u € D(9Y)}. Lemma 2.1 gives a precise meaning that (¢, z)
(e7"A(ug, Trug))(z) satisfies (1) and (2) in the introduction.

The next perturbation result allows to restrict to the case that ¢y > 0. It follows
immediately from Lemma 2.1.



Lemma 2.2. Let A € R and let Af be the operator similar to A, but with ¢y replaced by
co+ Aq. Then D(A¥) = D(A) and

Af(u, o) = Ay, ¢) + (Au,0)
for all (u,p) € D(A).

We next describe via a similarity transformation the operator A as an operator in
W12(Q) with Wentzell boundary conditions. This was done in [FGG™1] Theorem 2.1 for
the Laplacian and we adapt the argument given in [AE2] Proposition 4.19.

Proposition 2.3. Define the operator A in the Hilbert space W'2(Q) by
D(A) = {ue DY) : Buec W'(Q) and B05u = Tr Bu — a Tru}
and Au = Bu. Then —A generates a holomorphic Cy-semigroup on WH2().

Proof. Since j is injective, one can transfer the form a on W'?(Q) to a form a on
J(WH2(Q)) by defining D(a) = j(W'*(Q)) and a(j(u),j(v)) = a(u,v) for all u,v €
W2(Q2). Then a is a densely defined closed sectorial form in L, and A is the opera-
tor associated with a. We provide D(a) with the norm ||j(u)||p@ = [|ullwiz) for all
u € W2(Q). Let A be the part of A in D(@). So D(A) = {F € D@) : AF € D(@)}.
Then —A is the generator of a holomorphic Cy-semigroup in D(a) by Proposition 2.4 be-
low. Define J: W'2(€2) — D(&) by J(u) = j(u). Then J is an isomorphism, so —J 1 A.J
is the generator of a holomorphic Cy-semigroup on WH23(Q). It remains to show that
A=JAJ.

Let u € D(A). Then Bu € W3(Q) and $9Su = Tr Bu — a Tru. So j(u) = (u, Tru) €
D(A) and Aj(u) = (Bu, Tr Bu) = j(Bu) € D(a) by Lemma 2.1 (ii)=-(i). Hence j(u) €
D(A) and v € D(J~* A.J). Moreover, J-' A Ju = Bu = Au.

Conversely, let u € D(J"' A.J). Then j(u) € D(a) and Aj(u) € D(d). So u € W2(Q)
and by Lemma 2.1 (i)=-(ii) one deduces that Bu € W12(Q) and 39Su = Tr Bu — a Tru.
So u € D(A). O

In the proof we used the following general result.

Proposition 2.4. LetV and H be Hilbert spaces with V' continuously and densely embedded
i H. Lett: VxV — C be a continuous ellzptzc sesquilinear form. LetT" be the m-sectorial
operator in H associated with t and let T be the part of T in V. Then —T is the generator
of a holomorphic Cy-semigroup in V.

Proof. Without loss of generality we may assume that t is coercive. Define 7:V —
V* by (Tu)(v) = t(u,v). Then T is a topological isomorphism by the Lax-Milgram
theorem. Consider T as a densely defined operator in V*, where we use the Gelfand
tripple (V, H,V*). Then —T is the generator of a holomorphic Cy-semigroup in V* by
[Ouh2] Theorem 1.55. Using the topological isomorphism we obtain that (7-te™"7 T )5
is a holomorphic Cy-semigroup in V. The generator of the latter semigroup is —7 ! 72,
which is equal to ~T. O



3 Multiplicative perturbation of the Dirichlet-to-Neu-
mann operator

As an intermediate result, which is of independent interest, we study in this section a
multiplicative perturbation of the Dirichlet-to-Neumann operator.

We adopt the notation and assumptions as in Section 2. Recall that €2 has a Lip-
schitz boundary in Section 2. Define the form bp: Wy *(Q) x Wy?*(Q) — C by bp =
b‘W(}’Q(Q)xW(}@(Q)' Then bp is a closed sectorial form in Ly(2). Let B be the operator
associated to bp. Throughout this section we assume in addition that 0 ¢ o(B2).

We frequently need the notion of consistent operators and semigroups. Let X, and
X1 be two Banach spaces which are embedded in a vector space X. Let Y be a vector
space. Further let Ty: D(Ty) — Y and T1: D(Ty) — Y be two operators with domains
D(Ty) € Xy and D(Ty) C X;. Then the operators Ty and 7) are called consistent if
Tox = Tz for all x € D(Ty) N D(11). In order to avoid a domain problem for unbounded
operators we call the operators Tj and 77 strongly consistent if they are consistent and
in addition

X, C X and D(Ty) C D(Tp), or
XO C X1 and D(To) - D(Tl)

If Ty and T are strongly consistent and A € p(7Ty) N p(71), then it is easy to verify that the
resolvent (A1 — Tp)~" is consistent with (A1 — 71)~*. Let S and S™ be semigroups in
Xo and X;. Then the semigroups S(©) and S are called consistent if St(o) and St(l) are
consistent for all ¢ > 0.

The next lemma is useful to relate consistent Cp-semigroups and [strongly| consistent
generators.

Lemma 3.1. Let Xy and X be two Banach spaces which are embedded in a vector space X .
Let SO and SM be Cy-semigroups in X, and X, with generators —Ay and —A;. Then
one has the following.

(a) If S© and S are consistent, then Ay and A, are consistent and
D(Ao) N D(Al) = {{L‘ € D(Al) NXop: Az € Xo} (6)
(b)  If SO and SN are consistent and X, C X, (or Xo C X1), then Ay and A, are
strongly consistent.

(c) If Ay and A, are strongly consistent, then S and SV are consistent.

Proof. ‘(a)’. See [ER| Proposition 2.5.

‘(b)’. Tt follows from (6) that D(A;) C D(Ap). The rest is obvious.

“(c)’. Without loss of generalities we may assume that S(® and S are bounded
semigroups. Then (—o0,0) C p(Ag)Np(A;) and (A I+ Ag)~! is consistent with (A I+ A;)~*
for all A € (0,00). Then the result follows from [ER] Lemma 2.3. O
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Recall that o is the (d — 1)-dimensional Hausdorff measure on I' and the space L,(I") is
with respect to the measure o for all p € [1,00). We also need the Dirichlet-to-Neumann
operator N, on L,(T") for all p € [1,00). Let N be the self-adjoint operator associated with
(b, Tr ) and let T® be the semigroup generated by —N\, see [AEKS] Theorem 4.5. Note that
N is an operator, not a multivalued graph, since 0 ¢ o(BP) (cf. [AEKS] Proposition 4.11.)
If

(1) =00,

(IT)  there exists a x > 0 such that Q is of class C'* and the principal coefficients ¢y, are
uniformly Hélder continuous of order x,

then the semigroup T extends consistently to a semigroup 7™ on L,(T') for all p € [1, o]
and T®) is a Cg-semigroup if p € [1, 00). This follows from [EO2] Theorem 2.2(b) in Case (1)
and from [EO2] Lemma 8.1 in Case (II). We denote by —A/, the generator of T®. So
N, = N. In Case (II) the semigroup T® is holomorphic with angle Z for all p € [1,00) by
[EO3] Proposition 3.3.

Recall that g: I' — (0,00) is a measurable function with essinf > 0. We denote by
M the multiplication operator with § on L,(T').

The following proposition is inspired by [AE2] Proposition 4.10.

Proposition 3.2. Suppose

(I) ¢ >0 or
(IT)  there exists a k > 0 such that Q is of class CY* and the principal coefficients cy are
uniformly Holder continuous of order k.

Then one has the following.

(a)  The operator Mg N Mg is self-adjoint and lower bounded.

(b)  The semigroup generated by —Mg N Mg extends consistently to a semigroup on Ly(T")
for all p € [1,00], which is a Cy-semigroup if p € [1,00) with generator —MgN, M.

(c)  There exist c,w > 0 such that

—tMgN Mg ||Lp(F)

le rym) < et NG et (7)

for allt >0 and p,q € [1,00] with p < q.

Proof. The proof is divided in several steps. We first prove the proposition in Case (I).
Near the end we prove Case (II) via a perturbation argument.

Step 1 Clearly the operator Mgz N Mj is self-adjoint and lower bounded, which is State-
ment (a). We describe it with form methods. Since ¢y > 0, the form b is %Tr -elliptic.

This follows as in Step 1 of the proof of Proposition 3.3 in [AM]. Let N denote the op-
erator associated with (b, % Tr). If ¢ € D(N) and ¢ = N, then there there exists a
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u € WH2(Q) such that 5 Tru = ¢ and b(u,v) = (¢, 5 Trv),r) for all v € WH*(Q). Then
b(u,v) = (5%, Trv)r,r) for all v € WH(Q). So Tru € D(N) and NTru = 5 ¢. Hence
NcM 3N Mjg. The converse inclusion can be proved similarly. So N = Mg N Mg.

Step 2 Let C = {p € Ly(I''R) : p < %} We shall prove that C' is invariant under the
semigroup generated by —MsN Mgs. The set C is closed and convex in Lo(I"). Define
P: Ly(T') = C by Pp = %]l[‘ A Rey. Then P is the orthogonal projection onto C. Let
u € Wh*(Q). Define w = 1o AReu € WH*(Q). Then P(§Tru) = 5 Trw and, moreover,
Reb(u — w,w) = 0. Also b is accretive since ¢y > 0. Here we need the lower bound
for ¢g. Hence C is invariant under the semigroup generated by —MgN Mg by [AE2]
Proposition 2.9.

Step 3 Let ¢t > 0 and ¢ € Lyo(I', R) with ¢ < 1. Then ¢ < ||5]|« % Hence by the above

e tMsNMs (L) € ¢ and e MMMy < ||| 00 & 5= e”B”"O So the semigroup generated

[1Blloo ssinf 5 °
by —Mz N Mj extends to a bounded semigroup on Lu,(T') and [|e™tMsNMs|| - < %

By duality the semigroup generated by —MszN Mz extends to a bounded semigroup on
Li(T) and ||e’tMBNM5||1—>1 < % By interpolation the semigroup (e*tMﬁNMﬁ)DO ex-

tends consistently to a semigroup on L,(I") for all p € [1, oo].

Step 4 This step is inspired by the proof of Theorem 2.6 in [EO1]. First suppose that
d > 3. By a compactness argument the norm on W2() is equivalent to u — (b(u,u) +

B 5 Tr ul|? Ta(D) )1/2. By Theorem 2.4.2 in [Ne¢], the trace Tr is a bounded operator from
Wh2(Q) into L(T), where s = Q(j U Hence there exists a ¢ > 0 such that

1
|ITrull?, o < c (b(u, w+llg Tru”i(r))

for all w € W'2(). Let ¢t > 0 and ¢ € Ly(I). Since e ™MsNMs, ¢ D(N), there exists a
u € Wh2(Q) such that %Tru = e MsNMa iy and b(u,v) = (Ne tMsNMa % Trv)p,m) for
all v € W12(Q). Choose v = u. Then

1
—tMgN
”6 tMg MB = H Tru %S(F) < m HTI'UH%S(F)

1
(o) + 115 Trullh )
C

- N o—tN N —tN, |12
= lossmi ) ((Ne @, e Py + le ¢]|L2(F))

c
< -
~ (essinf )2

< S (1) el
~ (essinf 5)2 \et PlLm

So ||e=tMsNMs || oy p ry < ess;ﬁﬁ ~1/2'if t € (0,1]. Since the semigroup is bounded on

Lo(T") and on Ly (I"), one can extrapolate using [Cou| to obtain a ¢; > 0 such that

||e_tMBNMﬁ||L1(F)%LOO(F) <t @b

9



for all ¢ € (0,1]. Then by interpolation the bounds (7) follow.
Next suppose d = 2. Fix s € (2,00). Then it follows from (8) in [EO1] that there exists
a ¢y > 0 such that

lolle.y < c2 lellreq Nl

for all o € HY2(T"), where § = 2/s. The trace is bounded from W12(Q) into H/2(T') by
[McL] Theorem 3.37. Hence there exists a ¢3 > 1 such that ||Tr uHHl/2 < 3 (b(u, u) +

HBTruHLQ(F)) for all w € W?(Q2). Then

1 s\ (192 )
ITrullz,m) < eses (b0 ) + 115 Trulfye) ) [T ullh, gy

for all w € W2(Q). Arguing as above it follows that there exists a ¢4, > 0 such that

_ 11
e tMBNMﬁHLQ(rHLS(F) <cgt™7d)

for all t € (0,1]. Then the bounds (7) follow as before by extrapolation and interpolation.

Step 5 Now we consider Case (II), so we do not assume that ¢g > 0. Clearly the
operator Mz N Mjg is self-adjoint and lower bounded. There exists a A > 0 such that
co+ A1lg > 1qg. Let Ny be the Dirichlet-to-Neumann operator obtained with ¢, replaced
by ¢o + A1g. By [EO2] Corollary 5.6 and Proposition 5.5(d) there exists a bounded
self-adjoint operator @: Ly(I') — Lo(T") such that NV = Ny + @ and, moreover, for all
p € [1,00] the operator @ is consistent with a bounded operator from L,(I") into L, (T").
Then Mg N Mg = MgNy Mg + MsgQ Mg. The operator Mz Q Mp is consistent with a
bounded operator from L,(I') into L,(I") for all p € [1,00]. By standard perturbation
theory the semigroup generated by —MszN Mz extends consistently to a semigroup on
L,(T) for all p € [1,00]. By [AE3] Proposition 3.1(a) the semigroup (e *MsVMs),_ is again
ultracontractive, with the same ultracontractivity exponent. Then by interpolation the

bounds (7) follow.

Step 6 It remains to identify in both cases the generator of the semigroup consistent with
(e~ tMsNMs), o on L,(T"). The semigroup is a Cy-semigroup if p € [1, co) and it is continuous
with respect to the weak*-topology if p = co. Let A, denote the generator for all p € [1, oo].
Then (A,)* = Ay for all p € [1,00], where p’ is the dual exponent. Let p € [2,00]. Since
I' has finite measure, it follows that A, C As. Let ¢ € D(A,). Then ¢ € D(A42) N
L,(I') and Asp = App € L,(I'). Now Ay = Mg N Mg. Hence B¢ € D(N)N L,(I") and
N(Bp) =Bt Ayp € L,(T). Therefore 8o € D(N,,) and N,,(8 ¢) = N (B ¢). Consequently
¢ € D(Mg N, Mg) and Mg N, Mg = BN, (B¢) = BN (Bp) = Mg N Mgy = Asp = Apep.
So A, C MgN, Mg. Similarly Mz N, Mz C A,, so A, = Mz N, Mj.

Finally, in p € [1,2), then A, = (4,)* = (Mg Ny Mg)* = Mg N, Mg. O

Now we consider the multiplicative perturbation of N.
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Proposition 3.3. Suppose

(I) Co Z 0 or,
(IT)  there exists a k > 0 such that Q is of class C* and the principal coefficients cy are
uniformly Holder continuous of order k.

Then one has the following.

(a)  The operator —BN generates a holomorphic Cy-semigroup on Lo(T") with angle 7.

(b)  The semigroup generated by —BN extends consistently to a semigroup on L,(T") for
all p € [1, 00|, which is a Cy-semigroup if p € [1,00) with generator —BN,,.

(c)  There exist c,w > 0 such that

d-1)(1 -1y wt

le™ N oy < et VG e

for allt >0 and p,q € [1,00] with p < q.

Proof. Define E: Ly(I') — Lo(I') by Ep = B¢. Then E is a topological isomorphism.
Consider the operator Mg N Mg in Proposition 3.2. Then S*N = EMsN MgE~' is
the minus-generator of a holomorphic Cy-semigroup S in Lo(I'). Since also E extends
consistently to an topological isomorphism from L,(I') onto L,(I") for all p € [1, c0], all
properties for the operator Mz N My in Proposition 3.2 carry over to the operator 52N,
with a different value for the constant c.

Finally replace 3 by /5. O]

The semigroup generated by —BN is smoothing.
Proposition 3.4. Suppose

(I) Co = 0 or,

(IT)  there exists a k > 0 such that Q is of class C* and the principal coefficients cy are
uniformly Holder continuous of order k.

Then one has the following.

(a) Letpe (d—1,00). Then D(N,) C C(T).

(b)  Let p,q € [1,00] with p < q and 110 - % < #=. Then D(N,) C Ly(T).
(c) Letp,q € [l,00] with p < q. Let ¢ € D(N,) and suppose that Nyp € L,(T'). Then
pE Lq(r)-

(d) Ift >0, then e N Ly(T') c C(I).

11



Proof. ‘(a)’. By Proposition 3.2(c) applied to § = 1 there are ¢;,w; > 0 such that
eVl 1oy pwmy < 1 et for all t > 0. By [EW] Theorem 5.5 and the remark following
it, there exist cy,ws > 0 and v € (0,1) such that e ™ maps Ly(T") into C¥(T") and

_ _@-1)
le ™| Loy vy < cat™ 2

t—21/ ewgt

for all £ > 0. (The exponent —2v can be replaced by —v if d > 3.) Let p € (2,00). Then

—tN

by interpolation the operator eV is bounded from L,(I") into C?*/?(I") with norm

- 7(d*1) 4v
le tNHLp(F)—)C?V/p(F) <ecgt @

for all t > 0, where c3 = ¢; + ¢ and w3 = wy + we. Now choose p =d — 1 + 5v. Then
N, + (ws+ 1)) ! = / et et e Ve gt
0

maps L,(T) into C?/P(T"). In particular D(N,) C C?/?(T") c C(T).
‘(b)’. The proof is similar, using the bounds of Proposition 3.3(c).

“(¢). If % - % < 7, then it follows from Statement (b) that ¢ € D(N,) N Ly(T) and

by assumption N, € L,(T'). So ¢ € D(N,). Now use induction.
‘(d)’. Choose p = d. Then ultracontractivity and holomorphy on L,(I") yield

eV Ly(T) € e HNL,(T) € D(AN,) = D(NG) € C(T)
for all £ > 0. O

For the remainder of this paper we assume Case (II), that is there exists a k > 0 such
that € is of class C* and the principal coefficients ¢y are uniformly Holder continuous of
order k.

Let C%!(T) denote the space of Lipschitz continuous functions on T'. It is endowed with
the norm

g\z) —gw
Iglleosy = Moy + sup L300
z,wel, z#w ‘Z - U)’

For all g € C%!(T') we use the notation Lipp(g) = Sup, yer, .z loz)=alw)l 1t has been

|z—w]

proved in [EO2] Theorem 7.3 that for all p € (1, 00) there exists a ¢ > 0 such that

1N M)l 2,0y 2, r) < ¢Lipr(g)
for all g € C%'(T"). These bounds carry over to commutator estimates for the operator SN

Proposition 3.5. For all p € (1,00) there exists a ¢ > 0 such that

1[BN, M|, )—L,r) < cLipr(g)

for all g € C™1(T).

12



Proof. Let g € C*'(T"). Then
(BN, M| = Mg [N, My].

So [IBN, Mylllp=p < I1Bllc |V, My]|lp—p and the result follows from [EO2] Theorem 7.3.
[

Let Ky and Kpgy denote the Schwartz kernel of N and SN. Then Kpsy(z,w) =
B(z) Kn(z,w) for all z,w € I with z # w. It follows from [EO2] Proposition 6.5 that there

exists a ¢ > 0 such that .
K
| N(Z7w)| — |Z—w|d

for all z,w € T with z # w. Consequently one has the next bounds.

Proposition 3.6. There exists a ¢ > 0 such that

C
Kon(z,w)| < ——
| ﬁ/\/(v )|_|Z—’I,U|d

for all z,w € T with z # w.

It follows from Proposition 3.3 that for all z € C with Re z > 0 the operator e **V on
Ly(T") has a kernel K, € Loo(I' x ).

Proposition 3.7. There exist c,w > 0 such that

c t_(d_l) ewt

(1)’

| K (wy, ws)| <

forallt >0 and wy,wy €T

Proof. This follows as in [EO2] Lemma 8.4 and the argument in Section 4 of [EO1]. For
the latter, see also [EO2] pages 4270-4272. O

Via an iteration argument the bounds can be improved to the right half of the complex
plane. For the convenience of the reader we state the full list of conditions and notation.

Theorem 3.8. Let k € (0,1). Let Q C R? be an open, bounded and connected set of class
Clr. Write T = 0. For all k1 € {1,...,d} let ciy € C*(Q,R) and let cg: Q — R be a
bounded measurable function. Suppose that cy = ¢y for all k,l € {1,...,d}. Further, let
f: T — (0,00) be a bounded measurable function such that essinf B > 0. We assume that
there exists a > 0 such that Zil:l c() & > p|€f? for allz € Q and € € C4. Let b be
the elliptic form as in (4). Suppose that 0 & o(BL), where BY is the operator associated
ZEEZ (t[f]z:eT];o;m b|Wg,2(Q)XW&,2(Q). Let N be the Dirichlet-to-Neumann operator associated

13



Then the operator —BN is the generator of a Cy-semigroup S which is holomorphic
with angle 5. Moreover, S has a kernel K and for all 6 € (0,%) there are c,w > 0 such

that
C |Z|7(d71) ew‘z|

(1 | o= w2‘>d
|2|

| K (w1, wa)| <

for all z € C\ {0} and wy,wy € I' with |arg z| < 6.

Proof. This follows from the previous three propositions as in [EO3] Lemma 3.1 and
Theorem 3.2. N

Corollary 3.9. Adopt the notation and assumptions as in Theorem 3.8. For all p € [1,00)

—tBN)

the semigroup (e >0 extends consistently to a holomorphic semigroup on L,(I") with

angle 3.

Corollary 3.10. Adopt the notation and assumptions as in Theorem 3.8. For all p,r €
(1,00) the operator SN, has mazimal L,-reqularity on L,(T').

Proof. The operator —N generates a holomorphic Cy-semigroup on Ly(T') and this semi-
group has a kernel with Poisson bounds by Proposition 3.7. Then the statement follows
from Hieber—Priiss [HP] Theorem 3.1. O

Finally we consider the space C'(I'). In order to obtain optimal results, without any
continuity requirement on [ we need the concept of sectorial operators and a maximal
operator on L (I").

In general, let A be an operator in a Banach space X and let a € [0, 7). Then we
say that A is sectorial of angle « if for all § € (a,7) there exist M,w > 0 such that

o(A+wl) C 3y and

I(A+ @+ 0D < %

for all A € C with —\ & 3.
Define the operator N, : D(Noom) — Loo(T') by

DNaom) ={p € DIN) : Ny € L (')}

and Noom = N|pwie,.). It follows from Proposition 3.4(c) that D(Num) C Leo(I'). We
consider N, as a non-densely defined operator in L. (I"), provided with the norm topol-

ogy. It is easy to verify that N, is a closed operator. Moreover, Proposition 3.4(a) gives

D(Noom) C C(T).
Lemma 3.11. Adopt the notation and assumptions as in Theorem 3.8.

(a)  If A e p(=BN), then X € p(=fNwm) and (BNsom + A1) = (BN +X1) 7 1)
(b)  The operator SNom is sectorial of angle 0.
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() D(Noom) is dense in C(T).

Proof. ‘(a)’. Easy.

‘(b)’. This follows from the Poisson kernel bounds of Theorem 3.8.

‘(). Let N, be the part of N in C(T"). Then N. C Nam. Moreover, —N, is the
generator of a Cy-semigroup by [EO3] Proposition 2.3. Therefore D(N,) is dense in C'(T).
Then also D(Nuy) is dense in C(I). O

Recall that we do not require 5 to be continuous. By Proposition 3.4(d) the semigroup
(7N 50 leaves the space C(T') invariant.

Corollary 3.12. Adopt the notation and assumptions as in Theorem 3.8. Define T, =
€_t6N|C(F)Z C(I') — C(T') for allt > 0. Then T is a Cy-semigroup which is holomorphic
with angle 7.

Proof. This follows from Lemma 3.11(b), Lemma 3.11(c) and [ABHN] Remark 3.7.13. [

4 The operator in L,

We return to the operator A with dynamical boundary conditions as introduced in Sec-
tion 2. Under the smoothness assumptions as in Case (II) in Section 3 we show that for
all p € (1,00) the operator A is consistent with an operator A, on L, such that —A,, is
the generator of a Cy-semigroup which is holomorphic on the right half-plane and A, has
maximal L,-regularity for all r € (1, 00).

We extend the definition of ILy. Define

Ly = Ly(Q2) x Ly(I')

d
I @)L, = / uf? + / P g

and obvious modification if p = co.

for all p € [1, 00, with norm

The main theorem of this section is as follows. In Corollary 5.6 we consider the case
p = 1. For the convenience of the reader we repeat the standing assumptions.

Theorem 4.1. Let k € (0,1). Let Q C R? be an open, bounded and connected set of class
Ctr. Write T = 09Q. For all k,l € {1,...,d} let ciy € C*(L,R) and let cp: © — R be
a bounded measurable function. Suppose that cy = cy for all k1 € {1,...,d}. Further,
let a: T — C be a bounded measurable function and let 5: ' — (0,00) be a bounded
measurable function with essinf 3 > 0. We assume that there exists a p > 0 such that
ZZ,1:1 cr(x) & & > plé)? for all z € Q and € € C?. Let A be the associated variational
operator in Ly as in Section 2. Then for all p € (1,00) the semigroup generated by —A
extends consistently to a Co-semigroup on I, which is holomorphic with angle 7. Moreover,
its generator has maximal L,-regularity on L, for allr € (1,00).
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The proof requires quite some preparation. The main problem to circumvent is that
we cannot apply the divergence theorem since the principal coefficients are not Lipschitz
continuous. Adopt the notation and assumptions as in Theorem 4.1. We use the notation
as in Section 2. As in Section 3 define the form bp: W, *(Q) x Wy(Q) — C by bp =
b‘Wg’Q(Q)xW§’2(Q)‘ Then bp is a closed sectorial form in Ly(2). Let B be the operator
associated to bp. By Lemma 2.2 we may assume that 0 ¢ o(BP). The operator —BY
generates a holomorphic Cp-semigroup S@P on Ly(Q) with angle 5. Moreover, for all p €
[1, 00] the semigroup S@P extends consistently to a semigroup S®? on L, () with angle z
by [Ouh1] Theorem 3.1(1). Moreover, S®? is a Cy-semigroup for all p € [1,00). We denote
by —BP the generator of S®P. Then B is strongly consistent with B by Lemma 3.1(b).
Since the semigroup S®” has Gaussian kernel bounds by [AE1] Theorem 4.4, one deduces
from [Kun] Theorem 1.1 that o(B)’) = o(BJ). So Bp is invertible. Then also (B)™! is
consistent with (B2)~!

In addition we need a harmonic lifting (also called harmonic extension). Since 0 ¢
o(BP) one can define v: Tr WH(T) — W2(Q) by v(p) = u, where u € W2(Q) is such
that Tru = ¢ and Bu = 0. (So w is B-harmonic.) Then by [EO2] Proposition 5.5 there
exists an operator H: L (I") — C(2) N L1(€2) such that

Hlmwr2@) =7,
H(L,(T)) C L,y(Q) for all p € [1, 0], and
H|r,ry: Lp(I') = L,(Q) is continuous for all p € [1, 00].
We write v, = H|r,m): Lp(I'") = L, (2) for all p € [1, o0].
There is a remarkable relation between the elliptic operator Bf with Dirichlet boundary

conditions, the harmonic lifting 7 and the (weak) co-normal derivative. We denote by
(v1,...,v4) the outer normal on T

Proposition 4.2.

(a) D(BP)C D).

(b) Ifpe(2,00), then v} = =05 (BP)™

(¢) Ifpe (d+2k,00), then D(BY) C C*2/7(Q).
(d) Ifpe(d+2r,00) and u € D(BY), then

d
Cu=">>" vg(cuOu)lr, (8)
k=1
where we extend an element of C?*/P(Q) to Q by continuity. In particular, Su €
().

Proof. Statement (c) follows from [EO2] Proposition 4.3. If p € (d + 2k,00), then
D(BP) c D(8S) by [EO2] Proposition 5.3 and Statement (d) follows by the same propo-
sition.
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Next choose p = d + 3k. Let ¢ € Tt Wh2?(Q) and u € L,(2). Then
—(u, 7)o@ = (5 (By) ', ) L)
by [EO2] Lemma 5.4. Replacing u by Bl u gives
—(BPu,ATrv) Lyi) = (05w, Trv) oy = b(u, v) — (BYu,0) 1,0

for all uw € D(B)’) and v € W'2(Q2). Now let u € D(By). Since D(B}) is a core for By by
[ER] Lemma 3.8, there are uy,us, ... € D(B)) such that lim u,, = v and lim B u,, = BJu
in Ly(€2). Then the ellipticity of b gives limu, = u in WH?(Q). Let v € WH(Q). Then

—(BY Un, 12T v) 1y0) = b(tn, v) — (B3 tn, v) 1y
for all n € IN. Using the continuity of 2 and taking the limit n — oo gives
(=75 B w, Trv) 1y 0) = = (B3 u, 12 Tr o) py0) = b(u,v) — (B u,v)1,(0).

Then by definition of the weak co-normal derivative one deduces that u € D(9¢) and

0%u = —v3BPu. This proves Statement (a) and also Statement (b) for the endpoint.
Finally let p € (2, 00). If u € L,(Q), then viu = v5u = 95 (By ) 'u = 95 (B)) 'u and

Statement (b) follows. O

Proposition 4.2(b) implies that 0Su = —7y BPu for all p € [2,00) and u € D(B). It
is unclear whether D(B;) C D(0S) and 95u = —v;, BPu for all p € (1,2) and u € D(Bp).
We circumvent this problem by working with the operator v BY on D(B?). In addition
we do not know whether (8) extends to p € (1,d] or even how to interpretate the right
hand side.

For all p € [1,00) define ﬁp: D(B)) x D(N,) — L, by

p =

i _ (Bt w My By = M Ny = Ma

We need a technical lemma.
Lemma 4.3. Let p € (1,00). Then one has the following.

(a)  The operator &p is strongly consistent with A..

b The operator —A., is the generator of a Cy-semigroup in 1L, which is holomorphic
( P p g group in L, 2
with angle 3.

(c)  The semigroup generated by —/&p 18 consistent with the semigroup generated by —/&z.

(d)  Forallr € (1,00) the operator Ap has mazimal L,-regularity on L,.

For the proof of Lemma 4.3 we use an abstract lemma, which is contained in the proof
of [EF| Lemma A .4.
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Lemma 4.4. Let A and B be operators in Banach spaces X and Y, respectively. Let
P: D(A) - X and Py: D(A) — Y be relatively A-bounded with A-bound zero. Let
Ps: D(B) = Y be relatively B-bounded with B-bound zero and Q: D(B) — X be a rela-
tively B-bounded operator. Define

(A0 (P Q
Ay = (0 B) and P = (P2 P3>'
Then for all e > 0 there exists an isomorphism S: X xY — X xY such that S Ay S~ = Ay
and SP S~ is relatively Ag-bounded with Ag-bound «.

Proof of Lemma 4.3. Statement (a) is obvious.
‘(b)’. First note that

A <BPD 0 ) _ (%Mﬁ'y;' B;]aj _’YpMﬁNp_’YpMa)
R — .

(9)
0 BN, ~ M~y BP M,

The operator —Bé) generates a Cp-semigroup in L,(€2) which is holomorphic with angle

Z and by Corollary 3.9 the operator —BN, generates a Cy-semigroup in L,(I") which is

holomorphic with angle 7. It follows that

BP 0
is the minus-generator of a Cy-semigroup in L, which is holomorphic with angle 7. We
next show that v B)’ is BP-bounded with relative bound zero.
Let ¢ = (p+1)V (d+3k). It follows as in the proof of [EO2] Proposition 4.3 that there

are ¢,w > 0 such that Ve %7y € C27/1(Q) c C(Q) for all u € Ly(€) and
—tBP - Lot
IV el @mom Sct 2t 2e
for all ¢ > 0. Then a Laplace transform together with Proposition 4.2(d) gives
187 (B + A1) ull,@) < (MDY Clloe V(B + A1) ull o

< e(o(0)Y9 e / 4 e O | g
0

|

N|=
N

=a (A=) 5% ul|,@ (10)

for all A > w, where ¢; = ¢(o(I))"/9T(3 — %) [Clee and ||Cllac = sup,eq [|C ()] £(cay-
Hence if A > w and u € D(BY), then it follows from Proposition 4.2(b) that

* _(i_ad
Iy BPullzyw = 10 ull gy < e (A =) 58 (B2 + A Dl (11)
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Next, since —BP generates a Cy-semigroup there are cy,ws > 0 such that BP + X1 is
invertible and || BY (BY + A1) 1, @)= 1.(0) < ¢ for all A > w,. Then

175 BYull o) < Vool b m)> L) €2 | (B + A )ull i) = s |(BY + ADullyo)  (12)

for all A > wy and u € D(BY), where ¢3 = ¢ ||Yool| Lo (1) Lo (). There exists a 6 € (0,1)
such that % = g + 1%9. Note that # > 0 since p > 1. Interpolation between (11) and (12)
gives

Iy BYullL,m) < 3™ (M= w) 7 [(BY + A Dul L@

for all w € D(B)) and XA > w V w,, where ¢ = 6( ) > 0. Then

1 d
2 2q
Iy By ullz,) < e es™ (A= w) ™ 1By ulln, @) + ¢l e A = w) ™ [lullz, @)

for all u € D(BP) and A > w V w,. So v B} and hence also M~} Bl and ~, Mg~ BY
are B}? -bounded with relative bound zero.

Using (9) it now follows from Lemma 4.4 and a standard perturbation argument that
—&p is the generator of a Cy-semigroup on L, which is holomorphic with angle 7. This
completes the proof of Statement (b).

‘(c)’. This follows from Statement (b) and Lemma 3.1(c).

BP0
0 BN,
B? has maximal L,-regularity by [HP] Example B (since p € (1,00)) and it is the minus-

‘(d)’. We use again the perturbation (9). Write ALY = ( ) The operator

generator of a holomorphic semigroup. So together with Corollaries 3.9 and 3.10 the
operator A has maximal L,-regularity on L,(Q) x L,(I") and it is the minus-generator
of a holomorphic semigroup. It follows from Lemma 4.4 that for all ¢ > 0 there exists
an isomorphism S: L,(Q) x L,(I') — L,(Q2) x L,(I") such that SAY 51 = ALY and
S (/&p — &1(90)) S~ is relatively &,@—bounded with &éo)—bound e. If € is small enough, then
[KW] Corollary 2 implies that

SA, ST =A0 + 5 (A, - AD) 5!

has maximal L,-regularity on L,(£2) x L,(I'). But then also ;&p has maximal L,-regularity
first on L,(£2) x L,(I") and then also on L,, since it has an equivalent norm. O

I —,
0 I
is an invertible operator from L, onto L, with inverse

()
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We define the operator A, in L, by

I (I —
A, = Yp A, Yp '
0 I 0o I

A reformulation and extension of Theorem 4.1 is the following theorem.

Theorem 4.5. Adopt the notation and assumptions as in Theorem 4.1. Let p € (1,00).
Then one has the following.

(a) A = AQ.
b The operator A, is strongly consistent with As.
P

(c)  The operator —A,, is the generator of a Cy-semigroup in L, which is holomorphic
with angle 5 and consistent with the semigroup generated by —As.

(d)  Forallr € (1,00) the operator A, has mazimal L,-regularity on L,.

Proof. The proofs of Statements (b), (¢) and (d) are obvious.
‘(a)’. We first prove that Ay C A. Let (u,p) € D(Ag). Write (f,n) = As(u, ). Then

(U - 729, 90) € D(Aﬂ and ;‘:\2(“ - 7290790) = (f - 7277,77)~ So

u—2p € D(BY), (13)
¢ € D(N3), (14)
(By + 72 Mg By ) (u — 720) — 12(B Naw) — 7a(ep) = f —72m, and (15)
(=67 BY)(u—2¢) + BNap + ap =1, (16)

If follows from (14) that ¢ € D(N3) € Tr WH2(Q2). Hence Yo = v € WH2(Q). Then (13)
implies that u—yp = u—y2¢ € D(BP) € W;?(Q). So0 = Tr (u—v¢p) = Tru—¢ and hence
Tru = ¢. It follows from Proposition 4.2 that (BY)™lv € D(8%) and 8¢ (BP)~1v = —jv
for all v € Ly(2). Since u — yo¢ € D(BP) by (13) one can choose v = BP(u — v¢p) to
deduce that (u — y2p) € D(9Y) and S (u — Yo) = —v3 BY (u — 120).

Applying 2 to (16) and adding (15) gives BY (u — ) = f. Taking the inner product
with 7 € C°(Q) gives b(u,7) = b(u —v¢,7) = (f, 7)1, S0 Bu = f. Finally, since
¢ € D(N3) it follows that vy has a co-normal derivative and 9y = Nap. Hence u has
a co-normal derivative and

n=PB05(u—"1p)+ BN+ ap=pB0u+aTru.

Now it follows from Lemma 2.1 (ii)=-(i) that (u,¢) € D(A) and A(u,p) = (f,n). So
Ay, C A

We proved that A is an extension of Ay. Next, both —As and —A generate a Cy-
semigroup. Hence A = A,. This completes the proof of the theorem and also of Theo-
rem 4.1. 0
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5 The operator in the space of continuous functions

In Section 4 we proved that the semigroup generated by —A extends consistently to a
Co-semigroup on L, which is holomorphic with angle 7. In this section we aim to prove a
similar result on the space of continuous function which satisfy a trace condition. Define

X, ={(u,p) € C(Q) x O(T') : u|pr = ¢}

Then X, is naturally isomorphic with C(€2). Let A. be the part of A in X.. The main
theorem of this section is as follows. We emphasise that we do not assume that « or  are
continuous.

Theorem 5.1. Adopt the notation and assumptions as in Theorem 4.1. Then —A. is the
generator of a Cy-semigroup in X. which is holomorphic with angle 5 and consistent with
the semigroup generated by —A.

The proof requires again some preparation. Throughout the remainder of this section we
adopt the notation and assumptions as in Theorem 4.1 and Section 4. Again by Lemma 2.2
we may assume that 0 & o(BY).

We need a maximal version for BP on L () similar to NM,,,. Define the operator
BP . D(BL ) — L.(Q) by

D(BY V= {ue D(B?): BPuec L.(Q)}

and B = BY|ppp ). Then D(BL ) € Co(Q) by [AE4] Corollary 2.10. We consider
BP as a non-densely defined operator in L, (€2). Then B2 is a closed operator.

Lemma 5.2.

(a) IfAep(—BY), then X\ € p(—BZ,,) and (BL,, +XI)™' = (B + A1) 1. (0)-
(b)  The operator BE s sectorial of angle 0.

(c) D(BE ) is dense in Cy(Q).

(d) Ifue D(BR ), thenu € D(OS) and 0Su € C(T).

(e)  The operator S is relatively BY  -bounded with relative B2 -bound zero.

Proof. ‘(a)’. Easy.

‘(b)’. This follows from the Gaussian kernel bounds for the semigroup generated
by —BY.

‘(¢)’. Let BP be the part of BY in Cy(Q2). Then BP c BE . Moreover, —BP? is the
generator of a Cy-semigroup by [AE4] Theorem 1.3. Hence D(BP) is dense in Cy(£2). Then
also D(BZ, ) is dense in Cy(€2).

‘(d)’. See Proposition 4.2.
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‘(e)’. Let p=d+3k. If u € D(BL, ), then u € Co(Q) N D(BY) C L,(Q) N D(BY)
and BYu € Lyo(Q2) C L,(Q). Hence u € D(B?). The Gaussian derivative bounds of [EO2)]
Theorem 3.1(a) give that there exist ¢,w > 0 such that

IV e ull o) < et e |Jull L)

for all t > 0 and u € Lo(€2). Arguing as in (10) one deduces that there is a ¢ > 0 such
that

105 (B + A1) ullowy = 105 (B + A1) ullor < ¢ (A= w) ™ |Jull @
for all u € L(€2) and A > w. So

10 ullow) < ¢ (A= w) 2B + ADull @)

IN

¢ (AN =w) " BE @ + ¢ (A —w) A Jull L)
and the statement follows. O

By Lemma 5.2(d) we can define Ao: D(B2, ) x D(Naom) — Loo(€) x Loo(I') by

A Bgm_’yooMﬁaz? _’YooMﬁNoom_/yooMa
< Mﬂag /BNoom+Ma '

We consider A as a non-densely defined closed operator in Lo () X Lug(T).
Proposition 5.3.

(a)  The operator A, is sectorial of angle 0.

(b) A C /ip for all p € (1, 00).

B2 0
Proof. ‘(a)’. By Lemma 5.2(b) and Lemma 3.11(b) the operator 0 oN ) is

sectorial of angle 0. Then the statement follows from [EF] Lemma A.4 and Lemma 5.2(e).

‘(b)’. By Lemma 4.3 it suffices to prove the statement for all p € [2,00). Let p €
[2,00). Then 9Su = —~ BPu for all u € D(B)) by Proposition 4.2(b) and the inclusion
follows. [l

The domain of A is not dense in Lo () x Loo(I'). We take a suitable restriction. Let
A, be the part of A, in Cy(Q2) x C(T).

Proposition 5.4.

(a) —A, is the generator of a Co-semigroup in Co(2) x C(T') which is holomorphic with
angle 3.

(b) A, cC ﬁp for allp € (1,00).
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(c) A, is the part of Ay in Co() x C(I).
(d)  The semigroup generated by —&C 15 consistent with the semigroup generated by —1&2.

Proof. ‘(a)’. It follows from Lemma 5.2(c) and Lemma 3.11(c) that D(A) is dense in
Co(€2) x C(I). Also the operator A, is sectorial with angle % by Proposition 5.3(a). Now
the statement follows from [ABHN] Remark 3.7.13.

‘(b) and (c)’. This follows from the definition of A, and Proposition 5.3(b).

‘(d)’. This follows from Statement (c) and Lemma 3.1(c). O

Now we are able to proof the main theorem in this section.
Proof of Theorem 5.1. Define v.: C(I') = C() by 7. = Yeolcm). So 7e(p) is the

I —Ve
classical solution of the Dirichlet problem with boundary data ¢. The operator ( ; )
0

maps X, onto Cy(€2) x C(I"). Therefore Proposition 5.4(c) implies that

I v\~ (I —7
A, = ! A, !
0 I 0 I

and the theorem follows from Proposition 5.4(a). O

Since u +— (u, u|r) is an isomorphism from C(£2) onto X, one can reformulate Theo-
rem 5.1. Recall once again that we do not require that o and S are continuous.

Theorem 5.5. Adopt the notation and assumptions as in Theorem 4.1. Define the operator

A in C(2) by
D(A) ={uec CQ)nDOY): Buec C(Q) and (Bu)lr = 305u+ aulr a.e. on T}

and Aou = Bu for all u € D(A.). Then —A. is the generator of a Co-semigroup in C(S2)
which is holomorphic with angle 5.

Using the arguments as in [War] we obtain a Cy-semigroup on IL; with optimal angle.
For the convenience of the reader we give a direct proof.

Corollary 5.6. Adopt the notation and assumptions as in Theorem 4.1. The semigroup
generated by —A extends consistently to a Cy-semigroup on Iy which is holomorphic with
angle 5.

Proof. Since the dual a* of a is of the same type as a with « replaced by @, all the above
is also valid for A* instead of A. Let (A*). be the part of A* in X..
Let z € C with Rez > 0. Let (u, ) € Ly and (v,¢) € X.. Then

(™ (u, ), (0, 9] = [((w, ), € (v,9)]
— (), (0, )] < @)l [l

(0, )

Xe—Xe
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A oxtends

Hence [[e™** (u, ¢)||lr, < [le ™| x.x. [|(u, ©)||L,. By density the operator e~
to a continuous operator S¢ from L; into L; with norm ||S§1)||IL1%]L1 < |le#Ae|x, L x., -
It is easy to verify that st st = Sifr)w for all z,w € C with Rez > 0 and Rew > 0. Also

for all 6 € (0, ) there are M,w > 0 such that ||S?E1)||]L1—>]L1 < M e“ll for all z € 2. Hence

2 (SM(u, ), (v,1))L,x1 is holomorphic on Y5 for all (v,v) € Ly and (u, ) € Lo,
72&)

but then also for all (u,¢) € L;. Since the measure on Q2 @ I is finite and (e exs
is continuous it follows that (Sgl))zegz is a weakly continuous semigroup on IL; for all

0 € (0,%). Then the corollary follows using [Yos| Theorem IX.1. O
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